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A  CONVERSE  OF  THE  JORDAN-BROUWER 

SEPARATION  THEOREM  IN 

THREE  DIMENSIONS* 

BY 

R.  L.  WILDER 

That  the  closed  (m  — l)-manifold  immersed  in  euclidean  space,  £„,  of  n 
dimensions  (w>2),  separates  E„  into  just  two  domains  of  which  it  is  the 
common  boundary,  was  shown  by  Brouwer  in  1912. f  That  the  points  of 
the  manifold  are  accessible  from  each  of  its  complementary  domains  Brouwer 
proved  in  an  accompanying  paper,J  and  in  the  latter  connection  he  gave 
an  example  to  show  that  a  bounded  and  closed  point  set  which  separates  E„ 
into  just  two  domains  and  every  point  of  which  is  accessible  from  each  of 
these  domains,  is  not  necessarily  homeomorphic  with  a  closed  manifold. 

The  above  results  of  Brouwer,  in  so  far  as  the  connectivity  of  the  set 
residual  to  the  manifold  in  E„  is  concerned,  received  considerable  extension 
at  the  hands  of  J.  W.  Alexander,  who  not  only  demonstrated,  using  modulo  2 
Betti  numbers,  that  the  residual  set  is  just  two  connected  domains,  but  that 
a  certain  duality  exists  between  the  connectivity  numbers  of  the  set  and 
those  of  its  complement.!  If  we  denote  the  ith  connectivity  number  of  a 
set  F  by  R'iF),  then,  for  the  particular  case  where  C*  is  a  set  in  E„  homeo- 
morphic with  an  /-sphere,  Alexander  showed  that 

(1)  R'{C<)  =  i?"-'-!  (En  -  CO  =  2, 

(2)  R'iO)  =  R"-'-'-  {E„  -  C')  =  1  (57^t)- 

In  the  case  where  n  =  3  and  i  =  2,  relation  (1)  states  that  the  complement  of 
a  simple  closed  surface  in  £3  is  just  two  domains  (as  also  shown  by  Brouwer), 


*  Presented  to  the  Society,  December  31,  1928,  March  29,  1929,  and  August  30,  1929;  received 
by  the  editurs  October  11,  1929. 

t  L.  E.  J.  Brouwer,  Bcd'eis  des  Jordanschen  SatzesfUr  den  n-dimensionalen  Raum,  Mathematische 
■\nnalen,  vol.  71  (1912),  pp.  314-327. 

i  L.  E.  J.  Brouwer,  Uber  Jordansche  Mannigfaltigkeiten,  ibid.,  pp.  320-327. 

§  J.  W.  Alexander,  A  proof  and  extension  oj  the  Jordan-Brouwer  separation  theorem,  these 
Transactions,  vol.  23  (1922),  pp.  333-349.  Familiarity  with  this  work  is  assumed  throughout  the 
present  paper. 

The  terminology  "Betti  number"  is  at  present  being  employed  more  and  more  to  denote  con- 
nectivity numbers  that  are  uniformly  less  by  one  unit  than  the  numbers  R'  of  the  present  paper. 
However,  since  the  present  paper  is  based  so  much  upon  the  above  paper  of  Alexander,  it  seems  advis- 
able to  retain  the  connectivity  numbers  as  defined  in  that  connection  (although  they  are  not  termed 
"Betti  numbers"  by  Alexander). 
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and  relation  (2)  states  the  important  additional  fact  that  every  closed 
j-chain  (where  5<2)  in  the  complement  bounds  an  (5  +  l)-chain  in  the  com- 
plement. Thus,  although  as  Alexander  pointed  out  in  another  connection* 
the  domains  complementary  to  a  simple  closed  surface  in  £3  may  not  be 
simply  connected  (may,  in  fact,  require  an  infinite  number  of  generators), 
every  closed  1-chain  in  either  of  the  domains  bounds  in  that  domain. 

In  contemplating  so  simple  a  surface  as  the  torus,  it  becomes  apparent 
that  in  formulating  a  converse  of  the  Jordan-Brouwer  separation  theorem 
the  relation  (2)  must  be  taken  into«account  as  well  as  relation  (1).  On  the 
other  hand,  a  glance  at  Brouwer's  example  cited  above  is  sufficient  to  inform 
one  that  even  with  the  duality  relations  (1)  and  (2),  the  accessibility  of 
the  points  of  a  surface  from  each  of  its  complementary  domains  is  not  enough 
to  ensure  that  surface  being,  in  £3,  a  simple  closed  surface.  Some  condition 
must  be  imposed  that  will  do  away  with  the  crinkliness  of  the  surface.  It 
occurred  to  the  author  that  such  a  condition  might  be  the  following:  If  A' 
is  a  simple  closed  surface  in  £3,/?  one  of  the  domains  complementary  to  K,  and 
e  a  positive  number,  then  there  exists  a  positive  number  S  such  that  if  T"  is  a 
closed  0-chain  in  D  of  diameter  less  than  5,  then  F"  bounds  an  open  1-chain  F* 
in  D  whose  diameter  is  less  than  e.  This  property  of  D  may  be  concisely 
expressed  by  saying  that  the  0-chains  ofD  are  uniformly  homologous  to  zero  inD. 

It  will  be  shown  in  §1  of  this  paper  (which  may  be  considered  as  com- 
plementary to  Alexander's  paper  on  the  Jordan-Brouwer  separation  theorem, 
since  it  utilizes  the  machinery  introduced  by  him  in  order  to  treat  accessibility 
properties  into  which  he  did  not  go),  that  the  above  condition  is  a  necessary 
condition  for  the  general  K-dimensional  case,  and  in  §3  it  will  be  shown  that 
together  with  part  of  Alexander's  duality  relation  it  enables  one  to  give,  in 
£3,  a  converse  of  the  Jordan-Brouwer  theorem. 

The  chief  difficulty  encountered  by  the  author  in  applying  the  above, 
essentially  combinatorial,  properties, f  to  characterizing  the  sphere  immersed 
in  £3,  was  that  the  known  characterizations  of  the  simple  closed  surfacej 

*  J.  W.  Alexander,  A  n  example  of  a  simply  connected  surface  bounding  a  region  which  is  not  simply 
connected,  Proceedings  of  the  National  .'Vcademy  of  Sciences,  vol.  10  (1924),  pp.  8-10. 

t  It  will  be  shown  below,  in  the  Appendix,  that  uniformly  homologous  to  zero  as  a  condition  rel- 
ative to  the  0-chains  of  a  domain  is  equivalent  to  the  condition  uniform  connectedness  im  kleinen  for 
the  domain. 

t  The  earliest  characterization  of  which  the  author  knows  was  announced  by  R.  L.  Moore  and 
J.  R.  Kline,  their  abstract  being  in  the  Bulletin  of  the  American  Mathematical  Society,  vol.  28 
(1922),  p.  380.  The  same  definition  is  given  by  Miss  I.  Gawehn  (except  for  the  greater  generality  of 
the  space  considered),  in  tjber  unberandete  2-dimensionale  M annigfaltigkeiten,  Mathematische 
Annalen,  vol.  98  (1927-28),  pp.  321-.?,S4.  Cf.  also  C.  Kuratowski,  Une  caracKrisation  topologique  de 
la  surface  de  la  sphi're.  Fundamenta  Mathematicae,  vol.  13  (1929),  pp.  307-318,  as  well  as  abstracts 
by  L.  Zippin,  Bulletin  of  the  American  Mathematical  Society,  vol.  35  (1929),  p.  154  and  p.  293. 
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were  all  of  a  topological  type  which  did  not  seem  to  lend  themselves  very 
readily  to  association  with  the  combinatorial  properties  of  the  complement. 
Accordingly  a  new  characterization  of  the  simple  closed  surface  by  means  of 
internal  properties  that  are  readily  associated  with  the  combinatorial  prop- 
erties of  the  complement  was  worked  out,  and  is  given  below  in  §2. 

In  closing  this  introduction  the  author  wishes  to  call  to  the  attention 
of  the  reader  the  problem  of  giving  a  converse  of  the  Jordan-Brouwer 
separation  theorem  in  Ez  by  certain  accessibility  conditions  that  are  more  in 
the  spirit  of  the  Schoenfiies  converse  as  formulated  in  £2,*  and  it  is  hoped 
that  if  the  attempt  is  made  to  find  such  conditions,  the  present  work  will 
be  of  some  assistance  as  having  already  broken  down  some  of  the  barriers. 
For  in  the  opinion  of  the  author  the  analysis  situs  relations  between  closed 
sets  and  their  complements  in  spaces  of  three  and  higher  dimensions  will 
be  most  easily  discovered  by  first  having  regard  for  the  connectivity  numbers 
of  the  complements, t  and  although  it  would  be  unwise  to  make  any  predic- 
tions, it  would  certainlj'  seem  as  though  to  disregard  these  in  the  case  of  the 
(w  — l)-sphere,  when  already  known,  in  the  attempt  to  obtain  equivalent 
accessibility  conditions,  would  involve  an  extreme  waste  of  energy. 

1.  We  shall  show  in  this  sectionj  that  if  il/"~'  is  an  (»— l)-sphere  im- 


*  In  this  connection  sec  J.  R.  Kline,  Separation  theorems  and  their  relation  to  recent  developments  in 
analysis  situs.  Bulletin  of  the  .'Vmerican  Mathematical  Society,  vol.  34  (1928),  pp.  155-192.  See 
especially  pp.  15&-159  and  top  of  p.  191.  As  will  be  observed  later  on,  regular  accessibility  is  an  im- 
mediate consequence  of  the  conditions  given  for  the  converse  in  the  present  paper. 

t  The  recent  work  of  P.  ."Vlexandrofi  bears  out  this  opinion  strikingly.  Cf .  his  U nterstichungen 
iiber  Gestalt  und  Lage  abgeschlossener  Mengen  beliebiger  Dimension,  .\nnals  of  Mathematics,  (2),  vol. 
30  (1928),  pp.  101-187.  The  author  wishes  to  seize  this  opportunity  to  express  his  indebtedness  to 
Dr.  .\le.xandrofT,  contact  with  whom,  both  through  his  memoirs  and  personally  (during  a  recent  brief 
visit  at  the  University  of  Michigan),  directed  the  attention  of  the  author  to  the  possibility  of  associ- 
ating continuity  and  combinatorial  methods  in  treating  the  problems  of  analysis  situs. 

I  The  content  of  this  section  was  presented,  along  with  certain  other  results,  to  this  Society, 
March  29,  1929,  under  separate  title  (cf.  Bulletin  of  the  American  Mathematical  Society,  vol.  35, 
p.  458,  abstract  Xo.  22).  It  is  felt,  however,  that  the  theorems  and  corollaries  given  above  properly 
belong  in  the  present  paper.  .\s  for  the  other  results  of  the  paper  just  referred  to,  the  theorem  that 
the  points  of  an  i-cell  (Og/gn  — 1)  are  regularly  accessible  from  the  complement  in  E„  is  a  special 
case  of  a  more  recent  theorem  established  by  the  author,  to  the  effect  that  in  £„  the  points  of  any 
closed  set  which  is  homeomorphic  with  a  subset  of  £„_i  are  regularly  accessible  from  the  complement; 
several  of  the  other  results  were  found  to  duplicate  already  known  theorems  and  were  withdrawn 
from  the  announcement  in  abstract.  One  of  the  things  so  deleted  was  an  example  which  the  author 
believes  to  be  not  without  interest,  and  which  he  has  not  seen  in  the  literature,  viz.,  an  arc  in  £3 
which  cannot  lie  on,or  bound,  any  set  homeomorphic  witha  2-cell,  and  which  cannot  be  thrown  into  a 
straight  line  interval  by  a  (l-l)-continuous  transformation  of  £3  into  itself.  (Cf.  L.  Antoine, 
Siir  Vhomeomorphie  de  deux  figures  el  de  leurs  voisinages,  Journal  de  Mathematiques,  (8),  vol.  4 
(1921),  pp.  221-325.)  The  chief  interest  of  the  example  is  its  ease  of  description:  On  a  great  circle 
of  the  2-sphere,  let  ABCDRA  be  points  in  the  cyclical  order  named,  and  let  the  portion  BC  of  the 
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mersed  in  En*  and  D  is  eitiier  of  its  complementary  domains,  then  the 
0-chains  of  D  are  uniformly  homologous  to  zero  in  D.  Consequently  the 
domain  D  is  uniformly  connected  im  kleinen  (see  Appendix) — a  fact  which 
was  established  for  the  case  where  m  =  2  and  i/"~'  is  a  1-sphere  by  R.  L. 
Moore. t  As  a  corollary  it  follows  that  the  points  of  the  sphere  are  not  only 
accessible,  but  are  regularly  accessible,  from  the  complementary  domains. 

Theorem  1.  Let  M"~^  be  an  {n  —  l)-sphere  immersed  in  En,  and  let  D 
be  one  of  the  domains  of  E„  —  M"-\  Then  the  0-chains  of  D  are  uniformly 
homologous  to  zero  in  D. 

Let  the  domain  £„  — (M"-'+Z))  be  denoted  by  Di. 

Suppose  the  0-chains  in  D  are  not  uniformly  homologous  to  zero.  Then 
it  easily  follows  that  there  is  a  point  P  on  M"~'  and  a  spherical  neighborhood 
U  of  P,  such  that  in  every  neighborhood  of  P  there  is  a  0-chain  which  does 
not  bound  in  that  part  of  D  which  lies  in  U.  We  shall  denote  the  frontier 
of  U  by  F. 

There  is  a  cell  C"~'  of  M"~^  which  contains  P  as  a  non-boundary  point 
and  lies  wholly  in  U.  Denote  the  boundary  of  C"~^  by  C"~-,  and  let  the  set 
of  all  those  points  of  M"-^  that  are  not  interior  points  of  C"~'  be  denoted  by 
B"~'.  Let  F  be  a  spherical  neighborhood  of  P  of  such  a  radius  that  V  con- 
tains no  points  of  B^'K  Let  x^  and  x^  be  any  two  0-cells  of  D  that  lie  in  V. 
Since  the  closed  chain  xf  -\-xi  bounds  a  1-chain  Ls'  interior  to  V,  we  have 

(3)  x,"  +  .v.?  ~  0         [mod  2,  £„  -  (F  -f  £"-')]• 

In  order  to  deal  with  a  specific  case,  we  may  assume  that  a  0-cell,  Vi",  of 
Lb^,  lies  in  Dx,  Lb^  having  been  obtained,  say,  by  joining  x^  and  x^  to  such 
a  cell  by  chains  Z,^',  and  Lg\,  respectively. 

arc  A  BCD  be  replaced  by  a  new  portion  containing  two  infinite  sequences  of  simple  trefoil  knots 
(i.e.,  knots  in  the  sense  that  the  great  circle  becomes  knotted),  which  of  course  have  to  leave  the 
2-sphere,  and  which  respectively  approach  the  points  B  and  C  as  limiting  points.  This  can  be  done 
in  such  a  way  that  the  new  portion  BC  is  still  an  arc  from  B  to  C  that  does  not  meet  the  arc  BAED 
of  the  great  circle.  Then  the  portions  AB  and  CD  of  the  great  circle,  together  with  the  new  portion 
BC,  is  an  arc  of  the  type  described  above. 

•  I.e.,  M"~' is  a  point  set  which  is  in  (l-l)-continuous  correspondence  with  an  («— l)-sphere, 
and  is  therefore  not  necessarily  formed  by  cells  of  the  subdivisions  of  E„  which  are  used  in  the  con- 
gruences and  homologies  of  the  proof.  Cf.  J.  W.  Alexander,  these  Transactions,  loc.  cit.,  for  defin- 
itions of  chain,  homology,  etc.  The  reader  should  be  on  his  guard  in  the  matter  of  terminology  which 
has  various  meanings  depending  upon  its  application  in  a  point-set  theoretic  sense  or  in  a  combinator- 
ial sense.  (E.g.,  "chain,"  "closed,"  "open,"  etc.  Present  usage  seems  to  apply  the  term  "chain" 
only  to  open  chains,  chains  that  are  closed  being  termed  "cycles."  We  are  retaining  the  terminology 
of  Alexander's  paper,  however,  in  the  present  connection.) 

t  R.  L.  Moore,  A  characterization  of  Jordan  regions  by  properties  having  no  reference  to  their 
boundaries,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  4  (1918),  pp.  364-370. 
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On  the  other  hand,  as  every  0-chain  in  D  bounds  in  D,  even  though  it 
may  not  bound  im  kleinen,  there  is  a  chain  Zc'  in  D  which  is  bounded  by  the 
chain  x^  -\-x^ .  Hence, 

(4)  a-i"  +  -ra"  ~  0  (mod  2,  £„  -  C"-'). 
If  now  we  can  show  that  the  closed  chain 

(5)  Lb'  +  Ic'  ~  0  (mod  2,  £„  -  C"-^), 

it  will  follow  from  relations  (3),  (4)  and  (5),  and  Alexander's  Corollary 
W\*  that  x?  +X2°  bounds  in  the  set  common  to  D  and  U ,  and  since  no  re- 
striction is  placed  upon  the  choice  of  x^  and  .T2",  a  contradiction  of  the  sup- 
position that  the  0-chains  of  D  aj-e  not  uniformly  homologous  to  zero  will 
be  obtained.  We  therefore  proceed  to  demonstrate  the  validity  of  relation  (5). 
Let  Cb"-'  be  an  arbitrary  cell  of  M"-''-  interior  to  5"^'.  Then  x?  andj'i" 
bound  a  1-chain  A'l^  in  £„  — (A/"-i  — Cij""0-  The  closed  chain  A'l^+Ziji' 
links  C"~^  for  if  it  did  not,  then,  by  virtue  of  Alexander's  Corollary  W*, 
X?  +yf  would  bound  in  £„  — lf"~^  Similarly,  the  closed  chain  Ki'+Lc'  + 
Lb}  links  C"~=.  However,  by  relation  (1)  there  is  only  one  linearly  inde- 
pendent non-bounding  1-chain  in  £„  — C"~^.   Hence 

(6)  A-i»  +  Lb}  ~  A-ji  +  Lc'  +  Ln^}  (mod  2,  £  -  C"-^)  . 
Since  homology  (6)  implies  homology  (5),  the  theorem  is  proved. 

Corollary  1.  The  points  of  an  {n  —  l)-sphere,  M"'',  immersed  in  E„, 
are  regularly  accessible]  from  the  complement  of  the  sphere. 

Let  P  be  a  point  of  M ""i,  and  D  one  of  the  domains  complementary  to 
M"~*.  Since  there  are  only  two  domains  in  the  complement  of  M"~',  it  will 
be  sufficient  to  prove  P  regularly  accessible  from  D. 

By  virtue  of  Theorem  1  there  exists  (1)  a  sequence  of  spherical  neighbor- 
hoods of  P,  Ui,  U2,  Ui,  •  ■  ■  ,  such  that  if  r^  is  the  radius  of  f/t,  then  rt>ri+i, 
and  limt^K  ru  =  0;  and  such  that  for  ^>1,  any  closed  0-chain  of  D  that  lies 
in  Uk  bounds  a  1-chain  that  lies  wholly  in  the  common  part  of  Uk-i  and  D; 
(2)  a  sequence  of  0-cells  .ra" ,  xS ,x^,  ■  ■  ■  ,  such  that,  for  every  k,  x^  lies  in  the 
common  part  of  D  and  U  k- 


*  These  Transactions,  loc.  cit.,  p.  342. 

t  A  point  P  is  said  to  be  regidarly  accessible  from  a  point  set  D  if  for  every  positive  number 
t  there  exists  a  positive  number  5  such  that  if  Q  is  a  point  of  D  whose  distance  from  P  is  less  than  5, 
then  there  is  an  arc  PQ  in  D-^P  whose  diameter  is  less  than  t.  Cf.  G.  T.  Whyburn,  Concerning  tlie 
open  subsets  of  a  plane  continuous  curve.  Proceedings  of  the  National  Academy  of  Sciences,  vol.  13 
(1927),  pp.  650-657. 
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For  any  k,  x*?  and  x§+i  bound  a  1-chain,  Ti},  which  hes  wholly  in  the 
common  part  of  D  and  Uk-\-   As  the  set  of  points 

M  =  2r^'  +  P 

is  a  continuous  curve,  there  is  an  arc  from  x^P  to  P  that  lies  in  M,  and  hence 
(except  forP)  in  the  common  part  of  Ui  and  D.  As  the  iirst  neighborhood, 
U\,  is  arbitrary,  and  as  in  every  neighborhood  of  a  point  x  of  D  in  U2  there 
can  be  found  a  0-cell  x-P  in  D,  the  corollary  is  proved. 

If,  in  the  proof  of  Theorem  1,  M"-^  denotes  an  (n  — l)-manifold,  and  P 
denotes  a  point  which  is  interior  to  (i.e.,  not  on  the  boundary  of)  a  cell  C"~' 
which  is  one  of  the  cells  defining  i/"~',  then  the  argument  to  show  that 
x?  +x^  is  homologous  to  zero  in  D-U  goes  through  as  before.  However,  if  P 
is  such  a  point  of  the  manifold  that  it  cannot  lie  interior  to  any  such  cell, 
then  the  above  0-chain  may  fail  to  bound  in  DU.  (Cf.,  for  instance,  the 
set  A'  defined  in  the  Appendix,  paragraph  beginning  "Condition  (3)".) 
Hence  we  can  state  the  following  theorem: 

Theorem  la.  Let  M"~^  be  any  (n  —  l) -manifold  immersed  in  E„,  D  a 
domain  complementary  to  M"~^,  and  P  a  point  of  M"'^  which  can  be  considered 
as  interior  to  an  (n  —  \)-cell  of  definition  of  M"~^.  Then,  if  C""^  is  any  such  cell, 
and  U  is  any  spherical  neighborhood  of  P  that  encloses  only  points  of  M""'- 
that  are  interior  to  C"~',  there  exists  a  neighborhood  V  of  P  such  that  any  0-chain 
in  D  ■  V  bounds  a  l-chain  in  DU.  If  every  point  of  M"~*  can  be  considered  as 
lying  interior  to  an  {n  —  \)-cell  of  definition  of  M"~*,  the  0-chains  of  D  are 
uniformly  homologous  to  zero  in  D* 

Corollary  2.  The  points  of  an  (n  — I) -man  if  old,  M"~^,  immersed  in  £„, 
are  regularly  accessible  from  the  complement  of  the  manifold. 

If  P  is  an  interior  point  of  a  cell  C"~'  of  1/"-',  the  proof  is  the  same  as 
that  of  the  above  Corollary  1.  If  not,  thenP  is  on  the  boundaries  of  a  certain 
number  (at  least  four)  of  (n  — l)-cells  of  M"~'.  Let  V  be  any  neighborhood 
of  P.  Since  any  («—  l)-cell  of  an  (w—  l)-manifold  is  homeomorphic  with  an 
(w  — 2)-sphere  and  its  interior  in  £„_i,  there  is  a  neighborhood  U  oi  P  such 
that  any  point  of  M"~^  which  lies  in  U  and  is  interior  to  a  cell  C"~'  of  .M"~^ 


*  In  order  to  avoid  confusion  in  the  mind  of  the  reader,  it  should  perhaps  be  pointed  out  here 
that  we  are  using  the  definition  of  manifold  as  given  by  Alexander  in  his  paper  on  the  Jordan-Brouwer 
Separation  Theorem.  That  is,  an  /-manifold  is  a  closed  /-chain  whose  /th  connectivity  number  has 
the  value  2.  Some  authors  (cf.,  for  instance,  Veblen's  Analysis  Situs,  published  by  this  Society,  1922, 
p.  88)  state  the  additional  condition  that  every  point  of  the  /-manifold  shall  have  a  neighborhood, 
relative  to  the  manifold,  which  is  an  /-cell.  The  definition  as  given  by  Alexander  of  course  yields 
greater  generality  to  the  results  obtained. 
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is  joined  to  P  by  an  arc  of  .1/"-*  •  V  that  lies,  except  for  P,  wholly  interior  to 
C""'  (by  Corollary  1).  Let  Q  be  any  point  of  D  (one  of  the  domains  of 
En  —  M"-'^)  that  lies  in  U.  We  shall  show  that  there  is  an  arc  from  P  to  ^ 
lying,  except  for  P,  wholly  in  DV. 

Let  PQ  be  any  arc  of  U  from  P  to  Q,  and  let  Pi  be  its  first  point  on  il/"-^  in 
the  order  from  QioP.  Since  in  any  neighborhood  of  a  point  of  i/""'  there  are 
points  of  M"~^  not  on  the  boundaries  of  its  (m—  l)-cells,  we  may  assume  that 
Pi  is  interior  to  a  cell  C""'  of  M"~'  whose  boundary,  C""^,  contains  P. 
There  is  an  arc,  /,  of  j1/"~\  from  Pi  to  P  and  lying  wholly  interior  to  C""\ 
except  for  P,  as  well  as  interior  to  V.  Let  P2,  Pz,  Pi,  •  •  •  be  a  sequence  of 
points  of  /  having  P  as  a  sequential  limit  point,  and  let  e  denote  the  distance 
between  t  and  the  frontier  of  V  as  ordinarily  defined  for  point  sets. 

Consider  the  portion  P1P2  of  /.  Since  all  points  0IP1P2  are  interior  points 
of  C"~',  it  is  easy  to  show  that  there  lies,  in  D  V ,  an  arc  QiQi  approximating 
P1P2,  where  Qi  is  a  point  of  QPi  in  the  neighborhood  of  Pi,  and  Q2  a  point 
in  the  neighborhood  of  Po.  For  if  x  is  any  point  of  P1P2,  there  is  a  number  b 
such  that  any  0-chain  of  D  in  S{x,  6)  bounds  a  1-chain  of  D  in  S{x,  ^e) 
(Theorem  la).  A  simple  chain*  of  the  neighborhoods  S{x,  S)  from  Pi  to  P2, 
together  with  the  joining  of  0-cells  in  the  successive  links  of  the  simple  chain, 
yields  the  arc  Q1Q2  desired. 

By  successive  approximations  to  the  arcs  PiPi+i  by  arcs  QiQi+i  in  DV 
in  such  a  manner  that  if  x,  is  any  point  of  QiQi+i,  limi^„  Xi  =P,  it  is  clear  that 
the  set  QQi+^T=i  QiQi+i+P  is  a  continuous  curve  containing  an  arc  from 
Q  to  P  and  lying,  except  for  P,  wholly  in  D  V. 

2.t  We  shall  now  prove  the  following  theorem: 

Theorem  2.  In  a  metric  separable  space  let  M  be  a  compact  set  containing 
at  least  one  simple  closed  curve,  and  satisfying  the  following  conditions:  (1)  if 
t  is  an  arc  of  M,  then  M  —  t  is  connected ;  (2)  if  J  is  a  simple  closed  curve  of  M, 
then  M  —  J  is  the  sum  of  two  uniformly  connected  im  kleinenX  components. 
Then  M  is  a  simple  closed  surface;  i.e.,  a  set  homeomorphic  with  the  sphere 


*  Cf.  R.  L.  Moore,  On  the  foundations  of  plane  analysis  situs,  these  Transactions,  vol.  17  (1916), 
pp.  131-164.  In  particular,  see  bottom  of  p.  l.U,  and  Theorem  10  of  this  paper. 

t  The  content  of  this  section  was  presented  to  the  Society  December  31,  1928. 

t  A  set  of  points  K  is  said  to  be  uniformly  connected  im  kleinen  if  for  every  €>0  there  exists  a 
5>0,  such  that  if  P  and  Q  are  points  of  K  whose  distance  apart  is  less  than  a,  then  F  and  Q  are  in  a 
connected  subset  of  A'  whose  diameter  is  less  than  «.  However,  for  an  open  subset  of  a  continuous 
curve,  it  is  easy  to  prove  that  the  words  "a  connected  subset"  in  this  definition  may  be  replaced  by 
the  words  "an  arc." 

§  When  this  paper  was  in  process  of  completion,  Dr.  Leo  Zippin  communicated  to  the  author 
that  he  had  succeeded  in  showing  that  a  continuous  curve  C  which  has  the  properties  that  (1)  if 
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For  ease  of  reference,  we  shall  divide  the  proof  into  sections: 

I.  The  set  M  is  connected  im  kleinen.  For  if  7  is  a  simple  closed  curve  of 
M,  and  Mi  and  Ah  are  the  components  oi  M  —  J ,  then  Mi-\-J  and  M2+/  are 
connected  im  kleinen  by  a  theorem  of  R.  L.  Moore.*  Accordingly  the  set  M  is 
itself  connected  im  kleinen. 

II.  //  J  is  a  simple  closed  curve  of  M,  and  Mx  and  Af  2  are  the  components 
of  M  —  J,  then  J  is  identical  with  the  boundary  of  each  of  the  sets  Mi,  M^.  For 
suppose  J  contains  a  point,  P,  which  is  not  a  limit  point  of  Mi,  say.  Then  an 
arc,  /,  of  /,  contains  all  the  boundary  points  (if  any)  of  Mi.   Then 

iU  -  /  =  Ml  +  (1/2  +J-t). 

Since  Mi  and  M2+J  —  t  are  mutually  separated  sets,  a  violation  of  condition 
(1)  results. 

III.  The  set  M  is  connected.  For  M  contains  at  least  one  simple  closed 
curve,  J,  and,  by  II,  J  is  the  common  boundary  of  the  components  of  M  —J. 

IV.  If  P  is  a  point  of  M,  then  there  is  an  arc  of  M  which  contains  P,  and 
of  which  P  is  not  an  end  point.] 

Since  M  is  a  continuous  curve,  being  a  connected  im  kleinen,  closed  and 
connected  set,  there  is  an  arcPP'  of  M,  joining P  to  some  point  P' of  i/— P. 
By  condition  (1)  the  set  M—PP'  =  D  is  connected.  If  P  is  not  a  limit  point 
of  D,  then  there  is  a  point  Q  of  PP'  distinct  from  both  P  and  P',  such  that 
the  portion  PQ  of  PP'  contains  no  limit  points  of  D.   Then  the  set 

M  -  P'Q  =  D  +  (PQ  -  Q) 

is  not  connected,  since  D  and  PQ  —  Q  are  mutually  separated  sets.  But  this 
constitutes  a  violation  of  condition  (1).  Consequently  D  has  P  as  a  limit 
point. 

The  set  D+P  is  connected  im  kleinen.  If  not,  thenP  is  the  only  point  at 
which  it  is  not  connected  im  kleinen,  since  D  is  an  open  subset  of  M.  Then 
there  exists,  by  Theorem  1  of  my  paper  Characterizations  of  continuous  curves 
that  are  perfectly  continuous,X  a  positive  number  e  such  that  for  every  positive 

/  is  an  arc  of  C,  then  C—t  is  connected,  (2)  if  7  is  a  simple  closed  curve  of  C,  then  C—J  is  not  con- 
nected, is  a  simple  closed  surface.  This  definition  is  an  obvious  improvement  over  that  given  above, 
and  by  its  use  the  last  two  parts  of  the  proof  of  the  theorem  of  §3  can  be  omitted. 

*  R.  L.  Moore,  Concerning  connectedness  im  kleinen  and  a  related  property,  Fundamenta  Mathe- 
maticae,  vol.  3  (1922),  pp.  232-237,  Theorem  1.  The  proof  given  by  Moore  evidently  holds  for  a 
compact  set  in  any  topological  space. 

t  Note  added  in  proof:  Since  this  paper  was  submitted  to  these  Transactions,  a  paper  by  W.  L. 
.\yres  has  appeared  in  the  American  Journal  of  Mathematics  for  October,  1929,  in  which  it  is  shown 
(Theorem  10)  that  if  a  continuous  curve  in  £„  contains  no  cut  point,  then  the  curve  is  cyclicly 
connected.  As  our  curve  M  clearly  contains  no  cut  point  by  virtue  of  condition  (1),  it  is  obvious  that 
the  results  IV  and  V  follow  from  Ayres'  theorem. 

I  Proceedings  of  the  National  Academy  of  Sciences,  vol.  15  (1929),  pp.  614-621. 
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number  S  <  e  there  is  a  point  Qoi  D  whose  distance  from  P  is  less  than  5  and 
which  is  not  in  the  same  quasi-component  with  P  of  the  set  of  points 
{D+P)-S{P,  «).*  It  follows  at  once  that  there  is  a  sequence  of  points 
^1,  ^2,  Xi,  ■  ■  ■  ,  such  that  e/2  >p(x„,  P)  >  e/3,  and  such  that  no  two  points  of 
this  sequence  lie  in  the  same  quasi-component  of  (D+P)  -SiP,  e).  As  M  is 
compact,  there  is  a  limit  point,  x,  of  the  set  of  points  ^"=,  x„.  The  point  x 
cannot  lie  in  D.  since  D  is  connected  im  kleinen.  Hence  x  is  on  the  arc  PP', 
and  since  there  is  no  loss  of  generality  in  assuming  that  p(P ,  P')  >  e,  we  can 
say  that  x  is  distinct  from  both  P  and  P'. 

However,  D  is  uniformly  connected  im  kleinen  in  the  neighborhood  of  x. 
For  let  /  be  an  arc  in  PP'  whose  end  points  are  distinct  from  P  and  P',  and 
which  contains  .r.  Since  Al  —  t  is  connected,  by  condition  (1),  there  exists 
in  M  —  t,  by  a  theorem  of  R.  L.  Moore,  j  an  arc  from  P  to  P',  and  this  arc 
together  with  the  arc  PP'  contains  a  simple  closed  curve  /  which  contains  t, 
consisting  of  two  arcs,  AxB  of  PP'  and  AyB  of  D+A+B.  Let  the  com- 
ponents of  M  —  J  be  M\  and  M^,  and  let  rj  be  a  positive  number  such  that 
S{x,  rj)  contains  no  points  of  J+PP'  that  are  not  points  of  t.  Then  by 
condition  (2)  there  is  a  positive  number  p  such  that  every  two  points  of  Mi 
that  lie  in  S(x,  p)  are  joined  by  an  arc  of  Mi  in  S(x,  r;) ,  and  a  similar  statement 
holds  for  ,1/2.  Since  all  points  of  M  —  J  in  S{P,  rj)  belong  to  D,  it  is  clear  that 
if  T)  is  taken  so  small  that  S{x,  77)  is  a  subset  of  S{P,  e),  the  points  Xi,  x^, 
.Ts,  •  ■  •  cannot  all  lie  in  distinct  quasi-components  of  (D+P)  -SiP,  e). 

Accordingly  D+P  must  be  connected  im  kleinen,  and  by  a  theorem  of 
Whyburnt  P  is  regularly  accessible  from  D.  Hence  there  is  an  arc  of  M 
containing  P  and  of  which  P  is  not  an  end  point. 

V.  If  P  is  a  point  of  M,  then  P  is  on  some  simple  closed  curve  of  M.  This 
follows  at  once  from  IV,  and  the  method  used  in  IV  to  obtain  the  simple 
closed  curve  /. 

VI.  If  Pis  a  point  of  M,M— Pis  connected.  By  V,  P  is  on  a  simple  closed 
curve  /  of  M,  and  by  condition  (2)  M  —  J  is  the  sum  of  two  components 
which  have,  by  II,  J  as  common  boundary.   Since  M  —P  is  the  sum  of  these 


•  Hereafter,  if  P  is  a  point  and  t  any  positive  number,  the  symbol  S{P,  i)  will  denote  a  spherical 
neighborhood  of  P  of  radius  c;  i.e.,  the  set  of  all  points  of  the  space  whose  distance  from  P  is  less  than 
«.  In  accordance  with  the  usual  notation,  M  -N  denotes  the  set  of  points  common  to  M  and  N.  By 
p{.P,  Q)  we  denote  the  distance  between  two  points  P  and  Q. 

t  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  15 
(1922),  pp.  254-260,  Theorem  1.  The  theorem  is  evidently  true  for  the  case  of  a  continuous  curve  in 
the  general  space  we  are  considering. 

X  G.  T.  \\Tiyburn,  Concerning  accessibility  in  the  plane  and  regular  accessibility  in  n  dimensions, 
Bulletin  of  the  American  Mathematical  Society,  vol.  34  (1928),  pp.  504-510,  Theorem  3.  .Mthough 
stated  for  E„,  the  proof  given  for  this  theorem  clearly  holds  in  any  metric  space. 
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components  together  with  some  of  their  common  boundary  points,  it  is  clear 
that  M—P  is  connected. 

VII.  //  Ml,  M2  and  J  are  defined  as  in  II,  and  AxB  is  an  arc  such  that 
<AxB>*  is  in  Mi  and  A  -\-B  on  J,  then  Mi  —  <AxB  >  is  the  sum  of  livo  com- 
ponents Ri  and  R2  whose  boundaries  are,  respectively,  AxB+an  arc  AyB  of  J, 
and  AxB + an  arc  AzB  of  J, 'where  AyB  and  AzB  have  only  A  and  B  in  common. 

Let  the  two  arcs  into  which  A  and  B  divide  J  he  AyB  and  AzB.  Let  /i 
and  J 2  be  simple  closed  curves  defined  as  follows: 

J I  =  AxB  -^  AyB, 
J 2  =  AxB  -\-  AzB. 

By  condition  (2),  M  —  Ji  is  the  sum  of  two  components  Ri  and  ^1'  whose 
common  boundary,  by  II,  is  Ji.  Let  i?i  be  that  one  of  these  components 
which  lies  in  Mi.  (It  is  clear  that  M2  lies  in  one  of  the  components  of  M  —  Ji, 
say  in  R! ,  and  that  R!  must  therefore  contain  <AzB> ,  thus  requiring  that 
i?i  be  a  subset  of  Mi.)  Let  that  one  of  the  components  o(  M—Jt  that  lies 
in  Ml  be  denoted  by  R2. 

Suppose  that  Mi  contains  a  point  P  that  is  not  in  the  set  R1+R2 
+  <AxB> .  Then  P  lies  in  /?/,  and  if  Pi  is  a  point  of  M2,  there  is  an  arc 
PPi,  from  P  to  Pi,  in  R! .  li  Q  is  the  first  point  of  /  on  this  arc,  in  the  order 
from  P  to  Pi,  then  PQ-Q  lies  in  Mi.  It  is  clear  that  Q  is  in  <AzB>;  let 
S{Q,  e)  be  a  neighborhood  of  Q  that  does  not  enclose  any  point  of  AxB. 
There  is  a  neighborhood  S(Q,  5)  such  that  any  two  points  of  Mi-S{Q,  5)  are 
joined  in  S(Q,  e)  by  an  arc  of  Mi.  Since  points  oi  PQ  —  Q  and  R2  both  lie  in 
S(Q,  5),  and  such  points  are  then  joined  by  connected  subsets  of  M  —  J2,  a 
contradiction  results  from  the  supposition  that  Mi  contains  points  not  in 
the  set  R1+R2+  <AxB>.  Hence  Mi  =  Ri+R2+  <AxB>. 

VIII.  If  P  is  a  point  of  M,  and  e  is  any  positive  number,  there  is  a  simple 
closed  curve  J  in  M  which  does  not  contain  P  and  such  that  both  J  and  the  com- 
ponent of  M  —  J  which  contains  P  lie  in  S(P,  e). 

By  V,  P  is  on  some  simple  closed  curve  /  of  M.  Denote  the  components 
of  M  —  J  by  Ml  and  Mo.  We  can,  of  course,  suppose  that  /  is  not  wholly 
in  S{P,  e),  and  that  both  Mi  and  M2  have  points  in  the  exterior  of  S{P,  e). 

By  virtue  of  the  uniform  connectedness  im  kleinen  of  if  i  and  M2,  together 
with  II,  it  is  easy  to  show  the  existence,  in  S(P,  e),  of  arcs  AixBi  and  AiyBi, 
where  <AixBi >  and  <A2yB2  >  lie  in  Mi  and  M2,  respectively,  and  the  points 
Ai,  A2,  Bi,  B2  lie  on  J  in  the  order  Aiji2PB2BiAu  and  such  that  the  arc 
AiPBi  of  7  lies  in  S(P,  e).  Let  the  simple  closed  curve  AixBi  +  BiB2-'rA2yB2 


*  By  </l.i:B>  we  denote  the  set  AxB-.i  -B. 


642  R.  L.  WILDER  [October 

+A1A2  (where  AiA^  and  B1B2  are  portions  oi  AiPBi  on  J)  be  denoted  by  7i. 
Let  that  component  oi  M  —  Ji  that  contains  P  be  denoted  by  i?i. 

By  VII,  Ml—  <AixBi>  is  the  sum  of  two  components,  one  of  which  is 
bounded  by  the  simple  closed  curve  Ti=AiPBi+AixBi;  denote  this  com- 
ponent by  A'l.  Similarly,  that  component  of  M2  bounded  by  the  simple  closed 
curve  Ti  =  A2PB2+A2yB2  denote  by  A'2.    Then 

Ri  =  A'l  +  A'2  +  <  A2PB0  >  . 

For  by  VII,  Ri—  KA^PB^y  is  the  sum  of  two  components  Hi  and  Ho, 
bounded,  respectively,  by  Ti  and  T^.  Now  Ti  bounds  only  two  components, 
one  of  which  contains  Mo.  If  Hi  were  the  latter  component,  then  Hi  would 
contain  <A2yBo> ,  which  is  clearly  impossible.  Then  Hi  is  that  component 
of  M  —  Ti  that  does  not  contain  M^,  i.e.,  A'l.  Similarly,  Ho  =  K2.  We  note 
that  if  a  is  a  ppint  of  Mi  that  is  not  in  A'l  +  Ti,  then  Ri  does  not  contain  a. 

If  Ri  does  not  lie  whollv  in  S{P,  e),  there  is  a  point,  Pi,  in  Ri,  such  that 
p{P,  Pi)  =  e. 

In  a  similar  manner,  we  can  show  the  existence,  in  S{P,  e/2),  of  arcs 
C'lXiDi  and  CoyoDo,  where  <CiXiDi>  and  <CoyoDo>  lie  in  A'l  and  A'2,  re- 
spectively, and  the  end  points  of  these  arcs  lie  on  AoPBo  in  the  order 
A2C1C0PD0D1B0.  Denote  the  simple  closed  curve  formed  by  these  two  arcs, 
together  with  the  portions  C1C2  and  D1D2  of  A2PB2,  by  72-  Denote  the 
component  of  M  —  Jo  that  contains  P  by  Ro. 

By  VII,  A'l—  <CiXiDi>  is  the  sum  of  two  components,  one  of  which, 
iVi,  is  bounded  by  the  simple  closed  curve  Fi^CiXiDi+CiPDi;  similarly, 
that  component  of  A'2  —  <  C2>'2Z?2  >  bounded  by  the  curve  7^2  =  C2y2Z?2  +  C2i'A>2 
denote  by  iV2.  Then  we  can  show,  as  above,  that 

i?2  =  A' 1  +  No  +  <  CoPDo  > . 

Consequently,  A2  is  a  subset  of  Ri,  and  does  not  contain  the  point  a  defined 
above. 

We  may  continue  in  this  way  indefinitely,  obtaining  simple  closed 
curves  J3,  Ji,  Jt,,  ■  ■  ■  ,  with  corresponding  components  A3,  Rt,  A5,  •  •  •  ,  all 
containing  P,  but  not  a,  and  each  component  a  subset  of  the  preceding;  also, 
requiring  that  for.each  positive  integer  n,  the  curve  /„  lie  in  S{P,  e/n). 

For  some  n,  R„  is  a  subset  of  S{P,  e).  For  if  not,  there  is  for  every  n  a 
point  P„  of  R„  such  that  p(P,  P„)  =  e.  Since  M  is  compact,  the  set  of  points 
Sn=i  -Pnhasat  least  one  limit  point  Q,  which  is  in  every  set  R„  and  such 
that  p(P,  Q)  =  €.  Common  to  all  the  sets  Ai,  Aj,  A3,  ■  ••  ,  there  is  a  continuum 
C,  which  contains  P  and  Q. 

By  VI,  M—P  is  connected,  and  therefore  contains  an  arc  /  with  end 
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points  Q  and  a*  There  exists  a  positive  integer  k  such  that  e/k  is  less  than 
the  distance  between  P  and  the  arc  /.  Then  the  set  C  +  l  is  a  connected  subset 
of  M  —  J k,  since  C  lies  in  Rk  and  t  cannot  meet  Jk-  However,  P  lies  in  Rk  and 
a  lies  in  M  —  {Jk+Rk).  Thus  the  supposition  that  for  no  n  does  R„  lie  in 
5(P,  e)  leads  to  a  contradiction. 

The  conclusion  of  Theorem  2  now  follows  in  either  one  of  the  following 
ways:  (1)  by  virtue  of  the  RIoore-Kline-Gawehnf  definition  of  the  simple 
closed  surface,  whose  conditions  are  now  seen  to  be  fulfilled;  or  (2)  by  virtue 
of  R.  L.  Moore's  Axioms  2i  for  plane  analysis  situs. |  For  it  is  easy  to  see,  in 
view  of  what  has  been  shown  above,  that  if  Q  is  an  arbitrary  point  of  M, 
then  M  —  Q  is  a.  topological  plane,  in  that  it  satisfies  the  axioms  2i.  Thus,  if 
7  is  a  simple  closed  curve  of  M  —  Q,  let  that  component  of  M—J  which  does 
not  contain  Q  be  called  a  region. 

3.§  We  shall  prove  the  following  theorem: 

Theorem  3  (Converse  of  the  Jordan-Brouwer  Separation  Theorem  in 
£3).  Let  K  be  a  closed  and  hounded  set  in  E3,  such  that  Ei  —  K  =  Si-\-S2,  where 
Si  and  Si  are  mutually  exclusive  and 

(1)  every  arc  from  a  point  of  Si  to  a  point  of  S2  contains  at  least  one  point 
ofK- 

(2)  if  P  is  a  point  of  K  and  Q  a  point  not  in  K,  then  in  every  neighborhood 
of  P  there  is  a  point  P'  such  that  there  is  an  arc  from  P'  to  Q  lying  except  for 
possibly  P'  wholly  in  E3  —  K; 

(3)  the  0-chains  of  Si(i  =  1,2)  are  uniformly  homologous  to  zero  in  Si;  and 

(4)  the  Belli  number  (mod  2)  R^iE^-K)  =  1. 
Then  K  is  a  simple  closed  surface. 

We  shall  show  that  the  set  A'  satisfies  all  the  conditions  of  Theorem  2. 

I.  The  set  K  is  connected.  For  if  not,  it  is  the  sum  of  two  mutually  sepa- 
rated sets,  A'l  and  A'2.  Let  Pi  be  a  point  of  Ki  (j  =  1,  2).  By  a  theorem  of 
Knaster  and  Kuratowski,1[  there  exists  a  continuum  C  in  £3  — A  which 
separates  Pi  and  P2.    The  continuum  C  lies  wholly  in  one  of  the  sets  5i,  Si. 


*  Cf .  R.  L.  Moore,  Mathematische  Zeitschrift,  loc.  cit. 

t  Cf.  Bulletin  abstract  of  Moore  and  Kline,  loc.  cit.,  and  I.  Gawehn,  loc.  cit. 

X  R.  L.  Moore,  On  llie  foundalions  of  plane  analysis  situs,  these  Transactions,  vol.  17  (1916), 
pp.  131-164.  See  also  R.  L.  Wilder,  Concerning  R.  L.  Moore's  axioms  ^i  for  plane  analysis  silus, 
Bulletin  of  the  American  Mathematical  Society,  vol.  34  (1928),  pp.  752-760. 

§  The  contents  of  this  section  were  presented  to  the  Society  August  30,  1929. 

U  B.  Knaster  and  C.  Kuratowski,  Sur  les  ensembles  conne.\:es,  Fundamcnta  Mathematicae, 
vol.  2  (1921),  pp.  206-255.  The  theorem  referred  to  here  is  Theorem  37,  p.  233.  This  theorem  holds 
true  in  E„,  since  the  theorem  of  Brouwer  used  in  its  proof  holds  in  £„,  for  both  bounded  and  un- 
bounded sets. 
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For  if  it  contains  points  of  both  Si  and  52,  then  Si,  say,  contains  a  limit  point 
of  Si.  But  then,  since  K  is  closed,  this  limit  point  would  be  joined  to  a  point 
of  S2  by  an  arc  that  does  not  meet  A',  a  violation  of  condition  (1).  Then  C 
lies  in  Si,  say. 

Now  in  the  neighborhood  of  any  point  P  of  A'  there  lie  points  of  both  5i 
and  52.  For  if  we  let  U  be  any  neighborhood  of  P  and  x  a  point  of  5i,  say, 
there  is,  by  condition  (2),  a  point  P'  in  U  which  is  joined  to  x  by  an  arc 
P'x  and  such  that  P'x-P'  lies  in  E3-K.  It  is  clear  that  P'x-P'  must  lie 
in  Si,  since  x  is  in  Si;  and  as  U  must  contain  points  of  P'x—P',  there  is  a 
point  of  Si  in  U. 

Accordingly,  in  the  same  domain  complementary  to  C  that  contains  Pi 
there  is  a  point  xi  of  52.  By  condition  (2)  there  is,  in  the  same  domain  com- 
plementary to  C  as  P2,  a  point  Xi  such  that  there  is  an  arc  .T1.T2  which  lies, 
except  possibly  for  .v^,  wholly  in  E3  —  K.  Then  .ri.r2  — .T2  lies  in  52,  and  there  is 
no  point  of  C  on  a-iX2,  since  C  is  in  5i.  But  Xi  and  Xo  must  be  separated  by 
C  in  £3.  Thus  the  supposition  that  A  is  not  connected  leads  to  a  contradic- 
tion. 

II.  The  set  A  is  connected  im  kleinen.  For  if  not,  it  follows  from  a  theorem 
of  R.  L.  Moore*  that  there  exist  two  concentric  spheres,  Ri  and  i?2,  and  a  se- 
quence of  subcontinua  of  A",  namely  M^,  Mi,  I/2,  M3,  •  •  •  ,  such  that  (1) 
each  of  these  continua  contains  at  least  one  point  of  i?i  and  R2,  respectively, 
but  no  point  exterior  to  Ri  or  interior  to  R2,  (2)  no  two  of  these  subcontinua 
have  a  point  in  common,  and  no  two  of  them  contain  points  of  any  connected 
subset  of  A  that  lies  wholly  in  Ri  +  Ri-\-I ,  where  /  is  the  annular  domain 
bounded  by  Ri  and  A2.  (3)  M^  is  the  sequential  limiting  set  of  the  sequence 
of  continua  Mi,  M2,  Ms,  ■  •  •  . 

Let  P  be  a  point  of  M„  in  /,  and  let  A  be  a  spherical  neighborhood  of  P 
such  that  R'  lies  in  /  (where  R'  denotes  R  together  with  its  boundary). 
Let  us  consider  A  as  a  space,  £3,  and  if  M  is  a  point  set,  let  us  denote  the  pro- 
duct Af  ■  A  by  F. 

There  exists  a  positive  integer  m  such  that  J/,,  for  i^m,  is  non-vacuous. 
The  set  A  is  closed  relative  to  £3,  and  by  condition  (2)  of  jNIoore's  theorem 
just  quoted,  no  connected  subset  of  A  joins  Mi  and  M,-  {It^j;  i,  j^m). 
There  exists  a  spherical  neighborhood,  U,  of  P  in  £3,  such  that  any  0-chain 
of  5(  in  U  is  homologous  to  zero  in  5..    Let  i  and  7  be  values  such  that  Mi 


*  R.  L.  Moore,  .1  characterization  of  Jordan  regions  by  properties  having  no  reference  to  their 
boundaries,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  4  (1918) ,  pp.  364-370.  The  theorem 
referred  to  here  is  not  given  any  explicit  statement,  in  theorem  form,  in  this  paper,  but  will  be  found 
in  such  form  in  the  same  author's  Report  on  continuous  curves  from  the  vieu'point  of  analysis  situs, 
Bulletin  of  the  .American  Mathematical  Society,  vol.  29  (1923),  pp.  296-297. 
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and  M j  have  points  P,  and  Py,  respectively,  in  U.  There  exists  a  continuum, 
C  (continuum  relative  to  £3)  that  lies  in  E3  —  K  and  separates  Pi  and  P ,  in 
£3-  For  there  is  a  separation  of  K  into  two  mutually  separated  sets  containing 
Mi  and  if,,  respectively,*  and  the  theorem  of  Knaster  and  Kuratowski  used 
in  I  applies  in  £3. 

Now,  as  shown  in  a  similar  case  in  I,  C  must  lie  wholly  in,  say,  5i.  But 
in  every  neighborhood  of  P,-,  and  of  P,-,  there  are  points  of  ^2;  in  particular, 
there  are  such  points  in  neighborhoods  of  P,  and  P,  that  lie  in  U  —  C-  U,  and 
these  bound  1-chains  of  52-  As  such  chains  must  contain  points  of  C,  and 
hence  of  -Si,  a  contradiction  is  established,  and  A"  must  be  connected  im 
kleinen. 

III.  The  sets  Si  and  S2  are  connected.  Consider  Si,  and  let  x  and  y  be  any 
two  of  its  points.  LetP  be  any  point  of  A',  and  let  Ui  be  a  spherical  neighbor- 
hood of  P.  By  condition  (3)  there  is  a  spherical  neighborhood  U2  of  P  such 
that  if  a"  and  b°  are  two  0-cells  of  Si  in  U2,  then  a"  and  h"  bound  a  1-chain  of 
Si  in  Ui.  Now,  as  already  shown,  U2  contains  two  points,  xi  and  yi,  which 
are  joined  to  x  and  v,  respectively,  by  arcs  xxi  and  yyi  in  Si.  There  is  no  loss 
of  generality  in  assuming  that  Xi  and  Vi  are  0-cells  of  the  subdivision  of  £3, 
and  accordingly  bound  a  1-chain  L^  of  Si  in  Ui.  Then  xxi+L^+yyi  is  a 
connected  subset  of  5i  joining  x  and  y,  and  therefore  Si  is  connected. 

IV.  No  arc  of  K  disconnects  K.  For  let  t  be  an  arc  of  A  and  suppose  that 
K  —  t  =  Ki+K',,  where  A'l  and  A'2  are  mutually  separated  sets.  The  sets 
Ki+t  and  A2+^  are  closed. 

Let  P  and  Q  be  points  of  Si  and  ^2,  respectively,  which  are  also  0-cells 
of  the  subdivision  of  £3.  By  condition  (2),  Ai-|-/  does  not  separate  P  and  Q 
in  £3;  let  L^  be  a  1-chain  bounded  by  P  and  Q  in  the  complement  of  Ki  +  t. 
Similarly,  let  £2'  be  a  1-chain  bounded  by  P  and  Q  in  the  complement  of 
K2+t.  Since  the  closed  1-chain  Lf^  +L^  cannot  link  the  arc  <,t  it  follows  from 
a  theorem  of  J.  W.  Alexanderf  that  P  +  Q  bounds  a  1-chain  in  E3  —  K;  in 
other  words,  condition  (1)  is  violated.    Hence  t  does  not  separate  K. 

V.  //  /  is  a  simple  closed  curve  of  K,  then  K  —  J  is  not  connected.  Suppose 
that  K  —  J  is  connected. 

By  the  Alexander  duality  relation  (see  introduction)  there  is  a  closed 
1-chain  F'  which  links  /.  We  shall  first  show  that  F'  has  points  in  both  5i 
and  ^2. 

Suppose  F'  is  contained  in  5i-|-A'.  Then  it  is  clear  that  F^  contains  points 
of  A',  for  if  not,  by  condition  (4)  we  should  have 


*  This  follows  from  the  fact  that  the  closed  set  A.'  •  R'  is  separated  between  Mi  ■  R'  and  Mj  ■  R'. 
t  J.  W.  Alexander,  these  Transactions,  loc.  cit. 
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ri  ~  0  (mod  2,  £3  -  /), 

which  is  impossible  since  T'  links  J .  Let  the  distance  between  J  and  T^  as 
ordinarily  defined  for  point  sets,  be  denoted  by  e.  By  condition  (3)  of  the 
theorem,  there  is  a  number  S,  such  that  if  T"  is  a  closed  0-chain  of  5i  of  diame- 
ter less  than  5e,  then  there  is  a  1-chain  Fi'  such  that 

Ti'   =1°  (mod  2,  Si) 

where  the  diameter  of  Fi^  is  less  than  \e. 

We  may  assume,  without  loss  of  generality,  that  the  1-chain  T'  is  irre- 
ducible, and  that  its  1-cells  have  a  given  cyclic  order.  We  may  also  assume 
that  the  one-cells  of  F'  are  all  of  diameter  less  than  j6<. 

The  cells  of  F^  may  be  divided  into  two  classes,  according  to  whether  their 
boundaries  lie  wholly  in  Si  or  not.  We  may  start  with  a  given  cell  c',  and  con- 
sider the  successive  cells  of  F'  in  their  cyclic  order.  If  both  end-cells  of  c' 
lie  in  S\,  then  c^  may  be  replaced  by  a  1-chain  A''  which  has  the  same  boun- 
dary, but  which  lies  entirely  in  Si  and  has  a  diameter  less  than  \t.  We  may 
agree  to  say  that  the  cell  c^  has  been  transformed  into  the  chain-cell  K^. 
Proceeding  to  the  next  1-cell  of  F',  which  we  may  denote  by  d'^,  suppose  that 
one  of  its  end-cells  is  on  A'.  Denote  the  cell  that  it  has  in  common  with  c' 
by  a",  and  the  cell  on  K  by  6°.  There  is  a  0-cell,  6°,  in  Si,  whose  distance 
from  6"  is  less  than  j5,,  and  since  the  distance  from  a"  to  6°  is  less  than  5,, 
these  two  cells  bound  a  1-chain  A'l'  in  Si,  whose  diameter  is  less  than  Je. 
We  shall  replace  b°  by  5°,  and  d^  by  A'l^ ,  and  say  that  6°  and  d^  have  been 
transformed,  respectively,  into  6°  and  A'l^.  Suppose  the  next  cell  on  F'  is  e', 
and  that  its  end-cell  distinct  from  6°,  viz.  c",  is  also  on  A.  There  is  a  0-cell 
c"  in  Si  whose  distance  from  c°  is  less  than  J6,.  Clearly  the  distance  from 
6°  to  c"  is  less  than  5,,  and  hence  these  two  cells  bound  a  1-chain  AV  in  Si  of 
diameter  less  than  |€.We  shall  let  c"  and  AV  be  the  transforms,  respectively, 
of  c°  and  e'. 

Proceeding  through  all  of  the  cells  of  F'  as  just  indicated,  we  replace  each 
cell  of  F'  by  its  transform,  and  obtain  a  new  closed  1-chain,  Fi',  which  we 
may  call  the  transform  of  F'.  Now  Fi'  lies  wholly  in  5i,  and  accordingly,- 
by  application  of  condition  (4), 

(a)  ri'~0  (mod  2,  £3-/). 

We  shall  show  that  relation  (a)  is  impo.ssiblc. 

We  note  that  if  c'  is  any  1-cell  of  F',  then  every  point  of  the  transform, 
K\  of  c',  is  at  a  distance  less  than  ^e  from  either  end-cell  of  c'.  That  is,  both 
of  the  chains  c'  and  A'  lie  within  a  spherical  neighborhood  T  of  radius  « 
which  has  its  center  at  one  end-cell  of  c'  and  accordingly  contains  no  point  of 
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J .  By  introducing,  if  necessary,  two  new  1-chains,  each  bounded  by  an  end- 
cell  of  c^  and  its  transform,  a  closed  1-chain  Z,'  is  obtained  in  T  which  con- 
tains f '  and  A''  and  such  that 

(b)  Z,i  ~  0  (mod  2,  T,  Es  -  J) . 
By  adding  homology  (a)  and  all  homologies  of  type  (b),  we  have 

(c)  l\'  +  ^Z'  ~  0  (mod  2,  £3  -  /) . 
However,  we  have  that,  adding  modulo  2, 

(d)  Ti'  +    J^L'  =  r' 

(it  can  be  assumed  that  only  one  chain  is  introduced  between  each  0-cell  of 
r^  and  its  transform).   Combining  relations  (c)  and  (d)  we  have 

r'~0  (mod  2,  £3-/). 

This  contradicts  the  fact  that  F'  links  ./.  Hence  F'  must  have  points  in  both 
Si  and  52. 

We  shall  now  show  that  the  supposition  that  K—J  is  connected  is  in- 
consistent with  the  fact  that  F'  links  J ,  and  has  points  in  both  Si  and  S^. 
It  will  first  be  necessary  to  make  a  transformation  of  F'. 

Let  6]  be  a  positive  number  less  than  \e.  Since  A'  is  uniformly  connected 
im  kleinen  (being  a  bounded,  connected  im  kleinen  continuum),  there  is  a 
positive  number  e>,  such  that  if  P  and  Q  are  points  of  A  at  a  distance  apart 
less  than  «•>,  then  P  and  Q  are  joined  by  an  arc  of  A'  of  diameter  less  than  €1. 
Let  5,,  be  a  positive  number  such  that  if  P  and  Q  are  0-cells  of  5;  {i  =  1  or  2) 
at  a  distance  apart  less  than  S,,,  then  P  and  Q  bound  a  1-chain  in  Si  of  di- 
ameter less  than  jta-  We  may  assume  that  the  1-celIs  of  F'  are  all  of  diameter 
less  than  -J5e„. 

The  transformation  that  we  now  efTect  on  F'  is  very  similar  to  the  one 
described  above,  except  that  the  new  constants  just  defined  are  involved. 
Supposing  that  we  start  with  a  cell  c'  of  F'  whose  end-cells  are  both  in  5i, 
we  replace  it  by  a  chain-cell  A'  with  the  same  boundary  and  diameter  less 
than  f£2.  If  the  ne.xt  cell  6'  has  an  end-cell  on  A,  we  transform  it  into  a 
chain-cell  in  Si.  Of  course  we  ultimately  come  to  a  cell  c'  one  of  whose  end- 
cells  (the  one  last  affected  by  a  transformation) ,  a",  isin^i-fA',  and  the  other, 
ft",  is  in  52.  (Indeed,  if  F'  had  none  of  its  bounding  0-ceIls  in  52,  the  whole 
chain  F'  could  be  transformed  into  a  chain  in  Si,  just  as  in  the  above  proof, 
and  a  contradiction  obtained  as  before.  Similarly,  if  we  encounter  a  case  of 
one  bounding  0-cell  of  F'  in  52  (5i)  and  the  neighboring  0-cells  in  Si  {S->), 
the  1 -cells  which  they  bound  may  be  transformed  into  chain-cells  lying  in 
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5i  {St}.)  It  is  unnecessary  to  use  condition  (3)  here,  since  any  1-chain  A'^  of 
diameter  less  than  je2  and  bounded  by  a"  and  b°  will  do  for  the  transform  of 
c*  (a"  being  the  transform  of  a").  The  next  0-cell,  c",  is  in  S2  (else  we  would 
have  proceeded  as  indicated  in  the  above  parenthesis)  and  the  transforma- 
tion to  be  effected  is  obvious.  The  subsequent  transformations  should  also 
be  obvious,  since  we  now  proceed  from  ^2  in  just  such  a  manner  as  we  pro- 
ceeded from  Si,  viz.,  by  not  actually  "crossing"  into  Si  until  two  successive 
bounding  0-cells  are  encountered  in  Si. 

The  outcome  of  these  transformations  on  the  cells  of  FMs  to  obtain  a 
new  1-chain,  which  we  shall  still  denote  by  F^  and  which  still  links  /  (this 
can  be  shown  as  above),  but  which  has  the  following  properties:  (1)  its  inter- 
sections with  A'  occur  on  certain  chain-cells,  A'l' ,  AV ,  •  •  •  ,  A'J  in  the  order 
named;  we  shall  henceforth  call  these  the  crossing-cells  of  F';  (2)  if  K}  is 
any  crossing-cell,  the  diameter  of  Ki^  is  less  than  562;  (3)  the  boundary  cells 
of  A',^  lie  in  Si  and  S2,  respectively;  (4)  if  A,-'  and  A','+i  are  bounded  by  the 
cells  a",  b",  c"  and  d°  (these  occurring  in  the  order  named),  then  the  cells  a° 
and  d"  are  both  in  SiiSi) ;  in  other  words,  if  one  crossing-cell  leads  from  Si  to 
Si,  the  next  leads  from  ^2  to  Si.  The  last  property  is  very  important,  and 
shows  that  there  is  an  even  number  of  crossing-cells. 

We  shall  now  proceed  to  replace  F'  by  a  1-chain  which  still  links  /  but 
has  only  two  crossing-cells. 

Starting  with  A'l',  suppose  that  the  bounding  0-cells  of  Ai'  and  A'o'  occur 
in  the  order  a",  b°,  c°,  d'^,  where  a"  is  in  Si.  In  Si,  let  Ai^  be  a  new  1-chain 
bounded  by  a"  and  d",  and  in  S2  let  Ai^  be  the  1-chain  of  F^  which  lies  in  S2 
and  is  bounded  by  ft"  and  c".  Denote  the  portion  of  F'  from  d°  to  a"  by  B^. 
Now  we  cannot  have  both  of  the  following  relations: 

(e)  Ai'  +  A'/  +A.^  +  K.}  ~0, 

(f)  Al+B^'^O  (mod  2,  £3-7), 
since  the  sum  of  these  homologies  would  imply  the  homology 

r'~0  (mod  2,  £3-7). 

If  (e)  fails  to  hold,  we  have  secured  the  type  of  1-chain  linking  /  that  we 
set  out  to  obtain,  viz.,  a  chain  with  only  two  crossing-cells.  If  (e)  holds,  we 
can  proceed  with  the  1-chain 

r'  +  All  -f  A.}  +  K.}  -f  .4i'  =  Ai^  +  B'  (mod  2) 

which  has  two  less  crossing-cells  than  F',  viz.,  K} ,  ■  ■  ■  ,  K„\  by  next  con- 
sidering the  crossing-cells  A7  and  A7 . 

In  any  case,  we  eventually  arrive  at  a  closed  1-chain  which  links  /,  and 
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has  only  two  of  the  original  crossing-cells  of  F'.  We  shall  continue  to  call 
this  chain  F^  and  we  shall  suppose  its  crossing-cells  are  A'l*  and  AV,  their 
boundary  cells  being  denoted,  as  before,  by  a",  b",  c",  d".  Denote  the  portion 
of  F^  lying  in  Si  and  bounded  by  a^+d"  by  Li^  and  the  portion  in  ^2  bounded 
hyb^+c^hyL.}. 

Because  of  the  way  in  which  the  above  transformation  was  carried  out, 
at  least  one  of  the  boundary  cells  of  A';'  0  =  1,  2)  is  identical  with  a  cell  of 
the  original  chain  F',  so  that  a  spherical  neighborhood  Ti  of  diameter  €2 
about  A'i^  certainly  encloses  no  points  of  /.  We  may  assume  that  Ai'  and 
K^  are  homeomorphic  with  simple  arcs,  and  on  A,^  (^  =  1,  2)  let  Xi  and  yt 
be  points  of  K  such  that  the  portions  a'xi  (d''x2)  and  b°yi  (c''y2)  of  A'l'  (Ki) 
contain  no  points  of  A  other  than  Xi  and  yi  {x2  and  y^). 

Since  Xi  and  X2  lie  in  K  —  J,  and  K  —  J  is  connected,  there  is  an  arc  X1X2 
in  K—J*  Denote  the  distance  between  x-ix^  and  /  by  63,  let  €4  denote  a  posi- 
tive number  less  than  both  fi  and  €3,  and  let  S,^  be  a  positive  number  such 
that  if  two  0-cells  of  Si  are  at  a  distance  apart  less  than  6^^,  they  bound  a 
1-chain  in  Si  of  diameter  less  than  \u  (condition  (3)). 

Let  Fi,  F2,  ■  ■  ■  ,  Fn  be  points  on  the  arc  X1X2,  where  Fi  =  xy  and  F,n  =  X2, 
occurring  in  the  order  named,  and  so  selected  that 

SiFiFi+0  <  is,,  (i=l,2,---,m-  1), 

where  F,F,+i  denotes  the  portion  of  X1X2  between  T^i  and  F,+i.  LetPi,P2,  •  •  •  , 
Pm  be  a  set  of  0-cells  in  Si  such  that  Pi  is  on  the  portion  a''xi  of  Ai'  and  Pm 
on  the  portion  d^Xi  of  As" ,  and  the  following  relations  hold : 

p(Pu  Fi)  <  iu, 
p{Pi,  Pi+i)  <  5.,. 

According  to  the  definition  of  5,,,  there  exists  for  each  i  an  open  1-chain  H}- 
in  Si  bounded  by  P,  and  P,+i,  and  such  that  5(fl^iO<4«4-  We  define 
C^  =S7=i'  ^'^  i^-nd  we  also  note  that  every  point  of  H^^  lies  within  a  distance 

f€4  0fP.. 

Let  T,^  (i  =  l,  2)  be  a  spherical  neighborhood  concentric  with  Ti  and  of 
diameter  lei.  Clearly  T,^  contains  no  point  of  /.  According  to  the  definition 
of  €2,  and  because  of  the  fact  that  the  distance  from  Xi  to  v,-  is  less  than  €« 
(the  diameter  of  A'i*  being  less  than  €2),  there  is  an  arc  /,•  in  A  which  lies  wholly 
in  Ti  and  has  end  points  .r.  and  y,-.  We  can  approximate  the  arc  h  by  a 
|5,,-chaint  of  0-cells  in  52,  with  first  point,  Zi,  on  the  portion  yib°  of  AV ,  and 


*  R.  L.  Moore,  Mathematische  Zeitschrift,  loc.  cit. 

t  The  word  "chain"  is  here  used  in  the  ordinary  point-set  theoretic  sense;  i.e.,  if  c  is  a  positive 
number,  and  P  and  Q  are  points,  an  €-chain  from  P  to  Q  is  a  set  of  points  Pi,  Pj,  •  •  ■  ,  Pn,  where 
Pi=PandP„=Q,  andp(P.-,P.+i)<e  (i=l,  2,  •  •  •  ,n-l). 
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last  point,  z,,.  and  such  that  not  only  is  every  point  of  the  chain  at  a  distance 
less  than  \ti  from  some  point  of  /i,  but  in  particular  p{zh,  Fi)  < 564.  Then, 
in  a  manner  similar  to  that  used  in  obtaining  C^ ,  we  obtain  a  1-chain  Bi^ 
bounded  by  Zi+z*,  lying  wholly  in  S2,  and  such  that  every  point  of  Bi^  is 
within  a  distance  5e4  from  some  point  of  ti.  It  is  clear  that  a  spherical  neigh- 
borhood Ti'  concentric  with  Ti  and  of  diameter  3ei,  will  contain  Si',  and 
enclose  no  points  of  J. 

We  can  obtain  similarly  a  1-chain  B^  with  reference  to  /o,  so  that  the 
boundary  of  ^2'  is  a  point  "Wi  on  the  portion  y^c"  of  AV  and  a  point  u'l.-  in  5? 
whose  distance  from  F„,  is  <  je^.  Let  T2-  be  a  spherical  neighborhood  analo- 
gous to  Ti'^. 

Let  Qi,  Q2,  ■  ■  ■  ,  Qm  be  points  in  Sj  chosen  with  reference  to  the  points 
\Fi}  just  as  the  points  \Pi\  were  chosen  in  Si,  and  so  that  Qi=z^  and 
Qm  =u<k-  On  these  points  can  be  built  up  a  1-chain  B^  of  ^2,  bounded  by  Qi 
and  Qm,  and  approximating  the  arc  .V|.V)  in  a  manner  similar  to  that  in  which 
Ci'  approximates  ,^1X2. 

We  now  define  the  following  1 -chains: 

C2'  =    XBi', 
1=1 

l\'  =  W  +  aop,  +  Ci'  +  Pmd\ 

r,>  =  C.}  +  z.b"  +  Z.2I  +  c^wu 
where  aTi,  P,„d'',  etc.,  are  portions  of  Ki^  and  K} .   We  note  that 

(g)  r>  =  l^r.i  (mod  2). 

.-1 
The  following  homologies  follow  from  condition  (4)  of  the  theorem: 
(h)  r,i  ~  0, 

(i)  T}  ~  0  (mod  2,  £3  -  J) . 

Consequently,  since  T'  links  /,  it  follows  from  relations  (g),  (h)  and  (i) 
that  To'  links  ./. 

If  we  join  Pi  and  Sa  by  a  1-chain  B^^  every  point  of  which  is  at  a  distance 
less  than  lu  from  .v,  (=fi)  and  P„  and  Wt  similarly  by  a  1-chain  B;} ,  it  is 
easy  to  see  that  since  the  following  relations  hold: 

5ii  +  B,'  +  Pisi  ~  0  {Ti,E,-  J), 

B}  -f  B,^  +  P„,w,  ~  0  {T.?,Ez-  J), 
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the  closed  chain 

5 

r  =  Ci'  +  E^i' 

Hnks/. 

However,  this  is  impossible  for  the  following  reasons.  The  points  Pi  and 
Qi  (i  =  2,  3,  ■  ■  ■  ,  m  —  l)  bound  a  1-chain  AW  every  point  of  which  is  at  a 
distance  less  than  564  from  F,.  For  convenience  of  notation,  let  A'^i'  =^4'  and 
Nl„  =  BiK  Let  Ui  {i  =  l,  2,  ■  ■  ■  ,  m)  be  a  spherical  neighborhood  of  F;  of 
radius  64-    Then  every  point  of  the  closed  chain 

£,'  =  in  +  N^  +   H^  +  N\+u 
where  //,'  is  the  portion  of  B^  from  Qi  to  Qi+\,  lies  in  [/,.    Hence 
(j)  £,'~0  (mod  2,  £3-/). 

But 

r  =    Z^i'  (mod  2), 

and  by  adding  all  homologies  (j),  we  get 

r~0  (mod  2,  £3-/). 

Thus,  on  the  assumption  that  K  —  J  is  connected,  we  are  able  to  find  a 
closed  chain  F,  homologous  to  the  chain  F'  which  links  J ,  but  which  does  not 
itself  link  /.    As  this  is  impossible,  K  —  J  cannot  be  connected. 

VI.  //  /  is  a  simple  closed  curve  of  K,  then  K  —  J  contains  at  most  two 
components.  For  suppose  K—J  contains  at  least  3  components,  Mi,  M2,  and 
M3.  Since  A'  is  a  continuous  curve,  each  component  of  K—J  is  also  a  quasi- 
component  of  K  —  J*  and  it  is  therefore  easy  to  see,  with  the  result  of  section 
IV,  that  each  component  oi  K  —  J  has  all  of  /  as  its  boundary. 

There  exists  on  /  a  set  of  points  occurring  in  the  following  order, 
PiAiQiBiP^BoQiAnPu  and  such  that  there  is  an  arc  AiXiBi  (?  =  1,  2)  lying, 
except  for  A ,  and  5,,  wholly  in  Mi.  Define  a  simple  closed  curve  Ji  as  fol- 
lows : 

/i  =    T.Ai.ViBi  +  AiPiAn  +  B1P.B2, 

t-i 

where  AiPiAo  and  B1P2B2  arc  arcs  of  /.    Then  the  set  A'  —  /,  is  connected, 
in  contradiction  to  the  result  of  section  V.     For  if  we  denote  the  set 


*  Cf.  R.  L.  Wilder,  .-I  characterizalion  of  continuous  curves  by  a  property  of  their  open  subsets, 
FundamentaMathematicae,  vol.  11  (1928),  pp.  127-131. 
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X-{Mi  +  Mi+J)  by  R,  it  is  dear  that  the  set  Ri  =  R+'Z,'i=i<AiQiBi>  is 
connected.  Also,  the  set  Mi—  <.4i.riSi>containsonly  components  that  have 
boundary  points  on  either  <AiQiBi>  or  KAiQiB^y.  For  suppose  Mi 
—  <AiXiBi>  contains  a  component  C  with  boundary  points  only  on  the 
sett  =  AiPiAiXiBiP.B..   Then  the  set 

K  -  t  =  C  +  \(M,  -  <.-li.vi-Bi>  -C)  +  M,  +  R+   E  <  AiQiB,  >  J 

is  not  connected,  contrary  to  the  result  of  IV.  In  a  like  manner  it  is  shown 
that  all  components  of  Mt—A^XiBi  have  limit  points  on  Xl;=i<^<Qi5,>, 
and  it  is  clear  that  the  set 

K  -  Ji  =  Ri+   i;(Mi  -  AiXiBi) 
t=i 

is  connected. 

VII.  Denoting  the  two  components  of  K  —  J  by  Mi  and  Mi,  respectively,  the 
sets  Ml  and  Mi  are  uniformly  connected  im  kleinen.  For  suppose  Mi  is  not 
uniformly  connected  im  kleinen.  Then  there  is  a  point  P  on  /,  a  spherical 
neighborhood  R  of  P,  and  a  sequence  of  pairs  of  points  of  Mi,  jP„,  Q„} ,  such 
that  lim„^„P„=P  and  lim„^oo(?n=P,  and  for  no  n  are  P„  and  Q„  joined  in  R 
by  any  connected  subset  of  Mi.  Denote  the  set  M,  R  by  Mi  (/  =  !,  2),  and 
the  frontier  of  R  by  F. 

Denote  by  C  the  component  oi  KR  determined  by  P.  Let  Ri  be  a  spheri- 
cal neighborhood  of  P  of  smaller  radius  than  R,  which  encloses  no  points  of 
/  that  are  not  on  the  arc,  t,  component  oi  J  ■  R  determined  by  P.  We  shall 
denote  J  Rhy  /i. 

Let  Ri  be  another  spherical  neighborhood  of  P  such  that  any  point  of 
A'  within  i?2  is  Joined  to  P  by  an  arc  of  A"  that  lies  in  Ri  and  such  that  Ri 
encloses  no  points  of  K  —  C.  Let  Pi-,  Qk  be  a  pair  of  points  of  the  sequence 
{P„,  Q„}  lying  in  Ri,  and  let  the  component  of  Mi  determined  by  P*  be 
denoted  by  II r,  let  Mi—IIi  =  Ih.    Then  II i  and  H^  are  mutually  separated. 

In  Ri,  let  .Vi  and  Xi  be  points  of  5i  and  52,  respectively,  that  are  0-cells  of 
the  subdivision  of  £3. 

(a)  The  set  C  separates  R  between  Xi  and  Xi.  For  xi  and  Xi  bound  a  chain 
Ti*  in  Ez-[F-\-{K-C)],  and  if  they  bound  a  chain  V^  in  E3-{F+C),  then, 
since  the  closed  chain  Ti^  +T^  is  homologous  to  zero  in  R,  it  cannot  link  the 
product  [P+(A  — C)]- [P  +  C],  which  is  a  subset  of  F,  and  accordingly 
X\+Xi  is  homologous  to  zero  in  E3  —  K  (Alexander's  Corollary  IF,,  loc.  cit.). 
This  is  a  contradiction  of  condition  (1)  of  the  theorem. 

(b)  Under  the  assumption  that  Mi  is  not  uniformly  connected  im  kleinen 
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in  the  neighborhood  of  P,  C  does  not  separate  Xi  and  x-,  in  R.  Let  yi  and  y^ 
be  the  first  points  of  K  on  a  straight  line  from  Xi  to  x^,  in  the  orders  Xi  to  Xi 
and  X2  to  xi,  respectively.  There  exist  arcs  yiPk,  yiQk,  yiPk  and  y^Qk  of  A"  in 
i?i.  By  the  use  of  the  usual  approximation  based  on  condition  (3)  of  the  the- 
orem, we  obtain  a  closed  1-chain,  r\  consisting  of  two  open  chains  V}  and 
r2'  bounded  by  .Vi  and  x^,  such  that  F'  lies  in  Ri,  and  cuts  A'  only  in  certain 
arbitrarily  small  neighborhoods  of  Pk  and  P,-,  respectively.  The  following 
congruences  hold: 

Txi  =  a-i  +  X2  [mod  2,  Ei-  {F  +  H{)], 

Foi  =  .vi  +  X.        [mod  2,Ez-{F  +  //.'  +  F,' )  ] 

(where  77/  denotes  Hi  together  with  all  its  limit  points,  etc.).  We  may 
assume  that  the  product  of  Hi  and  H<1  is  a  subset  of  ti  ,  so  that  if  we  can  show 
that  ri  bounds  in  Ei-(F+Hi')-{F+Ih' +M2')  or,  since  the  latter  set 
contains  £3  — (A+/i),  if  we  can  show  that  T^  bounds  in  Es  —  (F+ti),  we  shall 
have  that  Xi  and  :V2  are  not  separated  in  R  by  C  (Alexander's  Corollary  Wi, 
loc.  cit.). 

Since  Mi  is  connected,  it  can  be  shown,  by  the  methods  employed  in 
section  V,  that  T'  does  not  link  J.  Consequently,  there  exists  a  chain  Tr 
such  that 

Ti^  =  ri  (mod  2,  £3  -  J,E,-  I'}. 

But  since  F'  lies  in  Ru  and  the  latter  contains  no  points  of  F+J  —  t,  we  have 

T;'  =  r'  [mod  2,E3  -  {F  +J  -  t)\. 

Now  since  the  product  of  F+J  —  I  and  /'  is  Just  two  points,  and  neither  Fr 
nor  r2^  meets  the  arc  J  —  t  joining  these  points,  we  have  that 

V?  +  Ti  ~  0     [mod  2,  £3  -  /' ■  (F  +  /  -  /)  ]. 

Hence,  by  Alexander's  Corollary  Wi  (loc.  cit.), 

r'~0  [mod2,  £3  -  (£  +  /i)]. 

As  this  is  the  relation  we  wished  to  prove,  in  order  to  show  that  the  0-chain 
3:1+^:2  bounds  in  R  —  C,  we  have  shown  that  Xi  and  Xo  are  not  separated  by 
Cini?. 

As  (a)  and  (b)  are  in  contradiction,  the  assumption  that  Mi  is  not  uni- 
formly connected  im  kleinen  cannot  hold.  A  like  statement  of  course  holds 
for  M2,  and  the  theorem  is  proved. 

The  following  theorem  follows  immediately  from  Theorem  3,  from  which 
it  is  only  slightly  different: 
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Theorem  4  (Converse  of  the  Jordan-Brouwer  Separation  Theorem  in 
£3).  Let  K  be  a  closed  and  bounded  set  in  £3,  such  that  (1)  the  Bctti  numbers 
(mod  2)  R^{Es  —  K)  and  R^iEs  —  K)  are  respectively  equal  to  2  and  1,  (2)  if 
D  is  a  component  of  E3  —  K,  the  Q-chains  in  D  are  uniformly  homologous  to 
zero  in  D,  and  every  point  of  K  is  a  limit  point  of  D.  Then  K  is  a  simple  closed 
surface. 

Since  there  are  two  components,  5i  and  Si,  in  E3  —  K,  condition  (1)  of 
Theorem  3  is  satisfied.  Since  every  point  of  A'  is  a  limit  point  of  each  of  these 
components,  condition  (2)  of  Theorem  3  is  satisfied;  for,  it  is  to  be  noted, 
condition  (2)  of  Theorem  3  allows  P'  to  lie  in  that  complementary  domain 
which  contains  Q.  Conditions  (3)  and  (4)  of  Theorem  3  are  restated  in 
Theorem  4.   Thus  Theorem  4  follows  at  once  from  Theorem  3. 

4.  Appendix.  The  independence  of  the  conditions  of  Theorem  3  is 
established  as  follows: 

Condition  (1):  In  £3,  using  rectangular  coordinates,  let  K  be  the  set  of 
points  (x,  y,  0)  such  that  x-+y-^  1.  Let  Si  be  the  set  of  all  points  for  which 
z>0;letS2  =  E3-{K+Si). 

Condition  (2) :  Using  spherical  coordinates,  let  A'  be  the  set  of  all  points 
(p,  0,  d)  for  which  1  ^  p  ^  2,  let  5i  be  the  set  of  points  for  which  p  <  1 ,  and  S2 
the  set  for  which  p  >  2. 

Condition  (3):  Using  spherical  coordinates,  let  K'  denote  the  set  of 
points  p  =  l.  On  A'',  let  /  denote  the  arc  consisting  of  points  (1,  0,  9)  such  that 
O^fl^TT.  On  t,  a  P  denotes  any  point  (1,  0,  d),  let  P'  denote  the  point 
(1,  0,  TT  —  d).  The  set  K  is  obtained  by  continuously  deforming  A'  so  that 
each  point  P  coincides  with  P',  but  points  not  on  /  remain  distinct  as  before. 
The  complement  of  A  is  two  domains,  neither  of  which  satisfies  condition 
(3)  of  Theorems. 

Condition  (4) :  The  torus. 

The  equivalence,  in  the  case  of  open  sets  in  £„,  of  the  conditions  uniformly 
homologous  to  zero  and  uniformly  connected  im  kleinen,  is  established  in  the 
following  theorem: 

Theorem  5.  In  order  that  an  open  set  G  in  E„  should  be  uniformly  connected 
im  kleinen,  it  is  necessary  and  sufficient  that  the  0-chains  in  G  should  be  uni- 
formly homologous  to  zero  in  G. 

The  condition  is  necessary.  Let  «  be  any  positive  number.  Since  G  is 
uniformly  connected  im  kleinen,  there  exists  a  positive  number  6  such  that  if 
P  and  Q  are  0-cells  of  G  whose  distance  apart  is  less  than  5,  there  is  an  arc 
PQ  of  G  whose  diameter  is  less  than  3  e. 
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Let  E„  —  G  =  F,  and  denote  the  distance  between  F  and  the  arc  PQ  by 
7?i.  Let  77  be  a  positive  number  smaller  than  either  of  the  numbers  rji,  §  e.  Let 
P^(=P),P._,  .  .  .  ^P„(=Q)  be  points  of  PQ  such  that  p(P„P.+i)<i77(i  =  l, 
2,  •  •  •  ,  w  — 1).  The  subdivision  of  £„  may  be  extended  so  that  there  exist 
0-cells  Fi(=Px),  F2,  ■  ■  ■  ,  F„i=P„)  such  that  p(F.-,  F,+i)<i'?  and  p(Fi,  P.) 
<\r].  Let  Ti  be  a  spherical  neighborhood  of  P.  of  radius  §77.  Then  clearly 
Fi+i  lies  in  T,,  and  consequently  P.+Pi+i  bounds  a  1-chain  Hi  in  T,.  Since 
no  point  of  F  lies  in  T, ,  Hi-F  =  0.  Consequently  the  chain  A'^  =X) "=  1  -^^  li^s 
in  G. 

The  diameter  of  A''  is  less  than  e.  For  let  Xi  and  X2  be  points  of  A"'.  Since 
Xi  lies  in  some  sphere  T,,  and  hence  p(xi,  P,)  <i'7  <  je,  and  since  there  exists, 
similarly,  a  P j  such  that  p{x2,  P ,)  <\e,  it  follows  at  once  from  the  fact  that 
the  diameter  oi  PQ  is  <!€,  that  p(.Vi,  X2)  <  e. 

The  condition  is  sufficient.  If  «  is  a  positive  number,  there  is  a  positive 
number  5  such  that  if  .Vi"  and  Xi"  are  0-cells  of  G  such  that  p(xi° ,  X2'' )  <  5,  then 
Xi"  +X2''  bounds  a  chain  A"  of  G  of  diameter  <  j  e.  Let  Pi  and  P2  be  any  two 
points  of  G  such  that  p(Pi,  P2)  <  j5.  The  subdivision  of  E„  may  be  extended 
so  that  there  exist  0-cells  Vi"  and  _V2°  such  that  p{x^ ,Pi}  <j6  {i  =  \,  2),  and 
such  that  there  are  arcs  y,P,  of  diameter  <\e  in  G.  Since  p(_Vi°,  ;V2'')<6, 
Vi"  +  A'2°  bounds  a  chain  A'  of  G  of  diameter  <\i.  The  set  A'+X)i  =  i3'iPi 
contains  an  arc  from  Pi  to  P2  of  diameter  <  e. 

As  a  result  of  Therem  5  we  can  restate  Theorem  4  as  follows: 

Theorem  4'(Converse  of  the  Jordan-Brouwer  Separation  Theorem  in 
£3)-  In  Ex,  the  common  boundary,  A,  of  two  uniformly  connected  im  kleinen 
domains,  one  of  ichich  is  bounded,  is  a  simple  closed  surface,  provided  that  the 
Betti  number  (mod  2)  RHE^-K)  =  1. 

The  problem  in  n  dimensions,  «>3.  Regarding  a  converse  of  the  Jordan- 
Brouwer  Separation  Theorem  in  £„,  where  w>3,  the  author  will  not  hazard 
any  guesses  here,  but  merely  indicate  the  likelihood  that  by  an  extension  of 
the  conditions  of  Theorem  4,  such  a  converse  may  be  obtained.  Thus,  con- 
dition (1)  of  Theorem  4  may  be  replaced,  a,s  a  result  of  the  Alexander  duality 
theorem,  by  the  condition  that  the  Betti  numbers  i?°(£3  — A)  and  A '(£3  — A) 
{i  =  \,2,  ■  ■  ■  ,  n  —  2)  shall  be  respectively  equal  to  2  and  1,  and  condition  (2) 
may  be  replaced  by  the  statement  that  the  closed  /-chains  (i  =  0,  1,  •  •  •  , 
n  —  2)  oi  D  are  uniformly  homologous  to  zero  in  D,  retaining,  of  course,  the 
statement  that  every  point  of  A  is  a  limit  point  of  D.  The  validity  of  such  a 
condition  (2)  is  established  by  the  following  theorems,  with  which  we  close 
the  present  paper.  (The  extension  of  the  definition  of  "uniformlv  homologous 
to  zero"  to  i-chains  where  i>0  should  be  obvious.) 
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Theorem  6.  Let  M"-^  be  an  {n—l)-sphcre  immersed  in  E„,  and  let  D  be  one 
of  the  domains  of  E„  —  M"-K  Then  the  closed  i-chains  {n  >i>0)  of  D  are  uni- 
formly homologous  to  zero  in  D. 

Suppose  the  conclusion  of  the  theorem  untrue.  Then  there  is  a  point  P 
of  .l/"-!  and  a  contracting  sequence  of  j-chains  of  D,  A'l' ,  A'2'  ,K^,---,  such 
that  Pis  the  sequential  Hmit  point  of  any  set  of  points  Pi,  P2,i'3,  •  ■  •  ,  where 
P„,  for  every  n,  is  a  point  of  A'„* ,  and  such  that  there  is  a  positive  number  e 
for  which  A'„'' ,  for  every  n,  fails  to  bound  any  (/+l)-chain  of  D  of  diameter 
less  than  e. 

Let  S{P,  e/2)  be  a  spherical  neighborhood  of  P  of  diameter  e/2.  Then 
there  is  an  («  — l)-cell,  C"~\  of  M""',  which  contains  P  as  an  interior  point 
and  lies  wholly  in  S{P,  e/2).  Let  R  denote  a  spherical  neighborhood  of  P 
which  encloses  only  points  of  M"-^  that  lie  interior  to  C"~'.  Denote  the 
boundaries  of  S{P,  e/2)  and  C""'  by  F(P,  e/2)  and  C"~^,  respectively.  The 
set  C"~^  is  of  course  an  {n  —  2)-sphere  immersed  in  £„. 

Let  us  first  consider  the  case  where  z  <  k  —  1 . 

There  is  a  number 7,  such  that  A'/  lies  wholly  in  R.  Then,  denoting  by 
B"-^  the  set  of  all  points  of  M"~^  that  are  not  interior  points  of  C"~\  we  have 
the  following  congruences : 

Z,i'+i  =  Kji  (mod  2,  E„  -  C"-'), 

L,'+i  =  A,'       {mod  2,  R,  £„  -  [i?'-'  +  F{P,  e/2)  ] }  . 

Since  i>0,  i  +  \  is  greater  than  1,  and  since  by  Alexander's  Theorem  .Y'an 
(w  — 2)-sphere  immersed  in  E„  can  be  linked  only  by  a  1-chain,  the  following 
homology  holds: 

Li'+'  +  £2'+'  ^  0  (mod  2,  £„  -  C-^) . 

As  C"~-  is  the  common  part  of  C""'  and  5"-'+P(P,  e/2),  it  follows  from 
Alexander's  Corollary  W  *  that 

A'/  ~  0  [mod  2,  DS{P,  e/2)  ] . 

As  this  contradicts  our  assumption,  the  theorem  is  proved  for  i<n  —  I. 

If  j  =  «—  1,  the  proof  is  trivial.  Each  of  the  chains  A,'  may  be  assumed 
irreducible  (i.e.,  A '(A/)  =  2),  and  thus,  by  Alexander's  Theorem  Y,  separates 
E„  into  just  two  domains,  one  of  which,  Di,  must  lie  in  R.  The  domain  Di 
is  an  open  «-chain  bounded  by  A/  and  containing  no  point  of  .1/"-^ 

A  similar  proof,  together  with  the  result  of  Theorem  la,  yields  the  fol- 
lowing general  result: 

Theorem  7.  Let  .1/"-'  be  any  («  —  \)-manifold  immersed  in  E„,  D  a  domain 
complementary  to  M"~\  and  P  a  point  of  If""^  which  can  be  considered  as 
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interior  to  an  (n  —  \)-cell  of  definition  of  M"~^.  Then  if  U  is  a  neighborhood  of 
P  bounded  by  an  (n  — I) -sphere  and  enclosing  only  points  of  M"~*  that  are 
interior  to  C"~',  there  exists,  in  U,  a  neighborhood  V  of  P  such  that  any  i-chain 
(t  =  0,  1,  •  •  •  ,  w  — 1)  that  lies  in  DV  bounds  an  {i  +  \)-chain  of  DU.  If 
Af"~'  is  of  the  type  such  that  every  one  of  its  points  can  be  considered  as  lying 
interior  to  an  {n  —  \)-cell  of  definition  of  the  manifold,  then  the  i-chains  {i  =  0, 
1,  •  •  •  ,n  —  \)  of  D  are  uniformly  homologous  to  zero  in  D. 

University  of  Michigan, 
Ann  Arbor,  Mich. 


ON  A  CERTAIN  TYPE  OF  CONNECTED  SET  WHICH  CUTS  THE  PLANE 

By  Dr.  R.  L.  Wilder, 
University  of  Texas,  Austin,  Texas,  U.S.A. 

It  has  been  shown*  by  J.  R.  Kline  that  a  continuumf  which  contains  more 
than  one  point,  and  which  remains  connected  upon  the  removal  of  any  connected 
subset,  is  a  simple  closed  curve  (Jordan  curve)  |.  It  has  been  shown  §  by  C. 
Kuratowski  that  if  no  subcontinuum  of  a  bounded  continuum  C  cuts||  C,  then 
C  is  a  simple  closed  curve. 

The  purpose  of  the  present  paper  is  to  investigate  some  of  the  properties 
of  a  plane  connected  set  Af  which  contains  more  than  one  point,  and  which 
remains  connected  upon  the  omission  of  any  connected  subset.  It  should  be 
noted  that  neither  of  the  words  "bounded"  and  "closed"  is  used  in  this  charac- 
terization of  M.  In  fact,  M  may  be  unbounded,  punctiformeU,  or  both.  In 
any  case,  it  will  be  shown  in  §1  that  if  A  and  B  are  any  two  distinct  points  of 
M  then  Af  is  the  sum  of  two  sets,  Mi  and  M2,  which  are  irreducibly  connected** 
from  A  to  B  and  such  that  AIi  —  {A+B}  and  M2~(A+B)  are  mutually  sep- 
aratedft-  It  will  also  be  shown  in  §3  that  a  set  Af  having  these  properties 
always  cuts  the  plane. 

*J.  R.  Kline,  Closed  and  connected  sets  which  remain  connected  upon  the  removal  of  certain  con- 
nected subsets,  Fundamenta  Mathematicae,  V  (1924).  pp.  3-10. 

fA  point  set  is  said  to  be  closed  if  it  contains  all  its  limit  points.  A  point  set  is  said  to  be 
connected  if,  no  matter  how  it  be  divided  into  two  subsets,  at  least  one  of  these  contains  a  limit 
point  of  the  other.     A  continuum  is  a  closed  and  connected  point  set. 

XU  A  and  B  are  distinct  points,  an  arc  from  .4  to  S  is  a  bounded  continuum  which  contains 
A  and  B  and  which  is  disconnected  by  the  omission  of  any  one  of  its  points  which  is  distinct 
from  A  and  B.  .4  and  B  are  called  the  end-points  of  the  arc,  and  any  other  point  of  the  arc 
is  called  an  inner  point.  .\  simple  closed  curve  is  the  sum  of  two  arcs  which  have  in  common  only 
their  end-points.  A  point  set  M  is  bounded  if  there  e.xists  a  circle  K  such  that  every  point  of  M 
lies  interior  to  K. 

§C.  Kuratowski,  Contribution  a  I'etude  de  continus  de  Jordan,  Fundamenta  Mathematicae, 
V  (1924)  pp.  U2-122. 

1 1  If  C  is  a  continuum  and  N  '\s  a.  subset  of  C,  then  N  is  said  to  cut  C  provided  there  exist 
at  least  two  points  A  and  B  of  the  set  C—N  which  do  not  lie  in  a  subcontinuum  of  C—N. 

IfA  set  is  said  to  be  punctiforme  if  it  contains  no  subcontinuum  which  contains  more  than  one 
point. 

**A  set  A'  is  said  to  be  irreducibly  connected  from  A  to  5  if  iC  is  a  connected  set  containing 
A  and  B  and  no  proper  connected  subset  of  K  contains  both  A  and  B.  (.\  set  A'  is  a  proper 
subset  of  set  K  provided  jV  is  a  subset  of  A'  and  A  — A''  is  not  vacuous). 

tfTwo  point  sets  M  and  A'  are  said  to  be  mutually  exclusive  if  they  have  no  point  in  common. 
If  M  and  V  are  mutually  exclusive  and  neither  contains  a  limit  point  of  the  other,  then  they  are 
said  to  be  mutually  separated. 
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In  §2  of  this  paper  is  a  collection  of  theorems  which  I  have  found  necessary 
to  the  demonstration  of  the  theorem  of  §3. 

§1 .  Theorem  1 .  Let  M  be  a  connected  point-set  such  that  if  N  is  any  connected 
subset  of  M,  M  —  N  is  connected,  and  let  A  a7id  B  be  any  tivo  distinct  points  of  M. 
Then  M  is  the  sum  of  two  sets,  Mi  and  Mi,  which  are  irreducibly  connected  from  A 
to  B,  and  such  that  Mi  —  {A-\-B)  and  M2  —  {A+B)  are  mutually  separated  sets. 

Proof.  M-A  is  connected  by  hypothesis.  The  set  M-{A+B)  is  not 
connected.  For  if  M-{A+B)  were  connected,  then  M-[M -iA+B)]=A+B 
would  be  connected,  which  is  absurd. 

Since  M—{A+B)  is  not  connected, 

M-{A+B)=K+L, 

where  K  and  L  are  mutually  separated  sets. 

As  M  — .i4  is  a  connected  set  which  is  disconnected  by  the  omission  of  one 
point,  B,  it  follows*  that  K  +  B  and  L+B  are  connected  sets.  Similarly,  since 
M—B  is  a  connected  set  which  is  disconnected  by  the  omission  of  a  point  A, 
K+A  and  L+B  are  connected  sets.  Then  the  sets  K  +  A  +B  and  L+yl  +B  are 
connected  as  each  is  the  sum  of  two  connected  sets  having  points  in  common. 

Let 

K+A+B  =  Mi,  L  +  A+B  =  Mi. 

M\  and  M^  are  irreducibly  connected  from  A  to  B.  For  suppose  that  Mi 
is  not  irreducibly  connected  from  A  to  B.  Then  there  exists  a  subset,  X,  of 
K,  such  that  M^  —  X  is  connected  and  contains  A  and  B.  By  hypothesis,  the 
set  M—{Mx  —  X)  must  be  connected.     But 

M-{Mi-X)=X+L 

and  X  and  L  are  mutually  separated  since  K  and  L  are  mutually  separated. 
Hence  the  supposition  that  Mi  is  not  irreducibly  connected  from  ^  to  ^  leads 
to  a  contradiction.  Similarly,  it  can  be  shown  that  Mz  is  irreducibly  connected 
from  A  to  B.  Then  M  is  the  sum  of  two  sets,  Mi  and  ilfo,  which  are  irreducibly 
connected  from  A  to  B,  and  such  that  Mi  -{A-\-B)[  =  K]  and  Mj  -{A+B)[  =  L] 
are  mutually  separated  sets. 

Theorem  2.     Let  M  be  a  connected  set  such  that  if  N  is  any  connected  subset  of 
M,  M  —  N  is  strongly  connected^.     Then  M  is  a  simple  closed  curve. 

Proof.      By  Theorem  1,  if  ^  and  B  are  two  distinct  points  of  M, 

M  =Mi+Mi,     Mi  =  K+A+B,     Mi=L+A+B, 

*Cf.  B.  Knaster  and  C.  Kuratowski,  Sur  les  ensembles  connexes,  Fundamenta  Mathematicae, 
II  (1921),  pp.  206-255,  Th.  VI. 

fA  point  set  K  is  strongly  connected  if  every  two  points  of  K  lie  in  a  subcontinuum  of  K. 
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where  Mi  and  M2  are  irreducibly  connected  from  A  to  B  and  K  and  L  are  mutu- 
ally separated. 

K  and  L  are  connected*.     Since 

A{-L  =  Mu 

Ml  is  strongly  connected,  and  A  and  B  lie  in  a  subcontinuum,  N,  of  Mi.  As 
every  subcontinuum  of  a  set  irreducibly  connected  between  two  points  is  an 
arct,  N  is  an  arc.  Clearly  AIi  and  A'^  are  identical,  as  otherwise  Mi  could  not  be 
irreducibly  connected  from  A  to  B.  Hence  Mi  is  an  arc  from  A  to  B.  Similarly, 
M2  is  an  arc  from  A  to  B. 

Since  A{  is  the  sum  of  two  arcs  which  have  only  their  end-points  in  common, 
it  is  a  simple  closed  curv-e. 

§2.  C.  Caratheodory  has  madef  an  admirable  analysis  of  the  structure  of 
the  boundary  of  a  simply  connected  domain.  In  all  that  follows,  I  shall  assume 
familiarity  with  his  work,  as  well  as  with  the  work  of  Miss  Marie  Torhorst  in 
the  same  connection  §. 

Theorem  A.  For  every  interval  of  prime  ends\\  of  a  simply  connected  domain 
G  there  exist  infinitely  many  distinct  points  of  the  boundary  of  G  that  are  accessible 
for  prime  ends  of  that  interval'^. 

Proof.  Let  £  be  a  prime  end  of  the  interval,  /,  distinct**  from  the  ends  of 
the  intervalft  I-  Let  P  be  a  principal  pointtt  of  E.  Then  E  can  be  defined  by 
a  chain  of  cross-cuts  §§,  51,  32,  93,  ■  •  ■  which  lie  on  concentric  circles  that  converge 
to  their  common  centre! 1 1 1.  There  exists  a  positive  integer,  w,  such  that  the 
prime  ends  corresponding  toll^  g,  {i'^n)  are  prime  ends  of  7.  For  every  value 
of  i,  let  £,  be  one  of  the  prime  ends  corresponding  to  g,,  and  P,  the  end-point 
of  qi  in  £,.  The  points  P„,  P„+i,  P„+i,  .  .  .  are  distinct  points  satisfying  the 
theorem. 

By  an  argument  similar  to  that  used  above  the  following  theorem  can  be 
established: 

*Cf.  R.  Knaster  and  C.  Kuratowski,  loc  cit.,  Corollaire  XXIV. 

tCf.  B.  Knaster  and  C.  Kuratowski,  loc.  cit.,  Corollaire  XXVIII. 

tC.  Caratheodory,  I'ber  die  Begrenzung  einfach  zusammenhangender  Gebiele,  Mathematische 
Annalen  73  (1913),  pp.  323-370. 

§Marie  Torhorst,  L'ber  den  Rdnder  der  einfach  zusammenhangender  Gebiete,  Mathematische 
Zeitschrift,  6   (1921),  pp.  44-6.5. 

\\Primenden. 

IfIt  should  be  noted  tliat  this  is  not  the  same  as  stating  that  every  interval  of  prime  ends 
contains  infinitely  many  prime  ends  of  the  first  or  second  kind.  This  theorem  states  that  every 
interval  of  prime  ends  contains  infinitely  many  prime  ends  of  the  first  or  second  kinds  whose 
accessible  points  are  distinct. 

**\Vhcn  two  prime  ends  are  not  identical,  I  shall  call  tliem  distinct. 

tfBy  the  ends  nf  an  interval  of  prime  ends  I  mean  the  prime  end  which  precedes  all  others 
in  the  inter\al  and  the  [irime  end  which  is  preceded  b\-  all  others  in  the  interval. 

tUIaiiptpunkt. 

^^Querschnitlsketlc. 

II  ||Cf.  C.  Caratheodory,  loc.  cit.,  .Satz.  VIH. 

IlllCf.  M.  Torhorst,  loc.  cit.,  p.  49,  §§  26  and  27. 
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Theorem  A'.  Every  prime  end,  E,  of  a  simply  connected  domain  G  is  the  limit 
of  a  convergent  sequence*  of  prime  ends  of  G  of  the  first  or  second  kind,  whose 
accessible  points  are  all  distinct.  If  P  is  a  principal  point  of  E,  then  the  prime 
ends  of  this  sequence  can  be  so  chosen  that  their  accessible  points  have  P  as  a  sequential 
limit  point]. 

Definition.  Let  G  be  a  simply  connected  domain,  M  a  set  of  points  of  G, 
P  a  point  of  the  boundary  of  G,  and  E  a  prime  end  of  G  that  contains  P.  Then 
P  is  a  limit  poinf  of  M for  the  prime  end  E  provided  there  exists  a  sequence  of 
points  of  M,  Pi,  P2,  P3,  .  .  . ,  which  convergesj  to  the  prime  end  E  and  has  P 
as  a  sequential  limit  point. 

Theorem  B.  Let  M  be  a  subset  of  a  simply  connected  domain,  G,  and  let  P 
be  a  limit  point  of  M  on  the  boundary  of  G.  Then  there  exists  a  prime  end  of  G, 
Ep,  which  contains  P,  and  such  that  P  is  a  limit  point  of  M  for  the  prime  end  Ep. 

Proof.  Since  P  is  a  limit  point  of  M,  there  exists  a  sequence  of  points  of 
M,  Pi,  P2,  Pi,  .  •  • ,  which  has  P  as  a  sequential  limit  point. 

Let  G  be  mapped  conformally  by  means  of  an  analytic  function,  f{z),  on 
the  interior  of  the  unit-circle,  |2|<L  For  every  value  of  n,  let  the  image  of 
P„  in  |s|  <  1  be  x„.  Then  the  set  of  points  .Xi,  X2,  X3,  .  .  .,  has  at  least  one  limit 
point,  X,  on  the  unit  circle  \z\  =1. 

As  X  is  a  limit  point  of  Xi,  Xo,  X3,  .  .  . ,  there  exists  a  subsequence  of  this 
sequence,  x„„  x„„  x,,^,  .  .  .,  which  ha^  x  as  a  sequential  limit  point.  Let  Ep  he. 
that  prime  end  of  G  which  corresponds  tox§.  Then  the  sequence  of  points 
P,„,  P„„  P„3,  .  .  . ,  converges  to  the  prime  end  Ep,  and  since  P  is  a  sequential  limit 
point  of  this  sequence  it  follows  that  P  is  a  limit  point  of  M  for  the  prime  end  Ep. 

'Theorem  C.  Let  E  be  a  prime  end  of  a  simply  connected  domain  G,  and  P 
a  point  contained  in  E.  Then  the  chain  of  crosscuts  qi,  ^2,  ga,  ■  •  ■ ,  which  determines 
E  can  be  so  chosen  that  for  any  positive  integer,  n,  there  exists  a  circle,  K,  with  centre 
at  P,  such  that  no  point  of  q„  lies  either  interior  to,  or  on,  K. 

Proof.  E  can  be  defined  by  a  chain  of  cross-cuts,  gi,  32,  gs,  ■■  ■ ,  which  lie 
on  concentric  circles  that  converge  to  their  common  centre.  If  P  is  the  common 
centre  of  these  circles,  the  circle,  K,  of  which  qn+\  is  a  portion,  satisfies  the 
theorem.  If  P  is  not  the  common  centre  of  these  circles,  there  exists  a  positive 
number,  A'^,  such  that  for  i> N,  the  circle  of  which  g,  is  a  portion  neither  encloses 
nor  contains  P.  Let  ^  be  a  positive  integer  greater  than  N.  Then  the  chain  of 
cross-cuts  g^,  qt+i,  g^+s,  •  •  •,  and  a  circle  K  with  centre  P  and  radius  less  than 
5(P,  Ck)\\  (where  C^  is  the  circle  of  which  gj.  is  a  portion)  satisfy  the  theorem. 

Theorem  D.  Let  A,  B,  C,  D  be  four  distinct  points  of  the  boundary,  /3,  of  a 
simply  connected  domain  G,  accessible,  respectively,  for  the  prime  ends  Ea,  Eb,  Ec,  Ep, 

*Cf.  C.  Carath^odory,  loc.  cit.,  p.  351,  footnote. 

fA  point  P  is  a  sequential  litnil  point  of  a  sequence  of  points  Pi,  P2,  Ps,  .  .  .,  provided  that  if,  K  is 
any  circle  with  centre  at  P  there  exists  a  positive  integer  n  such  that  for  i>»,  Pi  lies  interior  to /C. 

JCf.  C.  Caratheodory,  loc.  cit.,  §  11,  III. 

§Cf.  C.  Caratheodory,  loc.  cit.,  Satz  XIII. 

\\M  and  N  being  point-sets,  5  {M,  N)  denotes  the  lower  limit  of  all  the  distances  xy 
where  x  is  any  point  of  M  and  y  is  any  point  of  A'. 
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where  E^  and  Eb  separate  Eq  and  Ep.  Let  AB  and  CD  be  arcs  which  lie, 
except  for  their  end-points,  A ,  B,  and  C,  D,  entirely  in  G,  and  such  that  the  prime 
ends  corresponding  to  AB  are  E^  o.nd  Eg,  and  the  prime  ends  corresponding  to  CD 
are  Eq  and  Eo.  Let  t  be  an  arc  with  end-points  A  a?id  B  and  containing  no  point 
of  CD.  Under  these  conditions,  there  exists  a  simple  closed  curve,  J,  which  consists 
of  a  sub-arc  of  t  and  a  sub-arc  of  AB,  and  such  that  C  is  interior  to  J  and  D  exterior 
to  J,  or  vice  versa. 

Proof.  The  arc  CD  separates  G  into  two  domains,  d  and  G2*,  such  that 
Ea  and  Eg  are  contained  in  d  and  G2,  respectively.  Denote  the  boundary  of 
Gi  by  /3i  and  the  boundary  of  G2  by  /Sj. 

Let 

ABxGi-\-A=Nu      ABxG2+B  =  Ni. 

On  /,  in  the  order  from  A  to  B,  there  exists  a  last  point,  x,  of  Ni.  To 
show  this,  add  to  Ni  all  its  limit  points,  and  call  the  resulting  set  iVit-  Since 
the  latter  set  is  closed,  there  will  exist  on  /,  in  the  order  from  A  to  B,  a  last  point 
of  A''].  Since  the  only  limit  points  of  Ni  that  do  not  belong  to  iVi  lie  on  CD, 
this  point  must  be  a  point  of  Ni,  by  virtue  of  the  fact  that  t  contains  no  points 
of  CD. 

After  x,  on  t,  in  the  order  from  x  to  B,  let  y  be  the  first  point  of  A^2.  The 
existence  of  y  can  be  established  by  an  argument  similar  to  that  used  to  show 
the  existence  of  x.  The  points  x  and  y  are  distinct;  for  x=A  or  x  is  a  point 
of  Gi,  and  therefore  x  is  not  a  limit  point  of  N2,  or  a  point  of  N^. 

That  portionj  of  t  from  x  to  y  is  an  arc  ti.  That  portion  of  /IB  from  x 
to  y  is  an  arc  t2:  /i  and  /2  have  only  x  and  y  in  common,  hence  their  sum  is  a 
simple  closed  curve  J. 

On  ti,  in  the  order  from  x  to  y,  let  x'  be  the  first  point  of  /3i.  On  /i,  in  the 
order  from  y  to  x,  let  y'  be  the  first  point  of  182;  t^,  together  with  those  portions 
of  /i  from  X  to  x'  and  from  y  to  y',  forms  an  arc  x'y'  which  lies,  except  for  x' 
and  y',  wholly  in  G.  Let  the  prime  ends  of  G  corresponding  to  x'y'  be  E^'  and 
£y,  where  x'y'  converges  to  x'  in  E^'  and  to  y'  in  Ey. 

Ex'  and  -Ey  are  separated  by  Ec  and  Ep,  since  E^i  and  Ey-  are  contained 
in  Gi  and  G2,  respectively.  Therefore  there  will  exist,  on  CD,  in  the  order  from 
C  to  D,  a  first  point,  w,  of  x'y',  and  in  the  order  from  Z3  to  C  a  first  point  2  of  x'y'. 
Between  C  and  w,  and  between  D  and  2  on  CD  there  can  be  no  points  of  /, 
since  J  — x'y'  is  a  subset  of  t. 

Hence  if  C  and  D  are  both  interior  (or  exterior)  to  /,  all  points  of  the  arcs 
Cw  and  Dz  (subsets  of  CD),  except  w  and  2,  are  interior  (or  exterior)  to  J.     No 

*Cf.  C.  Carathcodory,  loc.  cit.,  §§  5-7. 

tif  M  is  any  point-set,  I  shall  hereafter  in  this  paper  use  the  symbol  M  to  denote  M  together 
with  its  limit  points. 

Jlf  S  is  an  ordered  set  of  elements,  and  .v  and  y  are  elements  of  S,  that  portion  of  5  from 
X  to  y  is  the  set  of  all  elements  [e\  such  that  x  =  e,  or  y  =  e,  or  e  is  between  x  and  y. 
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point  of  that  portion  of  /o  from  w  to  3  is  a  limit  point  of  the  rest  of  /,  except  w 
and  s,  and  all  such  points  lie  in  G.  Hence  there  exist,  on  Cw  and  Dz,  points  w' 
and  z',  respectively,  which  can  be  joined  by  an  arc  w'z'  that  contains  no  point 
of  /?  +  /,  and  no  point  of  Cw  or  Dz  except  w'  and  z' .  The  sum  of  the  arcs  Cw' 
(subset  of  CD),  w'z',  and  z'D  (subset  of  CD),  is  an  arc  which  joins  C  and  D, 
lies  wholly  in  G,  except  for  C  and  D,  and  converges  to  the  prime  ends  Ec  and 
Ed,  but  contains  no  point  of  the  arc  x'y' .  This  is  impossible,  since  Ec  and  Ep 
are  separated  by  E^  and  Ey-.  It  follows  that  C  and  D  cannot  both  be  interior 
(or  exterior)  to  J. 

Corollary.  If  A  and  B  separate  C  and  D  on  a  simple  closed  curve  K,  AB  and 
CD  are  arcs  joining  A,  B,  and  C,  D,  respectively,  and  lying,  except  for  their  end- 
points,  interior  to  K,  and  t  is  an  arc  from  A  to  B  that  contains  no  point  of  CD,  then 
there  exists  a  simple  closed  curve  J  consisting  of  a  sub-arc  of  AB  and  a  sub-arc  of  t, 
such  that  C  is  interior  to  J  and  D  exterior  to  J,  or  vice  versa. 

The  notion  of  prime  part  of  a  continuum  has  been  recently  introduced  by 
Hans  Hahn*.  If  P  is  a  point  of  a  continuum  M,  the  prime  part  of  M  which 
contains  P  is  the  set  of  all  points  [x]  belonging  to  M  such  that  for  every  positive 
number  e  there  exists  a  finite  set  of  irregularf  points.  Pi,  Pi,  Pa,  •  •  ■ ,  Pn<  of  M 
such  that  the  distances  PPi,  PiP-i,  P1P3,  .  . .,  P„x  are  all  less  than  e.  A  bounded 
continuum  AI  is  a  simple  continuous  arc  of  prime  parts  provided  there  exist  two 
distinct  prime  parts  of  M,  p  and  q,  such  that  M  is  disconnected  by  the  omission 
of  any  one  of  its  prime  parts  which  is  distinct  from  p  and  qX.  The  prime  parts 
p  and  q  are  called  the  extremities  of  the  arc. 

Theorem  E.  Let  E  be  a  prime  end  of  a  simply  connected  domain,  G,  and  let 
P  be  any  point  of  G.  Then  there  exists  a  chain  of  cross-cuts,  q\,  qi,  ga,  .  .  . ,  defining 
E,  and  a  simple  continuous  arc,  t,  of  prime  parts  such  that  ii)  the  extremities  of  t 
are  P  and  w,  the  set  of  principal  points  of  E,  (ii)  t  —  w  is  a  subset  of  G,  and  con- 
verges to  E,  (Hi)  every  prime  part  of  t,  except  w,  is  a  point,  {iv)  for  every  n,  q„  and  t 
have  only  one  point  in  common. 

Proof.  It  is,  of  course,  only  necessary  to  show  that  this  theorem  is  satisfied 
for  some  particular  point  of  G  and  a  particular  choice  of  the  cross-cuts  defining 
E,  since  then  it  easily  follows  that  the  theorem  is  satisfied  for  all  points  of  G. 

CarathJodory  shows  §  the  existence  of  a  domain  G' ,  subset  of  G,  and  a  prime 
end  E'  of  G'  which  is  contained  in  E  and  contains  only  principal  points  of  E. 
He  then  shows! |  that  the  image  in  G  of  that  radius  of  the  unit  circle  (upon  the 
interior  of  which  G'  has  been  mapped  conformally)  which  joins  the  centre  to 
the  image  of  E'  is  a  curve  c'  which  begins  in  a  point  P  of  G'  and  converges  to 
E'  and  to  E.     The  only  points  of  the  boundary  of  G  that  are  limit  points  of  c' 

*Hans  Ilahn,  I'ber  ineduzible  Konlinua,  Wiener  Berichte,  130  (1921),  pp.  217-250. 

tAn  irregular  point  of  M  is  a  point  at  which  M  is  not  connected  im  kleinen.  Cf.  H.  Hahn, 
Wiener  Berichte,  123  (1914)  (2433). 

JFor  a  more  genera!  definition  of  simple  continuous  arc  of  prime  parts,  see  R.  L.  Moore, 
Concerning  the  prime  parts  of  certain  continua  which  separate  the  plane,  Proc.  Nat.  Acad.  [Sci., 
10  (1924),  pp.  170-175. 

^loc.  cil.,  p.  361,  SatzXIX. 

\\loc.  cil.,  p.  362,  §43. 
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are  the  points  of  o),  and  every  one  of  these  is  a  limit  point  of  c'.  Letc'  +  aj=c.  The 
curve  c  is  a  simple  continuous  arc  of  prime  parts  whose  extremities  are  P  and  u. 
If  £  is  a  prime  end  of  the  first  or  second  kind,  c  is  of  course  a  simple  continuous 
arc  in  the  ordinary  sense.  If  £  is  a  prime  end  of  the  third  or  fourth  kind,  then 
o)  is  a  prime  part  of  c.  This  is  easily  shown  as  follows:  w  being  a  continuum*, 
and  c  clearly  connected  im  kleinen  at  all  points  except  those  belonging  to  to,  it 
is  only  necessary  to  show  that  c  is  not  connected  im  kleinen  at  any  point  of  oi. 
Suppose  c  were  connected  im  kleinen  at  a  point  x  of  co.  Let  y  be  a  point  of  u 
distinct  from  x.  Let  Ki  be  a  circle  with  centre  x  and  radius  less  than  S(x,  y). 
Then  there  exists  a  circle  K^  concentric  with  Ki  and  such  that  if  2  is  any  point 
of  c  interior  to  K2,  z  can  be  joined  to  x  by  an  arc  zx  of  c  which  lies  wholly  in- 
terior to  Ki.  Let  2  be  a  point  of  c  — co,  and  let  2'  be  the  first  point  of  w  on  zx 
in  the  order  from  2  to  x.  That  portion  of  zx  from  2  to  2'  is  an  arc  zz'  which 
lies,  except  for  2',  wholly  in  G.  The  prime  end  corresponding  to  zz'  is  E,  since 
every  subset  of  c  which  has  a  limit  point  on  the  boundary  of  G  converges  to  E. 
Then  2'  is  accessible  for  E  and  00  =  2'.  Thus  the  supposition  that  c  is  not  con- 
nected im  kleinen  at  x  leads  to  a  contradiction. 

The  proof  that  every  prime  part  of  /  except  co,  is  a  point,  and  that  t  is  a 
simple  continuous  arc  of  prime  parts,  is  only  dependent  on  the  fact  that  the 
conformal  mapping  of  G'  upon  the  interior  of  the  unit  circle  establishes  a  one-to- 
one  continuous  correspondence  between  the  points  of  G'  and  the  points  interior 
to  the  unit  circle. 

It  remains  to  show  that  the  chain  of  cross-cuts  defining  E  can  be  so  chosen 
as  to  satisfy  (iv).  It  will,  however,  be  simpler  to  first  choose  the  chain  of 
cross-cuts  defining  E  and  then  modify  the  simple  continuous  arc  of  prime  parts  c. 
Let  x  be  any  point  of  co  and  let  q,,  q^,  qs,  .  .  . ,  be  a  chain  of  cross-cuts  (defining 
E)  which  consist  of  portions  of  circles  that  converge  to  their  common  centre,  x. 
With  no  loss  of  generality  it  can  be  assumed  that  P  does  not  lie  in  gi,  where  gi 
is  the  first  domain  of  the  chain  of  domains  (Gebietskette)  determined  by  the 
above  chain  of  cross-cuts.  On  c,  in  the  order  from  P  to  co,  let  Pi  be  the  first 
point  of  qu  and  Pi  the  last  point  of  qi;  after  P/  let  P2  be  the  first  point  of  92 
and  Pi  the  last  point  of  52;  after  P2'  let  P3  be  the  first  point  of  qs  and  P3'  the 
last  point  of  gs;  and  so  on.  Let  Pi"  be  a  point  of  the  arc  Pi'P2  (subset  of  c) 
which  is  distinct  from  P/  and  P2  and  at  a  distance  less  than  1  from  P/.  Then 
Pi  can  be  joined  to  Pi"  by  an  arc  PiP/'  which  lies,  except  for  Pi,  wholly  in  gi, 
contains  no  point  of  Pi'P2  other  than  Pi",  and  is  such  that  every  point  of  PiPi" 
is  at  a  distance  less  than  1  from  some  point  of  the  arc  PiP/  (subset  of  gi). 
In  general,  if  P,/' is  a  point  of  the  arc  P„'P„+i  at  a  distance  from  P,/  less  than  1/w, 
there  exists  an  arc  P„P„"  joining  P„  and  P„"  which  lies,  except  for  P„,  wholly 
in  g„  (the  n"'  domain  of  the  chain  of  domains  determined  by  the  chain  of  cross- 
cuts 5i,  92,  §3,  .  .  .),  contains  no  point  of  P„'P„  +  i  other  than  P„",  and  such  that 
every  point  of  P„P„"  is  at  a  distance  less  than  1/m  from  some  point  of  the  arc 
P„  P,,'  (subset  of  q„).  The  sum  of  the  arcs  PPi,  PiP/',  P/'P2  (subset  of  Pi'Pi), 
.  . . ,  P„  P„",  P„"P„+\  (subset  of  P„'P„+i),  .  . . ,  together  with  the  set  co,  is  an  arc  t 

*Cf   C.  Caratheodory,  loc.  cit.,  Satz  XX. 
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of  prime  parts.     The  conditions  of  the  theorem  are  satisfied  by  t  and  the  chain 
of  cross-cuts  q,,  q^,  53,  •  ■  •  • 

Corollary.  Let  Ex  and  £2  be  distinct  prime  ends  of  a  simply  connected  domain, 
CO  and  w'  the  sets  of  principal  points  of  Ei  and  E-i,  respectively,  and  suppose  that 
o)  and  co'  are  mutually  exclusive.  Then  there  exist  a  simple  continuoiis  arc,  t,  of 
prime  parts  and  chains  of  cross-cuts  defining  Ei  and  Ei  such  that-  {i)  the  extremities 
of  t  are  w  and  w',  (ii)  t  —  u  —  u'  is  a  sjibset  of  G,  {Hi)  every  prime  part  of  t,  except 
to  and  to',  is  a  point,  {iv)  t  —  u  —  co'  approximates  co  in  Ei  and  co'  in  E^,  {v)  every 
cross-cut  of  the  chains  defining  Ei  and  E2  has  only  one  point  in  common  with  t. 

Definition.  A  set  ha\ing  the  properties  of  /  as  stated  in  this  corollary  will 
be  called  a  cross-ctit  of  prime  parts.  If  either  co  or  co'  reduces  to  a  single  point, 
the  set  will  still  be  called  a  cross-cut  of  prime  parts.  If  both  co  and  co'  reduce 
to  a  single  point,  the  set  will  be  called,  as  usually,  a  cross-cut. 

Theorem  F.  If  K  is  a  cross-cut  of  prime  parts  of  a  simply  connected  domain 
G,  then  K  divides  G  into  two  mutually  exclusive  domains,  Gy  and  G^. 

Proof.  Let  G  be  mapped  conformally  by  means  of  an  analytic  function /(z) 
on  the  interior  of  the  unit  circle,  |z|<l.  The  image  of  K,  together  with  its 
limit  points  on  the  circle  |2|  =1,  is  an  arc*  which  lies,  except  for  its  end-points, 
wholly  Interior  to  the  unit  circle  |2|  =  1-  This  arc  divides  the  interior  of  the 
unit  circle  into  two  mutually  exclusive  domains.  The  remainder  of  the  proof 
should  be  obvious. 

The  following  theorem  can  now  be  established  by  means  of  an  argument 
similar  to  that  used  in  proving  Theorem  D: 

Theorem  D'.  Let  AB  and  CD  be  a  cross-cut  and  a  cross-cut  of  prime  parts, 
respectively,  of  a  simply  connected  domain,  G,  such  that  the  prime  ends  E^  and  Eb 
corresponding  to  A.B  are  separated  by  the  prime  ends  Ec  and  E^,  corresponding  to 
CD.  Let  the  end-points  of  AB  be  A  and  B,  and  the  extremities  of  CD  be  co  ajid  co', 
and  suppose  that  A,  B,  wand  co'  are  mutually  exclusive  point-sets.  Let  t  be  an 
arc  with  end-points  A  and  B  and  containing  no  point  of  CD.  Under  these  con- 
ditions there  exists  a  simple  closed  curve  J,  which  consists  of  a  sub-arc  of  t  and  a 
sub-arc  of  AB,  and  is  such  that  co  is  interior  to  J  and  co'  exterior  to  J,  or  vice  versa. 

Theorem  G.  Let  E\  be  a  prime  end  of  a  simply  connected  domain  G,  A  and  B 
distinct  points  contained  in  Ei,  and  C  a  set  irreducibly  connected  from  A  to  B  such 
that  C—A  —B  is  a  subset  of  G  and  A  and  B  are  limit  points  of  C  —A  —B  only  for 
the  prime  etid  £1.  Let  K  be  a  cross-cut  of  prime  parts  of  G,  such  that  the  prime  ends 
corresponding  to  K  are  E,  and  E^:  K  satisfies  the  conditions  stated  in  the  corollary 
of  Theorem  E,  and  neither  A  nor  B  is  a  principal  point  of  £2.  Then  if  Gi  and 
Gi  are  the  domaijis  into  which  K  separates  G,  A  and  B  are  not  both  limit  points 
ofGiX{C-A-B),  or  of  GiX{C-A~B). 

Proof.  Suppose  both  A  and  B  are  limit  points  of  GiX{C-A  —B).  Let  x 
and  y  be  distinct  points  of  C—A—B,  and  let  the  order  of  x,  y.  A,  and  B  on 
C  bet  -4.  X,  y,  B.       Let  those  portions  of  C  from  ^    to   x   and    from  y  to  B 

*Cf.  C.  Carathcodory,  toe.  cit.,  Satz  XI II. 

tCf.  B.  Knaster  and  C.  Kuratowski,  loc.  cit.,  Th.  XXIII. 
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be  denoted  by  C\  and  d,  respecti\ely.  Then  A  is  not  a  limit  point  of  C^ 
and  B  is  not  a  limit  point  of  C*.  But  ^  is  a  limit  point  of  C1XG2  and  B 
is  a  limit  point  of  C2XG2. 

Let  gi,  q2,  qi,  .  . ,  be  the  chain  of  cross-cuts  defining  Ei,  and  composed  (see 
proof  of  Theorem  E)  of  portions  of  circles  that  converge  to  their  common 
centre,  iv,  a  point  of  to  (the  set  of  principal  points  of  £1).  It  can  be  assumed 
that  for  e\ery«,  £2  is  not  contained  in  g„  (where  gi,  gi,  gs,  .  .  .,  is  the  chain  of 
domains  determined  by  the  chain  of  cross-cuts  defining  £1).  It  can  also  be 
assumed  that  q„  does  not  have  A  or  B  as  an  end-point. 

A  and  B  are  secondary  points  (Nebenpunkte)  of  £1.  For,  since  A  and  B 
are  limit  points  of  C  —  A  —B  only  for  the  prime  end  £1,  A  and  B  are  limit  points 
of  Ci  and  C2,  respectively,  for  the  prime  end  £1  (Theorem  B);  and  were  A,  say, 
a  principal  point  of  £1,  then  would  A  be  a  limit  point  of  C2J,  which  is  impossible. 
As,  in  addition,  neither  A  nor  B  is  a  principal  point  of  £2,  A  and  B  are  not  points 
of  K. 

Hence  there  exists  a  circle  K^,  with  centre  A,  such  that  if  Ra  is  the  circular 
domainf  bounded  by  K^, 

RAX{K+q„  +  C2  +  B)=0;  («  =  1,2,  3,  ...), 

and  a  circle  Kg,  with  centre  B,  such  that  if  Rb  is  the  circular  domain  bounded 
by  Kb, 

RBXiK+q„  +  C,  +  RA)=0;   («  =  1,  2,  3,  ...). 

For  every  positi\e  integer  n,  that  portion  of  K  from  P„.  the  point 
common  to  q„  and  K,  to  w  separates  g„  into  two  mutually  exclusive  domains, 
gll^  and  gj,^^  (Theorem  F),  which  are  subsets  of  Gi  and  G2,  respectively.  Then 
A  is  a  limit  point  of  CiXgJf  and  B  a  limit  point  of  CiXg'n^ 

Accordingly  there  exists,  common  to  gi'^'  and  Ra,  a  point  Ai  of  d,  and 
common  to  Rg  and  g/^'  a  point  Bi  of  Co. 

There  exists  a  positi\e  integer,  i,  such  that  neither  g,  nor  g,  contains  Ai  or  B,. 
Common  to  gf  and  Ra  there  exists  a  point  A2  of  Ci  and  common  to  gP'  and  i?B 
there  exists  a  point  J?2  of  C2. 

Since 

C,(C2  +  ^b)=0, 

i4i  and  A2  lie  in  a  connected  subset  of  G,  viz.,  Ci—A,  which  contains  no  point 
of  the  closed  set  C2  +  Rb>  and  hence  (as  will  be  demonstrated  in  Theorem  H) 
Ai  and  Az  are  the  end-points  of  an  arc,  Oi,  which  lies  wholly  in  G  and  contains 
no  point  of  the  set  C2  +  Rb-  Similarly,  Bi  and  B2  are  the  end-points  of  an  arc, 
bi,  which  lies  wholly  in  G  and  contains  no  points  of  Ci  +  RA-\-a,i. 

On  fli,  in  the  order  from  Ai  to  A2,  let  Ai'  be  the  first  point  of  Ka,  and  At' 
the  last  point  of  Ka-  Such  points  will  exist  since  Ra  and  g,  have  no  points  in 
common.     Ai'  is  a  point  of  G2,  but  not  of  gp\  and  A2'  is  a  point  of  both   Gt 

*Cf.  B.  Knaster  and  C.  Kuratowski,  /or.  ci/,.  Th.  XIX. 

tCf.  C.  Caratheoclory,  loc.  cit.,  §  i'A. 

\i.e.,  the  bounded  domain  whose  boundary  is  Ka- 


432  R.  L.  WILDER 

and  gP'  Let  i^i  be  that  maximal  connected  subset*  of  K^iXG  determined  by 
Ai',  and  H2  that  maximal  connected  subset  of  K^XG  determined  by  Ai'. 
Hi  and  Hi  are  subsets  of  gf  and  Gi  —  gf\  respectively. 

There  exists  a  subset,  /i,  of  ai+Hi+Hi  which  has  the  following  properties: 
(i)  h  is  a  cross-cut  of  G,  (ii)  if  £p'  is  that  prime  end  of  G2  which  corresponds  to 
5,  and  is  contained  in  G2,  the  prime  finds  £.4 '  and  £^^'  corresponding  to  h  are 
separated  by  £1  and  £p';  furthermore,  £.'1''  and  £4^  are  prime  ends  of  G  con- 
tained in  6*2,  and  indeed,  £'f'is  contained  in  gP',  but  £4'  is  not  contained  in  gf\ 

In  a  similar  manner,  there  can  be  shown  to  exist  a  cross-cut  h  of  G,  subset 
of  Gi+Ki},  which  has  the  following  properties:  (i)  the  prime  ends  of  G  correspond- 
ing to  h,  E'-^''  and  £5',  are  separated  by  £1  and  £p' ;  (ii)  £5'  and  £5'  are 
contained  in  G2,  and  £b'  is  contained  in  gf^ ;  (iii)  h  and  ti  have  no  point  in 
common.  Property  (iii)  is  a  result  of  the  fact  that  ai  +  -K'.4  and  02  +  ^5  have  no 
points  in  common. 

The  prime  ends  £1,  £2,  £P\  £^^',  £4^  £5'  and  £5'  must  occur  in  one 
of  the  following  cyclical  orders: 

(1)  £„  Ef,  E^i\  E?\  £»\  E%\  £2,  £„ 

(2)  £„  £^^',  Ef,  E?\  ET,  E'^\  £2,  £:, 

(3)  £,  £f' ,  £f ,  £P>,  £^^  £i^  £2,  £. 

(4)  £:,  £f>,  £f ,  £p>.  £^",  £i^  £2,  £, 

In  orders  (1)  and  (4)  £^^'  and  £f  are  separated  by  £^''  and  E^i'>;  but 
/i  and  ^2  have  no  point  in  common  and  hence  these  orders  are  impossible. 

Consider  order  (2).  Let  j  be  a  positive  integer  such  that  gj  contains  no 
point  of  ti.  Let  £>i  and  D2  be  the  domains  into  which  <2  divides  G,  Di  being 
that  one  of  these  domains  that  contains  gj.  As  /i  contains  points  of  Hi,  and  Hi 
contains  no  points  of  h,  Hi  is  a  subset  of  D^.  Ci—A  contains  a  point  of  Hi, 
viz.,  Ai.  Also  Ci—A  contains  a  point,  A^,  of  g,.  Then  Ci— yl  is  a  connected 
subset  of  G  that  contains  a  point  of  £>,  and  a  point  of  A,  but  no  point  of  h. 
This  is  impossible.     Hence  order  (2)  is  impossible. 

In  a  similar  manner  it  can  be  shown  that  order  (.3)  is  impossible. 

Hence  the  supposition  that  A  and  B  are  both  limit  points  of  G2X  (C-^^  -B) 
leads  to  a  contradiction.  In  a  similar  manner  it  can  be  shown  that  the  supposi- 
tion thatyl  and  5  are  both  limit  points  of  GiX  (G-^  -5)  leads  to  a  contradiction. 

Theorem  H.  Let  G  be  a  bounded  domain,  K  any  closed  set  of  points  and  N 
a  connected  subset  of  G  which  contains  no  points  of  K.  Then  every  pair  of  distinct 
points  of  N  are  the  end-points  of  an  arc  which  lies  in  G  and  contains  no  point  of  K. 

Proof.  Let  fi  be  the  boundary  of  G;  ,8  lies  interior  to  some  simple  closed 
curve  /.     Let  /  be  the  interior  of  /.     Then  G+/3  is  a  subset  of  I\.     The  set 

*If  M  is  a  point-set,  and  P  a  point  of  M,  that  maximal  connected  subset  of  M  determined 
by  P  is  the  set  of  all  points  (.v)  of  M  such  that  x  and  P  lie  in  a  connected  subset  of  M. 

tCf.  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  15 
(1922),  pp.  254-260,  Lemma  2. 
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of  points  J+I  —  G  is  a  closed  set  L.  The  set  of  points  which  K  has  in  common 
with  J+I  is  a  closed  set  Af.  Then  L  +  M  is  a  closed  subset  of  /+/•  As  N 
has  no  points  in  common  with  L-\-M,  it  is  clear  that  TV^  is  a  connected  subset 
of  an  open  subset,  T[  =  J-\-I—{L-\-M)],  of  J+I,  and  hence  every  two  pjints 
of  N  are  the  end-points  of  an  arc  of  T*.  As  7"  is  a  subset  of  G  the  theorem  is 
proved. 

The  following  lemma  was  proved  by  B.  Knaster  and  C.  Kuratowskif: 
Lemma  1.     M  and  N  b^ing  tuv  mutually  separated  point-sets,  at  least  one  of 
which  is  bounded,  and  A  and  B  being  two  points  of  M  and  N,  respectively,  there 
exists  a  bounded  coiitinuum,  K,  which  cutst  the  plane  between  A  and  B  and  which 
contains  no  point  of  M-\-A'. 

Theorem  I.  //  M  and  N  are  two  mutually  separated  comtected  point-sets, 
at\  east  one  of  which  is  bounded,  there  exists  a  simply  connected  bounded  domain, 
G,  which  contains  M,  but  does  not  contain  N,  or  vice  versa. 

Proof.  If  A  and  B  are  points  of  Af  and  N,  respectively,  then  by  the  above 
lemma  there  exists  a  bounded  continuum,  K,  which  cuts  the  plane  between  A 
and  B,  and  hence  between  M  and  N.  As  only  one  of  the  domains  complemen- 
tary to  a  bounded  continuum  is  unbounded,  one  of  the  sets  M,  N,  say  M,  lies 
in  a  bounded  domain,  G,  complementary  to  K.  That  the  boundary  of  G  is  con- 
nected has  been  proved  by  Brouwer§.  That  G  is  simply  connected  follows  from 
a  theorem  proved  by  R.  L.  Moore||. 

§3.  Theorem  3.  In  a  plane,  S,  let  d  and  d  be  point-sets  which  are  irre- 
ducibly  connected  from  A  to  B  {points  of  S),  and  such  that  Ci  —  {A-\-B)  and 
C2  —  {A-{-B)  are  mutually  separated.     Then  the  set  C1-I-C2  cuts  the  plane  S. 

Proof.     I.  Let  one  of  the  sets  Ci,  C2,  be  bounded. 

Let 

C,  -  {A  -]-B)  =  Fu  C2-{A+B)  =  F,. 

That  Fi  and  F2  are  connected  sets  has  been  proved  by  Knaster  and  Kuratowski^I. 

By  Theorem  I  there  exists  a  simply  connected  bounded  domain,  G,  which 
contains,  say,  Fi,  but  contains  no  points  of  F2,  and' whose  boundary,  13,  is  a 
continuum  which  cuts  the  plane  between  Fi  and  F2. 

A  and  B  are  points  of  /3,  since  A  and  B  are  both  limit  points  of  Fi  and  Ft, 
and  hence  of  point-sets  interior  and  exterior  to  G.     Then  there  exists  a  prime 

*Cf.  R.  L.  Moore,  Concerning  continuous  curves  in  Ike  plane,  loc.  cit.,  Tli.  1. 

^loc.  cit.,  p.  233,  th.  37.  Although  in  the  statement  of  their  theorem,  Messrs.  Knaster  and 
Kuratowski  do  not  mention  the  boundedness  of  the  continuum  K,  it  clearly  follows  from  their 
proof. 

tA  point-set  K  cuts  the  plane  between  two  points  .1  and  B  that  do  not  belong  to  K  if  there 
exists  no  subcontinuum  of  S  —  K  (where  5  is  the  set  of  all  points  in  the  plane)  that  contains  A 
and  B. 

§L.  E.  J.  Rrouwer,  Beweis  des  Jordanschen  Kurvensalzes,  Mathematische  Annalen  69  (1910), 

pp.  169-175. 

WConcerning  Continuous  Curves  in  the  Plane,  loc.  cit.,  Th.  2. 

i/oc.  cit.,  Corollaire  XXIV. 
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end*,  £a.  which  contains  A  and  is  such  that  ^  is  a  limit  point  of  Fi  for  this  prime 
end  (Theorem  B).  Similarly,  there  exists  a  prime  end  Eb  which  contains  B, 
and  is  such  that  5  is  a  limit  point  of  Fi  for  this  prime  end. 

(o)  Suppose  £.4  and  Eb  are  distinct  prime  ends.  Then  they  are  the  ends 
of  two  intervals  of  prime  ends,  h  and  h,  which  have  in  common  only  £.4  and  £5. 
By  Theorem  A,  there  exists  in  h  a  prime  end  £c  which  is  distinct  from  £4  and 
Eb,  and  which  contains  a  point  C  that  is  accessible  for  Ec  and  is  distinct  from 
A  and  B.  In  h  there  exists  a  prime  end  Ep  which  is  distinct  from  £4,  Eb,  and 
Ec,  and  which  contains  a  point  D  that  is  accessible  for  £p  and  is  distinct  from 
A,  B,  and  C.  C  and  D  are  the  end-points  of  an  arc,  a,  which  lies,  except  for 
C  and  D,  wholly  in  G,  and  which  converges  to  each  of  the  prime  ends  Ec,  £d- 

I  shall  show  that  M  cuts  the  plane  between  C  and  D.  For  suppose  there 
exists,  in  S  —  AI,  a  continuum,  K,  which  contains  C  and  D.  Then  the  set  a+K 
forms  a  continuum,  N.  A  and  B  must  lie  in  the  same  domain  complementary 
to  N,  since  they  lie  in  a  connected  set,  C2,  which  contains  no  point  of  A^. 

Ec  and  E^  are  the  ends  of  two  intervals  of  prime  ends,  Ji,  of  which  £4 
is  a  prime  end,  and  J2,  of  which  Eb  is  a  prime  end.  Let  gi,  32,  $3,  •  ■  -,  be  a 
chain  of  cross-cuts  defining  £^,  such  that  for  any  positive  integer  i  there  exists 
a  circle  with  centre  at  A  which  neither  contains  nor  encloses  any  point  of  g,. 
(Theorem  C).  Let  gi,  g2,  gs,  .  .  . ,  be  the  corresponding  chain  of  regions.  Then 
there  exists  a  positive  integer,  n,  such  that  the  prime  ends  corresponding  to 
q„  are  prime  ends  of  Ji  distinct  from  Ec  and  £0,  and  such  that  neither  g„  nor 
q„  contains  points  of  a. 

Similarly,  let  /i,  12,  h,  .  .  . ,  be  a  chain  of  cross-cuts  defining  Eb,  such  that 
for  every  positive  integer  i  there  exists  a  circle  with  centre  at  B  which  neither 
contains  nor  encloses  any  point  of  /,.  Let  Ui,  th,  «3,  •  •  • ,  be  the  corresponding 
chain  of  regions.  Then  there  exists  a  positive  integer  m  such  that  the  prime 
ends  corresponding  to  /„  are  prime  ends  of  Jo  distinct  from  Ec  and  Eq,  and  such 
that  neither  /,„  nor  «„  has  points  in  common  with  a+g„+g„. 

Let  Ra  be  a  circular  domain  with  centref  A  and  of  such  a  radius  that  ^.4 
contains  no  point  of  the  set  N+q„  +  B.  Let  Rb  be  a  circular  domain  with 
centre  B  and  of  such  a  radius  that  Rb  contains  no  point  of  the  set  N+tn^+R^. 

Since  ^  is  a  limit  point  of  £1  for  the  prime  end  £^,  there  is  a  point  of  £1, 
say  Ai,  which  is  common  to  g„  and  Ra-  Similarly,  there  is  a  point  of  £1,  say 
Bu  common  to  11^  and  Rb-  A\  and  Bi  are  distinct  points,  since  Ra  and  Rb  are 
mutually  exclusive.  As  £1  is  a  connected  subset  of  G  which  contains  Ai  and  Bi 
and  contains  no  point  of  K,  there  exists,  in  G,  by  virtue  of  Theorem  H,  an  arc, 
c,  which  has  Ai  and  £1  as  its  end-points,  and  contains  no  point  of  K. 

Join  A  and  Ax  by  a  straight  line  interval,  s^.  Let  Ai  be  the  last  point  of 
the  set  cXgn  on  5i  in  the  order  from  A^to  A.  That  such  a  point  exists  is  easily 
shown  as  follows: 

Let 

L^RAXgnXC. 

'Hereafter,  unlessotherwiseindicated,"primeend"  will  be  understood  to  mean  "prime  end  of  G". 
fBy  the  centre  and  radius  of  a  circular  domain  R  are  meant  the  centre  and  radius,   respec- 
tively, of  the  circle  which  forms  the  boundary  of  R. 
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Z,  is  a  closed  set,  since  it  is  the  set  of  points  common  to  three  closed  sets.  Also, 
L  is  non-vacuous,  since  A\  is  a  point  of  L.  Let  Ai  be  the  last  point  of  L  on 
5i  in  the  order  from  ^i  to  ^.  ^2  is  not  a  point  of  the  boundary  of  g„,  since 
the  only  points  of  this  boundary  that  c  contains  are  points  of  q„,  and  no  points 
of  q„  lie  in  R^.  Hence  A2  is  a  point  of  c  in  g„.  That  it  is  the  last  point  of 
cXg„  on  5i  in  the  order  from  A^to  A  is  obvious. 

After  A2,  on  Si,  in  the  order  from  Ai  to  A,  let  /I'  be  the  first  point  of  /3. 

That  portion  of  c  from  B\  to  A^,  together  with  that  portion  of  Si  from  A^ 
to  A',  is  an  arc  A'Bi,  which  lies,  except  for  A',  wholly  in  G.  Let  the  prime  end 
which  corresponds  to  this  arc  be  E^-.  E^'  is  contained  in  g„  and  is  therefore 
a  prime  end  of  the  interval  J\,  distinct  from  the  ends  of  Jj. 

Join  B  and  B\  by  a  straight  line  interval,  52.  Let  Bi  be  the  last  point  of 
the  set  A'BiXg,,  on  s^  in  the  order  from  Bi  to  B.  After  B2,  on  s^,  in  the  order 
from  Bx  to  B,  let  B'  be  the  first  point  of  /3. 

That  portion  of  A'Bi  from  A'  to  Bi,  together  with  that  portion  of  52  from 
Bi  to  B',  is  an  arc  A'B'.  Besides  the  prime  end  Ea',  there  corresponds  to  this 
arc  a  prime  end  E^',  containing  B' ,  and  belonging  to  the  interval  /o,  and  dis- 
tinct from  the  ends  of  J^. 

A'  and  A  are  in  the  same  domain  complementary  to  A^,  since  R^  contains 
no  points  of  N.  Similarly,  B'  and  B  are  in  the  same  domain  complementary 
to  TV.  Hence,  as  A  and  B  lie  in  the  same  domain  complementary  to  N,  A' 
and  B'  lie  in  the  same  domain  complementary  to  N. 

Hence  there  eixists  an  arc,  /,  which  has  A'  and  B'  as  end-points,  and  which 
has  no  points  in  common  with  N.  A  fortiori,  t  and  a  have  no  points  in  common. 
Hence  by  Theorem  D  there  exists  a  simple  closed  curve,  /,  which  consists  en- 
tirely of  points  of  t  and  A  'B',  and  is  such  that  C  lies  interior  to  J  and  D  exterior 
to  J,  or  vice  versa.  But  K  has  no  points  in  common  with  /  or  A'B',  and  there- 
fore no  points  in  common  with  /.  This  is  absurd,  since  K  contains  both 
C  and  D.  Thus  the  supposition  that  C  and  D  lie  in  a  subcontinuum  of  S  —  M 
must  be  false  and  M  cuts  the  plane  between  C  and  D. 

(b)  Suppose  Ea  and  Eb  are  the  same  prime  end  Eab-  If  either  A  or  B 
is  a  limit  point  of  Fi  for  any  prime  end  distinct  from  Eab,  a  method  of  argu- 
ment similar  to  that  in  (a)  may  be  used.  If  A  and  B  are  limit  points  of  Fi 
only  for  the  prime  end  Eabi  we  may  proceed  as  follows: 

Let  C  be  a  principal  point  of  Eab-  Then  C  is  distinct  from  A  and  B,  since 
A  and  B  are  secondary  points  of  Eab,  as  shown  in  the  proof  of  Theorem  G. 
Let  D  be  a  point  of  /3  which  is  not  a  principal  point  of  Eab,  which  is  distinct 
from  A  and  B,  and  which  is  accessible  for  a  prime  end  Ep  that  is  distinct 
from  Eab*- 

By  the  corollary  of  Theorem  E  there  exists  a  cross-cut  of  prime  parts,  a, 

*The  existence  of  such  a  point  is  easily  shown  as  follows:  As  £/iij  contains  secondary  points, 
let  jc  be  a  secondar>-  point  of  Eab  distinct  from  A  and  B.  Let  R  he  a  circular  domain  with 
centre  .v  and  of  such  a  radius  that  it  contains  no  principal  point  of  Eab,  and  neither  of  the  points 
A,  B.  R  contains  some  point,  y,  of  6'.  On  a  straight  line  interval  joining  x  and  y,  let  D  be  the 
first  point  of  /3  in  the  order  from  y  to  x. 
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which  has  the  following  properties:  (i)  co  (the  set  of  principal  points  of  Eab) 
and  D  are  the  extremities  of  a,  (ii)  the  set  a  — co— Z?  approximates  co  in  Eab 
and  D  in  Eq.  By  Theorem  F,  a  separates  G  into  two  mutually  exclusive  domains 
Gi  and  Gj,  and  by  Theorem  G,  A  and  B  are  not  both  limit  points  of  one  of  the 
sets  FiXGu  F1XG2.  Hence  ^  is  a  limit  point  of  FiXGu  say,  but  not  of  FiXGi, 
and  B  is  a.  limit  point  of  F1XG2,  but  not  of  FiXGi. 

Suppose  that  there  exists  a  continuum,  K,  which  contains  C  and  D,  but 
contains  no  points  of  M,  and  let  a+K  =  N. 

Let  Ka  be  a  circular  domain  with  centre  A  and  of  such  a  radius  that  Kji 
contains  no  points  of  the  set  N+B  +  F1XG2.  Let  Kb  be  a  circular  domain 
with  centre  B  and  of  such  a  radius  that  Kb  contains  no  points  of  the  set 
N+Ka  +  FiXGi.  Let  Ai  and  Bi  be  points  of  Fi  in  K^  and  Kb,  respectively. 
There  exists,  in  G,  by  Theorem  H,  an  arc  c  which  has  Ai  and  Bi  as  end- 
points  and  contains  no  point  of  K. 

Join  A  and  Ai  by  a  straight  line  segment  interval,  Si.  Let  A^  be  the  last 
point  of  cXGi  on  Si  in  the  order  from  Ai  to  A,  and  after  A2  let  A'  be  the  first 
point  of  p.  That  portion  of  c  from  j^i  to  yl2,  together  with  that  portion  of  Si 
from  A2  to  A'  is  an  arc  A'Bi,  which  lies,  except  for  A',  wholly  in  G.  The  prime 
end,  £,1',  which  corresponds  to  this  arc,  is  a  prime  end  of  G  distinct  from  Eab 
and  El).     Furthermore,  Ea'  is  a  prime  end  of  Gi,  since  ^1  ir.  a  point  of  Gi. 

Join  B  and  B'  by  a  straight  line  50.  Let  B2  be  the  last  point  of  ^'.61X^2 
on  S2  in  the  order  from  B2  to  B,  and  after  B2  let  B'  be  the  first  point  of  /3.  That 
portion  of  A'Bi  from  A'  to  i?2,  together  with  that  portion  of  S2  from  B2  to  5',  is 
an  arcA'B'.  Besides  Ea',  there  corresponds  to  this  arc  a  prime  end  £b'.  distinct 
from  £^B  and  Ed  and  also  a  prime  end  of  G2- 

As  Ea'  and  £5-  are  prime  ends  of  d  and  G2,  respectively,  as  well  as  prime 
ends  of  G,  they  are  separated  by  Eab  and  Eg. 

A'  and  B'  lie  in  the  same  domain  complementary  to  A'',  and  hence  there 
exists  an  arc,  t,  which  has  A'  and  B'  as  end-points  and  contains  no  points  of  N. 

(The  remainder  of  the  proof  is  similar  to  that  of  (a),  except  that  Theorem  D' 
is  used  to  obtain  the  contradiction  instead  of  Theorem  D.) 

IL  If  neither  of  the  sets  Ci,  C2,  is  bounded,  proceed  as  follows: 
Let  X  be  a  point  of  Ci—A  —B,  and  let  i?  be  a  circular  domain  with  centre  x 
and  containing  no  points  of  Cj.  Let  P  be  a  point  of  R  which  does  not  belong  to 
Ci,  and  let  Kp  be  a  circle  with  centre  P  and  lying  wholly  in  R.  By  an  inversion 
of  the  plane,  S,  about  Kp,  Co  goes  into  a  set  C2',  interior  to  Kp  and  therefore 
bounded.  If  M'  denotes  the  set  into  which  C1  +  C2  goes  under  this  inversion, 
the  proof  of  I  may  be  used  to  show  that  M'  cuts  the  plane  between  two  points 
C  and  D'  of  S—M',  neither  of  which  is  identical  with  P,  and  hence  if  the 
images  under  the  inversion  of  C'  and  D'  are  C  and  D,  respectively,  M  cuts  the 
plane  between  C  and  D. 

In  selecting  the  points  C'  and  D'  the  centre  of  Kp  must  be  avoided.  In 
case  (a)  of  I  this  causes  no  difficulty  if  Theorem  A  is  applied.  In  case  (b)  of  I, 
if  Eab  's  a  prime  end  of  the  fourth  kind,  C'  may  be  selected  as  a  principal 
point  of  CO  distinct  from  P,  the  centre  of  Kp.     However,  if  Eab  is  of  the  second 
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kind,  P  may  be  the  principal  point  of  £.45.  Then  the  proof  of  I  (b)  shows  that 
M'  cuts  the  plane  between  P  and  some  point  D'.  Let  Rp  be  a  circular  domain 
with  centre  P  and  of  such  a  radius  that  Rp  contains  neither  A'  nor  B',  the 
images,  respectively,  of  A  and  B.  There  exist  points  of  /3  in  Rp  which  are 
joined  to  P  by  continua  of  13  that  lie  wholly  in  Rp  and  hence  contain  neither  A' 
nor  B',  and  therefore  no  point  of  M'*.  Let  C"  be  such  a  point.  Then  M'  cuts 
the  plane  between  C  and  D'. 

*Cf.  Anna  M.  Mullikin,  Certain  theorems  relating  to  plane  connected  point-sets.  Trans.  Amer. 
Math.  Soc,  24  (1922),  pp.  144-162. 
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By  a  limit  point  of  a  point  set  M  we  mean  a  point  which  is  the  limitf 
of  an  infinite  sequence  of  distinct  paints  belonging  to  M.  This  notion  may 
be  generalized  by  regarding  a  point  set  as  being  the  limit,  in  some  sense,  of  a 
collection  of  point  sets.  We  shall  give  a  precise  formulation  of  such  a  general - 
zation:  A  point  set  A'  is  said  to  be  the  limiting  set  of  a  collection  G  of  point 
sets  provided  that  it  is  the  set  of  all  points  P  such  that  there  exists  a  sequence 
of  points  Pi,  P2,  P3,  ■  ■  ■  ,  and  a  sequence  gi,  go,  gi,  ■  ■  ■  ,  oi  distinct  elements 
of  G  such  that  P  is  the  limit  of  the  sequence  Pi,  P2,  Pz,  ■  ■  •  ,  and  for  every 
«, P„  belongs  to  gn-%  Theorems  concerning  such  limiting  sets  are  frequently 


•  Presented  to  the  Society,  September  10,  1925,  and  September  6,  192S;  receive  1  by  the  editors 
in  June,  1926,  and  January,  1928.  The  author  proved  Theorems  1,  16,  and  17  while  holding  a 
National  Research  Fellowship. 

t  The  theorems  in  this  paper  will  be  stated  for  a  space  L  Frechet  or  for  a  specialization  of  such  a 
space.  A  space  L  is  a  class  of  elements,  which  we  shall  call  points,  such  that  (1)  if  P  is  an  element  of 
L  and  Pu  Pi,  Pi,  ■  ■  ■  is  a  countable  sequence  of  elements  belonging  to  L,  then  the  statement  P  is  the 
limit  of  the  sequence  P\,  Pi,  Pi,  •  •  •  has  a  definite  meaning  and  the  question  whether  this  statement 
is  true  or  false  has  a  determinate  answer  as  soon  as  the  element  P  and  the  sequence  in  question  are 
themselves  determined;  (2)  if  the  element  P  is  the  limit  of  the  sequence  Pi.  Pi,  Pi,  •  •  ■  ,  and  ni, 
n>,  «3,  •  •  •  is  a  sequence  of  positive  inte:ier3  such  that  'i.<>h<'H<  •  •  •  then  P  is  the  limit  of 
/'n(i),  Pnv.),  Pirn,  •  •  •  (where,  for  t>pographical  reasons,  n[i)  is  used  in  subscripts  in  place  of 
tt,);  (3)  if  P  is  an  element  of  L,  P  is  the  limit  of  the  sequence  P,  P,  P,  ■  •  •  all  of  whose  eleme;its 
coincide  with  the  point  P.  Cf.  M.  Frechet,  (I)  Sur  qiietq  les  pji'ils  du  calcul  fonctionnel ,  Rendiconti  del 
Circolo  Matematico  di  Palermo,  vol.  22  (19J6),  pp.  5-6.  .\  space  D  is  a  space  L  in  which  with  every 
pair  of  points  A  and  B  there  is  associated  a  number  d(A,  B)  such  that  (1)  d{A,  B)=d{B,  ^)aO, 
(2)  d{A,  B)  =0  if  and  only  if  .4=5,  (3)  if  A,  B,  an  1  C  are  any  three  elements  then  d(A,  B)+d(B.  C) 
^d(A,  C),  and  (4)  the  limit  of  the  sequence  Pi,  P.,  Pi,  ■  ■  ■  is  the  point  P  if  and  only  if  d{P...  P) 
approaches  zero  as  n  approaches  infinity.  Cf.  Frechet,  loc.  cit.,  p.  30,  and  also  (II),  Les  ensembles 
abstraits  et  le  calcul  jonctionncl,  Rendiconti  del  Circolo  Matematico  di  Palermo,  vol.  30  (1910), 
p.  2,  paragraph  3,  and  (III),  Sur  les  ensembles  abstriits,  .\nnales  Scientifiques  de  I'ficole  Normale 
Superieure,  (3),  vol.  38  (1921),  p.  350,  lines  1-10.  The  symbol  d(A,  B)  is  read  "the  distance  from 
A  to  B." 

X  Cf.  R.  L.  Moore,  Report  O'l  continuous  curoes  from  the  view-poi  it  of  analysis  situs.  Bulletin  of 
the  American  Mathematical  Society,  vol.  29  (1923),  p.  297.  Co  icerning  variations  of  this  definition 
(mostly  for  less  general  spaces),  and  also  of  definitions,  to  be  given  later,  of  other  types  of  limiting 
sets,  see  the  following  papers:  L.  Zoretti,  (I),  Sur  les  fo  ictio  is  analytiques  uniformes  qui  possedent 
un  ensemble  parfait  discontinu  de  points  singuliers.  Journal  de  Mathematiques  Pures  et  Appliqu6es, 
(6),  vol.  1  (1905),  pp.  8-9,  and  (II),  i'n  theorime  de  la  titeorie  des  ensembles.  Bulletin  de  la  Soci^tfi 
Math^matique  de  France,  vol.  37  (1909),  pp.  116-119;  .\.  Schoenflies,  Bemerkung  zu  meinem  zweilen 
ISeitrig  zur  Tlieorie  dcr  Punktmengci,  Mathematische  .\nnalen,  vol.  65  (1908),  pp.  431-432;  S.  Janis- 
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applicable  in  point  set  theory  and  in  abstract  topology;  as  an  example  we 
may  mention  theorems  concerning  conditions  under  which  the  limiting  set 
is  connected  (cf.  Theorems  11  and  12,  and  the  discussion  and  references 
there  given). 

It  is  of  interest  to  discover  what  properties  hold  for  limiting  sets  in 
euclidean  spaces,  and  to  determine  the  general  classes  of  abstract  spaces 
in  which  such  theorems  hold.  One  of  the  purposes  of  the  study  of  ab- 
stract spaces  is  the  discovery  of  conditions,  preferably  necessary  and 
sufficient,  that  a  given  theorem  should  hold  in  that  space.  As  an  example 
we  may  consider  the  result  shown  in  Theorem  1  of  this  paper.  In  ordinary 
space  the  limiting  set  of  every  collection  of  point  sets  is  closed.  We  show 
in  Theorem  1  that  in  a  space  L  a  necessary  and  sufficient  condition  that  the 
limiting  set  of  every  infinite  collection  of  point  sets  be  closed  is  that  the  space 
under  consideration  be  a  space  S*  Thus,  the  majority  of  the  properties  of  a 
euclidean  space  have  little  bearing  on  the  fact  that  in  such  a  space  the 
limiting  set  of  a  collection  of  point  sets  is  closed. 

Another  example  of  such  a  study  is  the  one  we  make  of  the  distributive 
property.  A  space  is  said  to  have  the  distributive  properly]  or  to  he  distributive 
provided  that  if  in  that  space  K  is  a  closed  point  set  and  G  is  a  collection  of 
point  sets  and  each  point  of  A'  belongs  to  some  sub-set  of  A"  which  is  the 
limiting  set  of  some  sub-collection  of  G,  then  K  is  itself  the  limiting  set  of 
a  sub-collection  d  of  G.  If  it  be  specified  in  addition  that  d  be  countable, 
the  space  is  said  to  have  the  countably  distributive  property  or  to  be  countably 
distributive.  We  show  in  this  paper  that  every  distributive  space  D  is 
locally  compact}  and  further  that  in  order  that  a  space  D  have  the  countably 

zewski,  Sur  les  conlinusirrediiclibles  entre  deux  points,  Journal  de  I'ficole  Poly  technique,  (2),  vol.  16 
(1912),  pp. 93-94;  F.Hausdorff,  (I),  Grmidziige  der  Mengenlehre,  Leipzig,  Veit,  1914,  pp.  233-239  and 
296-304,  and  (II),  Mengenlehre,  Berlin,  de  Gruyter,  1927,  pp.  145-150;  L.  Vietoris,  Slelige  Mengen, 
Monatshefte  fiir  Mathematik  und  Physik,  vol.  31  (1921),  pp.  184-194;  Zoretti-Rosenthal,  Mengen 
die  von  einem  Parameter  abhangen,  Encyklopaedie  der  Mathematischen  Wissenschaften,  Band  II,  3, 
Heft  7  (II  C  9a),  §15,  pp.  938-941. 

•  The  derived  set  of  a  point  set  is  the  set  of  all  its  limit  points.  A  space  5  is  a  space  L  in  which  the 
derived  set  of  every  point  set  is  closed.  Cf.  M.  Frfichet,  (IV),  Relations  entre  les  notions  de  limile  et  de 
distance,  these  Transactions,  vol.  19  (1918),  p.  55.  If  M  is  a  point  set,  M'  denotes  the  derived  set  of 
M,  and  M  =  M-\-  M '.  M<Z  N  means  that  M  is  a  subset  of  N. 

t  The  term  is  due  to  R.  L.  Moore.  The  question  whether  a  bounded  euclidean  space  has  this 
property  was  raised  by  W.  L.  Ayres  during  a  discussion  of  the  proof  of  a  special  case  of  my  Theorem 
13,  and  was  settled  in  the  affirmative  by  R.  L.  Moore. 

I  A  point  set  is  said  to  be  compact  provided  that  each  of  its  infinite  sub-sets  has  at  least  one 
limit  point.  (Cf.  Fr6chet  I,  pp.  6-7.)  A  space  D  is  said  to  be  locally  compact  at  a  point  P  or  to  be 
compact  near  P  provided  that  P  belongs  to  a  compact  open  set.  A  point  set  is  said  to  be  an  open  set 
provided  that  its  complement  in  the  space  under  consideration  is  closed.  A  space  is  locally  compact 
provided  that  it  is  locally  compact  at  each  of  its  points.    A  point  set  is  separable  provided  that  it 
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distributive  property  it  is  necessary  and  sufficient  that  it  be  locally  compact 
and  separable. 

Certain  theorems  concerning  limiting  sets  have  an  analogy  to  covering 
theorems.  The  question  concerning  the  possibility  of  replacing  any  collection 
of  point  sets  in  a  space  by  a  countable  sub-collection  having  the  same  limiting 
set  is  analogous  to  the  one  whether  the  Lindelof  property*  holds  in  the  space. 
This  question  is,  however,  of  less  interest  than  the  following  one:  Under 
what  conditions  is  a  point  set  the  limiting  set  of  a  given  collection  of  point 
sets?  (See  Theorems  9,  10,  12,  13,  and  14.)  The  distributive  property  is  of 
especial  interest  in  this  connection;  in  a  space  possessing  this  property  we 
have  a  condition  which  may  be  described  roughly  as  follows:  If  the  property 
of  being  the  limiting  set  of  a  sub-collection  of  G  is  distributed  everywhere  in 
a  closed  point  set  A',  then  K  itself  has  this  property.  It  was  for  the  reason 
just  indicated  that  the  term  "distributive  property"  suggested  itself  to  Moore. 

Return  to  the  consideration  of  a  hyperspace  whose  elements  are  point 
■  sets  in  a  given  space.  Condition  (2)  mentioned  in  the  definition  of  a  space  L 
is  not  satisfied  if  we  interpret  "the  limit  of  a  sequence"  as  the  limiting  set 
of  a  sequence  of  point  sets.f  This  objection  does  not  apply  to  the  sequential 
limiting  set.  The  limiting  set  of  an  infinite  collection  of  point  sets  is  called 
the  sequentialX  limiting  set  of  this  collection  if  and  only  if  every  infinite  sub- 
collection  of  the  given  collection  has  the  same  limiting  set;  a  collection  of 
point  sets  is  convergent  if  it  has  a  non-vacuous  sequential  limiting  set  and  is 
divergent  if  it  has  a  vacuous  sequential  limiting  set.§  In  Theorems  16  and  17 
we  show  that  the  aggregate  of  all  closed  point  sets  in  an  abstract  space  may 
be  regarded  as  a  space  L  provided  that  we  introduce  a  suitable  definition 
for  "the  limit  of  a  sequence,"  which  involves  the  notion  of  a  sequential 
limiting  set.  In  this  connection  Theorems  5,  6,  and  7  are  of  interest;  Theorem 
6  shows  that  there  exist  spaces  L  and  even  spaces  D  in  which  no  collection 
of  point  sets  contains  a  convergent  or  a  divergent  sub-sequence. 

Janiszewskill  gives  a  definition  of  the  limit  set  of  a  sequence  of  point  sets; 

contains  a  countable  sub-set  such  that  every  point  of  the  set  either  belongs  to  this  sub-set  or  is  a  limit 
point  of  it.  Cf.  Frfichet  III,  p.  341. 

•  A  collection  of  open  sets  is  said  to  cover  a  point  set  K  provided  that  each  point  of  K  belongs  to 
some  element  of  the  given  collection.  A  space  is  said  to  have  the  Littddoj  property  provided  that  for 
every  collection  of  open  sets  covering  a  point  set  in  it  there  exists  a  countable  sub-collection  covering 
the  point  set.  Lindelof  first  showed  that  a  euclidean  space  has  this  property;  cf.  his  paper,  Remarqites 
sur  tin  thlorime  fondamental  de  la  theorie  des  ensembles.  Acta  Mathematica,  vol.  29  (1905),  p.  188. 

t  Cf.  Janiszewski,  loc.  cit.,  pp.  94-95,  example  1. 

X  Cf.  R.  L.  Moore,  loc.  cit.,  and  Hausdorff  I,  loc.  cit. 

§  Cf .  Hausdorff  I,  pp.  230  and  232. 

II  Loc.  cit.,  p.  94. 
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we  modify  his  definition  as  follows:  The  limit  set  of  a  collection  of  point  sets 
is  the  set  of  all  points  Q  such  that  Q  belongs  to  the  limiting  set  of  every  in- 
finite sub-collection  of  the  given  collection.  It  follows  from  our  definition 
that  if  P  is  a  point  in  the  limiting  set  of  a  collection  G  of  point  sets,  then  P 
belongs  to  the  limit  set  of  some  infinite  sub-collection  of  G;  we  show  in 
Theorem  6  that  it  is  not  true  in  general,  even  in  a  space  D,  that  P  belongs 
to  the  sequential  limiting  set  of  a  sub-collection  of  G. 

Janiszewski*  shows  that  the  limit  set  may  be  a  proper  sub-set  of  the 
limiting  set,  and  may  even  be  vacuous.  In  fact,  the  sequential  limiting  set 
exists  if  and  only  if  the  limit  set  is  the  same  as  the  limiting  set;  and,  in  case 
this  is  true,  the  three  are  identical.  The  limiting  set  of  an  infinite  sub- 
collection  of  a  collection  of  point  sets  is  a  sub-set  of  the  limiting  set  of  the 
collection.  It  is  not  implied  in  our  definitions  that  all  the  elements  of  a 
collection  of  point  sets  should  be  distinct;  it  is  possible,  for  instance  that 
each  element  should  consist  of  a  single  point,  and  that  all  are  the  same  point; 
in  this  case  the  limiting  set  of  the  collection  would  be  the  given  point. 

In  concluding  the  introduction  the  author  wishes  to  thank  R.  L.  Moore, 
who  indicated  to  one  of  his  classes  the  desirability  of  a  systematic  study  of 
limiting  sets,  and  whose  criticisms  and  suggestions  have  been  of  great  value 
in  the  preparation  of  this  paper. 

Theorem  1.  In  order  that  every  collection  of  point  sets  in  a  space L  should 
have  a  closed  limiting  set  it  is  necessary  and  sufficient  that  the  space  be  a  space  S. 

If  the  condition  is  not  sufficient,  there  must  exist  a  space  S  in  which  there 
exists  a  collection  G  of  point  sets  whose  limiting  set  is  not  closed.  Let  P 
be  a  point  which  does  not  belong  to  K,  the  limiting  set  of  G,  but  is  the 
sequential  limit  pointf  of  a  sequence  U  =  Qi+Q2+Qi-\-  ■  •  •  of  distinct 
points  belonging  to  K.  Let  F„  be  the  aggregate  of  all  elements  g  of  G  such 
that,  for  some  integer  m>n,g  contains  the  point  Qm.  It  follows  that  F„+i  c  F„. 
Then  for  some  sufficiently  large  value  N  of  n,  Fn  will  contain  at  most  a 
finite  number  of  elements;  otherwise,  as  may  easily  be  seen,  P  would  have 
to    belong    to    the    limiting    set    of    G.     Let    F  =  G  —  Fn,  Pi  =  Q.'{+i,    and 

r=Z^.(^'  =  l,2,  3,  •■•)• 

It  follows  from  the  definition  of  P.-  and  the  fact  that  Pi  is  a  point  of  no 
element  of  F   that   there  exists  for  each  positive  integer  i  a  sequence 


*  Loc.  cit. 

t  A  point  is  the  sequenUal  limit  point  of  a  sequence  of  points  M  provided  that  it  is  the  limit  of 
every  infinite  sub-sequence  of  M.  Cf.  R.  L.  Moore,  On  the  Joundations  oj  plane  analysis  situs,  these 
Transactions,  vol.  17  (1916),  p.  134. 
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Ti=J^ii(j=l,  2,  3,  •  •  • )  of  distinct  points  such  that  (1) P.-  is  the  sequential 
limit  point  of  T.-  and  (2)  for  each  integer  i,  Pa  belongs  to  an  element  g,<  of 
F  such  that  il  m^n  then  gmir^gni- 

Let  Si  =  Qn^Pn  and  let  hn  =  Gi  be  a  definite  element  of  F  containing 
Pii.  For  k>l  let  Gk='^hki{i  =  l,  2,  3,  ■  ■  ■  ,  k)  he  a.  sequence  of  elements 
of  F  and  Sk=^Qki(i  =  'i^,  2,  3,  •  ■  ■  ,  k)  be  a  sequence  of  points  selected  as 
follows:  kici  is  an  element  of  I35,.0'=l>  2,  3,  ■  •  •  ,oo)  with  j  =  nki,  where 
Hki  is  the  smallest  positive  integer  x  such  that  gxi  is  not  one  of  the  finite 
number  of  elements  of  F  belonging  to  Gi,  Go,  ■  ■  •  ,  Gk-i;  Qki  is  the  point 
Pn(k.i).i*  Let  W='^Si{i  =  l,  2,  3,  •  ■  ■  ,<»).  For  every  integer  z,  PF  contains 
infinitely  many  points  in  common  with  Ti,  and  hence  T  is  a  sub-set  of  the 
derived  set  of  W.  Since  W  is  a  sub-set  of  a  space  S,  its  derived  set  is  closed. 
It  follows  that  there  exists  a  set  <3*(i),t(i),  Qkm,n2),  Qk{3).i(3),  •  •  •  ,  of  distinct 
points  of  W  having P  as  a  sequential  limit  point.  But  no  element  of  G  belongs 
to  more  than  one  of  the  collections  Gi,  each  of  which  contains  only  a  finite 
number  of  elements.  Hence  the  sequence  hk(,i).ni),  /uc2),i(2),  /?t(3)..(3),  ■  •  ■ 
contains  infinitely  many  distinct  elements  of  G,  andP  belongs  to  the  limiting 
set  of  this  sequence  and  thus  to  the  limiting  set  of  G.  Thus  we  have  demon- 
strated the  sufiiciency  of  the  condition. 

Suppose  that  there  exists  a  space  L  in  which  the  limiting  set  of  every 
collection  of  point  sets  is  closed,  but  which  is  not  a  space  5.  Then  therft 
exists  in  this  space  a  point  set  M  whose  derived  set  has  a  limit  point  P 
which  does  not  belong  to  M'.  Let  ir=Pi-f-P2-fP3+  •  •  ■  be  a  sequence  of 
distinct  points  belonging  to  If'  and  havingP  as  a  sequential  limit  point.  Then 
for  each  positive  integer  i  there  exists  a  sequence  Wi=Pu+P2i+P3i+  •  •  ■ 
which  has  Pj  as  a  sequential  limit  point,  is  a  sub-set  of  M,  and  does  not  con- 
tain P.  Let  G  be  a  collection  whose  elements  are  Pzy,  where  x  and  y  are  in- 
dependent variables,  each  having  as  range  the  set  of  positive  integers. 
Then  PF  is  a  sub-set  of  the  limiting  set  of  G,  and  so  is  P,  since  the  limiting 
set  is  closed.  It  follows  that  P  is  a  Umit  point  of  M,  contrary  to  its  definition. 
Thus  the  condition  is  necessary. 

Definition.  A  point  P  is  said  to  be  a  point  of  condensation^  of  a  point 
set  M  provided  that  every  open  set  containing  P  contains  uncountably  many 
points  of  M. 

Theorem  2.  In  order  that  it  should  be  true  for  each  infinite  collection  of 
point  sets  in  a  space  D  that  at  most  a  countable  number  of  its  elements  fail  to 


•  For  typographical  reasons  when  »<  and  tin  occur  as  subscripts  or  superscripts  they  will  be 
printed  n{i)  and  n{i,j)  respectively. 

t  Cf.  LmdelOf,  loc.  cit.,  p.  184,  and  Fr^chet  I,  p.  6. 
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be  sub-sets  of  its  limiting  set,  it  is  necessary  and  sufficient  that  the  space  be 
separable. 

We  shall  show  first  that  the  condition  is  sufiicient.  Let  K  be  the  limiting 
set  of  a  collection  G  of  point  sets  in  a  separable  space  D.  Suppose  that  there 
exists  an  uncountable  sub-collection  G  of  the  elements  of  G  such  that  no 
element  of  G  is  a  sub-set  of  K.  There  must  exist  a  positive  number  y  such 
that  there  exist  uncountably  many  elements  of  G  containing  points  whose 
distances*  from  K  are  greater  than  y.  Let  E  be  the  set  of  all  points  belonging 
to  elements  of  G  and  having  distances  from  K  greater  than  y.  If  a  point  of  E 
is  common  to  infinitely  many  elements  of  G  it  belongs  to  the  limiting  set  of  G. 
This  is  clearly  impossible.  Further,  if  E  contains  at  most  a  countable  number 
of  points,  it  follows  from  what  we  have  just  proved  that  at  most  a  countable 
number  of  elements  of  G  contain  points  in  E;  this  involves  a  contradiction 
with  our  definition  of  E.  Hence  E  contains  uncountably  many  points,  and 
has  a  point  of  condensation.!  Since  no  point  of  E  belongs  to  more  than  a 
finite  number  of  elements  of  G,  this  point  of  condensation  belongs  to  the 
limiting  set  of  G.  Since  its  distance  from  K  is  not  less  than  y  we  have  a  con- 
tradiction. Hence  G  does  not  exist,  and  the  condition  given  in  the  statement 
of  the  theorem  is  sufficient. 

We  shall  show  next  that  the  condition  is  necessary.  Suppose  that  it  is 
not,  and  that  there  exists  a  non-separable  space  D  in  which  every  infinite 
collection  of  point  sets  has  the  property  mentioned  in  the  statement  of  the 
theorem.  Then  the  space  contains  an  uncountable  point  set  H  having  no 
limit  point. t  Let  G  be  a  collection  of  elements  g  such  that  each  g  consists  of 
a  single  point  belonging  to  H  and  each  point  of  H  belongs  to  a  single  element 
of  G.  It  follows  that  H'  is  the  limiting  set  of  G.  From  the  fact  that  all 
except  a  countable  number  of  the  elements  of  G  are  sub-sets  of  H'  it  follows 
that  H'  is  non-vacuous.  Thus,  the  supposition  that  the  space  is  not  separable 
has  led  to  a  contradiction. 

Definition.  A  space  is  said  to  have  the  Cantor-Bendixsoji  property 
provided  that  every  closed  point  set  in  it  is  the  sum  of  a  perfect  set  and  a 
countable  set.    The  fact  that  this  property  holds  in  a  euclidean  space  is,  as 


•  If  P  is  a  point  and  N  is  a  point  set,  by  d(,P,  N)  =  diN,  P),  the  distance  from  P  to  N,  is  meant 
the  lower  bound  of  the  set  of  values  [d(P,  Q)  ],  where  ^  is  a  point  of  N. 

t  Cf .  W.  Gross,  Zitr  Theorie  der  Mengen  in  denen  ein  Distanzbegriff  definiert  ist,  Sitzungsberichte 
der  Kaiserlichen  Akademie  der  Wissenschaften,  Mathematisch-Naturwissenschaftliche  Klasse, 
vol.  123  (1914),  Ila,  pp.  805-806,  and  Fr&het  I,  p.  6 

t  Cf.  Gross,  loc.  cit.,  pp.  805-806. 
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indicated  by  Lindelof,  loc.  cit.,  the  most  important  part  of  a  theorem  by 
Cantor*  and  Bendixson. 

Theorem  3.  In  order  that  a  space  D  shotild  have  the  Cantor-Bendixson 
property  it  is  necessary  and  sufficient  that  the  space  be  separable. 

The  sufficiency  of  the  condition  follows  from  the  work  of  Frechetf  and 
Grosst;  the  argument  given  by  Frechet  is  similar  to  one  given  for  the 
euclidean  case  by  Lindelof  (loc.  cit.,  pp.  183,  187).  The  necessity  of  the 
condition  follows  easily  from  Gross's  work.  Suppose  that  there  exists  a  space 
D  which  has  the  Cantor-Bendixson  property  but  is  not  separable.  Then  it 
contains  an  uncountable  point  set  M  which  has  no  hmit  point  ;t  then  M  is 
closed.  It  follows  that  M  is  the  sum  of  a  perfect  set  and  a  countable  set. 
Since  M  contains  uncountably  many  points,  this  perfect  set  is  non-vacuous. 
Every  point  of  the  perfect  set  is  a  limit  point  of  this  set  and  of  M.  Thus  we 
get  a  contradiction. 

Theorem  4.  In  order  that  every  infinite  collection  oj  point  sets  in  a  space  D 
should  contain  a  countable  sub-collection  having  the  same  limiting  set  as  the 
collection  itself  it  is  necessary  and  sufficient  that  the  space  be  separable. 

It  was  pointed  out  by  W.  L.  Ayres  that  the  sufficiency  of  the  condition 
for  a  bounded  euclidean  space  is  established  as  a  consequence  of  the  fact  that 
such  a  space  has  the  countably  distributive  property.  The  same  conclusion 
holds  for  any  space  D  that  has  this  property.  Not  all  separable  spaces  D 
have  this  property,  however;  cf.  Theorem  9. 

Let  G  be  a  collection  of  point  sets  in  a  separable  space  D,  and  A"  be  its 
limiting  set.  Since  the  space  is  separable  there  exists  a  countable  §  sequence 
P\+Pi+P3+  ■  ■  •  every  element  of  which  is  a  point  of  K,  and  such  that 
every  point  of  K  is  the  sequential  limit  point  of  a  subsequence  of  it.  For  each 
positive  integer  «  there  exists  an  element  gn  of  G  whose  distance  from  P„ 
is  less  than  1/w  and  which  is  distinct  from  ^i,  g2,  gi,  •  ■  •  ,  gn-i,  the  elements 
associated  respectively  with  Pi,  Po,  Pz,  •  •  •  ,  Pn-i-  Then  A'  is  the  limiting 
set  of  gi-fg2+g3+  •  ■  •  • 

(.The  necessity  of  the  condition  may  be  established  as  follows:    Let  G 
be  a  collection  of  point  sets  in  a  space  D  such  that  (1)  each  element  of  G  is  a 


•  Cf.  G.  Cantor,  Fondemeiits  d'une  thiorie  glnfrah  des  ensembles,  Acta  Mathematica,  vol.  2 
(1883),  pp.  405,  409-414,  and  I.  Bendixson  Qudques  thioremes  de  la  thiorie  des  ensembles  de  points. 
Acta  Mathematica,  vol.  2  (1883),  pp.  415-427. 

t  Cf.  Frechet  I,  p.  19,  and  Gross,  loc.  cit.,  pp.  805-806,  815-816. 

t  Cf.  Gross,  loc.  cit.,  pp.  805-806. 

§  Cf .  Gross,  loc.  cit.,  pp.  805-806,  and  Frechet  I,  p.  27. 
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single  point  of  the  space  and  (2)  for  each  point  x  of  the  space  there  exists  a 
countable  sequence  gix,  gix,  gsz,  •  •  •  of  elements  of  G,  each  of  which  is  the 
point  X.  Clearly  the  limiting  set  of  G  is  M,  the  set  of  all  points  in  the  space. 
By  our  hypothesis  G  contains  a  countable  sub-collection  Gi  which  has  the 
same  limiting  set.  It  follows  from  our  definition  of  a  limiting  set  that  if  y  is  a 
point  of  M  and  is  not  the  limit  of  an  infinite  sequence  of  distinct  points  be- 
longing to  Ml,  the  set  of  all  points  belonging  to  elements  of  d,  it  is  the  limit 
of  a  sequence  y,y,y,  ■  ■  ■  of  points  of  Mi,  each  of  which  is  the  point  y.  Then 
y  belongs  to  Mi.    Since  Mi  is  countable,  M  is  separable. 

Theorem  5.  //,  in  a  space  D,  the  Ihniling  set  of  a  collection  G  of  point 
sets  is  separable,  then  every  infinite  sub-collection  of  G  contains  a  sub-collection 
that  has  a  sequential  limiting  set. 

The  question  as  to  the  truth  of  this  theorem  for  a  bounded  euclidean 
space  was  raised  by  R.  L.  Moore,  and  in  June,  1925,  was  proved  inde- 
pendently by  him  and  by  me;  he  pointed  out  that  my  method  of  proof 
has  an  advantage  over  his  in  that  it  applies  to  abstract  spaces.  After  sub- 
mitting this  paper  for  publication  I  learned  that  T.  Wazewski  has  the  follow- 
ing theorem  in  his  thesis:*  In  a  compact  space  D  every  infinite  collection 
of  point  sets  contains  a  convergent  sub-collection.  Also,  since  this  paper 
was  submitted  for  publication  Zarankiewiczf  and  Hausdorff  have  published 
analogous  results,  Zarankiewicz  showing  that  in  a  euclidean  space  and 
Hausdorff  that  in  a  separable  space  D  every  infinite  collection  of  point  sets 
contains  a  sub-collection  which  has  a  sequential  limiting  set.  The  argument 
given  by  Hausdorff  does  not  suflSce  to  prove  the  theorem  we  have  stated, 
since  he  uses  the  fact  that  the  complement  of  the  limiting  set  is  separable; 
however,  if  the  proof  given  by  Zarankiewicz,  which  is  similar  to  the  one 
discovered  by  the  author,  is  modified  slightly,  it  suffices  for  our  purposes. 

In  1909  Zorettif  proved  the  following  theorem:  If,  in  a  plane,  G  is  a  collec- 
tion of  continua§  (1)  whose  sum  is  bounded,  (2)  whose  limit  set  is  non- 
vacuous,  and  (3)  whose  limiting  set  is  a  continuum,  then  G  contains  an  in- 


*  Sur  Us  courbes  de  Jordan  tie  renfermant  aucune  coiirbe  simple  fermie  de  Jordan,  Krakow,  1923, 
p.  24. 

t  Cf.  Zarankiewicz,  Sur  les  points  de  division  dans  les  ensembles  connexes,  Fundamenta  Mathe- 
tnaticae,  vol.  9  (1927),  pp.  127-129;  and  Hausdorff  II,  pp.  147-148. 

t  Cf.  Zoretti  II. 

§  A  continuum  is  a  closed  and  connected  point  set.  (Cf.  Cantor,  loc.  cit.,  p.  406.)  A  point  set  is 
ronnected  provided  that  it  is  not  the  sum  of  two  mutually  exxlusive,  non-vacuous  point  sets,  neither  of 
which  contains  a  limit  point  of  the  other.  Cf.  N.  J.  Lennes,  Curves  in  non-melrical  analysis  situs  with 
an  application  in  the  calculus  oj  variations,  Ameriean  Journal  of  Mathematics,  vol.  ii  (1911),  p. .%?, 
and  Hausdorff  I,  p.  244. 
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finite  sub-collection  which  has  a  closed  and  connected  sequential  limiting 
set.  The  conditions  (2)  and  (3)  are  unnecessary,  for  the  existence  of  a  se- 
quence having  property  (2)  follows  from  (1),  and  (3)  follows  from  (2)  by  a 
theorem  of  Zoretti's,  p.  116,  loc.  cit.  In  his  process  of  selecting  a  sequence 
which  has  a  sequential  limiting  set,  Zoretti  makes  no  use  of  the  fact*  that  the 
elements  of  his  collection  are  continua,  and  this  process  is  adequate  to 
prove  that  every  infinite  collection  of  point  sets  in  a  plane  whose  sum  is 
bounded  contains  a  convergent  sub-collection. 

Proof  of  Theorem  5.  Let  K  he  a.  separable  point  set  in  a  space  D  and 
G  be  a  collection  of  point  sets  having  iT  as  a  limiting  set.  Then  K  has  a 
countable  sub-set  H  such  that  if  X  is  a  point  of  K  it  is  either  a  point  of 
H  or  a.  limit  point  of  H.  For  each  point  of  H  consider  all  the  spheresf  having 
this  point  as  a  center  and  having  radii  whose  lengths  are  rational  numbers. 
Let  i?i,  Ri,  i?3,  •  •  ■  be  the  set  of  the  interiors  of  these  spheres.  Now  proceed 
as  in  the  paper  of  Zarankiewicz  (loc.  cit.,  pp.  128-129). 

Theorem  6.  /n  a  space  L  which  contains  a  point  set  having  the  power 
of  the  continuum  and  having  a  vacuous  derived  set  there  exists  an  infinite 
collection  of  point  sets  which  has  no  convergent  or  divergent  sub-collection. 

The  following  example  shows  that  there  exist  spaces  D  which  satisfy  the 
hypothesis  of  the  theorem:  Let  Di  be  an  aggregate  of  objects  having  the 
power  of  the  continuum  in  which  all  the  requirements  of  a  space  D  are 
satisfied,  subject  to  the  condition  that  the  distance  between  two  distinct  ele- 
ments of  Di  is  unity. 

Proof  of  Theorem  6.  Consider  a  space  L  in  which  there  exists  a  point 
set  M  having  the  power  of  the  continuum,  but  having  no  limit  point.  Let 
X  be  the  set  of  all  real  numbers  x  such  that  0<a:<l.  Then  there  exists  a 
correspondence  such  that  to  each  x  there  corresponds  exactly  one  point 
Pi  of  M  and  conversely.  Let  the  number  x  be  expanded  as  an  infinite 
decimal  in  the  binary  scale.  Let  G  be  a  collection  of  point  sets,  gi,  gj,  gz,  •  ■  •  , 
where  the  set  g„  consists  of  all  points  of  M  for  which  the  corresponding  ele- 
ments in  A',  when  given  the  binary  expansion  just  mentioned,  have  as  their 
«th  digit  unity. 

Let  r=g„(i)+gn(2)+gn(3)+  •  "  •  be  a  sub-collection  of  G  such  that 
ni<ni<n3<  •  •  •  .  Let  z ^J^l--^^'^  (f  =  l,  2,  3,  •  •  •  ),  and  Z?  =X!g"<2.)  (i  =  l, 
2,  3,  ••  •  )•  Then  P^  is  common  to  all  the  elements  of  E  and  hence  belongs 
to  the  limiting  set  of  H.   Hence  the  limiting  set  of  T  is  non-vacuous,  and  T 

*  This  fact  is  used  in  proving  that  the  limiting  set  k  connected. 

t  The  terms  sphere,  interior  and  exterior  of  a  sphere,  etc.  are  defined  precisely  as  in  euclidean  geo- 
metry. Cf.  Fr6chet  I,  p.  21,  paragraph  34.  A  spherical  region  is  the  interior  of  a  sphere. 
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is  not  divergent.  It  follows  from  our  definitions  of  M  and  G  that  a  point  of  M 
belongs  to  the  limiting  set  of  an  infinite  sub-collection  of  G  if  and  only  if 
the  point  belongs  to  infinitely  many  elements  of  this  sub-collection.  Hence 
Pz  does  not  belong  to  the  limiting  set  of  T  —  H.  Hence  T  does  not  converge. 

Theorem  7.  //  the  hypothesis  of  the  continuum*  is  correct,  then  in  order 
that  every  infinite  collection  of  point  sets  in  a  space  D  should  contain  a  conver- 
gent or  a  divergent  sub-collection,  it  is  necessary  and  sufficient  that  the  space 
be  separable. 

The  theorem  is  a  consequence  of  Gross,  pp.  805-806,  Frechet  I,  p.  27, 
and  Theorem  6,  and  Hausdorff  II,  pp.  147-148. 

Theorem  8.  Every  space  D  which  has  the  distributive  property  is  locally 
compact. 

If  the  theorem  is  not  true,  there  exists  a  space  D  having  the  distributive 
property,  and  containing  a  point  P  near  which  it  is  not  compact  and  a 
countably  infinite  set  of  points,  K,  which  has  no  limit  point  and  does  not  con- 
tain P.  Let  i?i  be  a  spherical  region  containing  P  such  that  Ri  contains  no 
point  of  K.  There  exists  in  Ri  a  countable  point  set  Mi  having  no  limit  point 
and  not  containing  P;  within  i?i  there  is  a  spherical  region  R^  with  its  center 
at  P,  of  diameter  less  than  one  half,  and  containing  no  point  of  Mi.  This 
process  may  be  continued;  in  general,  let  i?„  be  a  spherical  region  of  diameter 
less  than  1/m,  which  contains  no  point  of  the  point  sets  Mi,  M^,  Ms,  ■  •  •  , 
Af„_i,  has  its  center  at  P,  and  lies  within  the  region  i?„_i;  let  Mn=Pin 
+P2n+An+  •■  •  be  a  countable  sequence  of  points  which  lies  within  R„, 
does  not  contain  P,  and  has  no  limit  point.  Let  K=Pi-\-P2-\-P3-\-  ■  ■  ■  . 
For  every  pair  of  integers  i  and  j  let  gi,=Pij-{-Pj.  Then  P,-  is  the  limiting 
set  of  ^  gij  (i  =  l,  2,  3,  ■  •  •  ,  <»).  From  the  fact  that  the  space  under  con- 
sideration has  the  distributive  property  and  that  K  is  closed,  since  it  has  no 
limit  point,  it  follows  that  K  is  the  limiting  set  of  a  sub-collection  N  of 
^  2Z  Sa  {i  andy  =  1,  2,  3,  4,  •  ■  •  ,  oo).  Then  there  exists  an  integer  m  such 
that  Rm  contains  no  points  belonging  to  elements  of  N.  It  follows  that  N 
is  a  sub-collection  of  X  23  Sa  0  =  1>  2,  3,  •  •  •  ,  w  — 1;  i  =  1,  2,  3,  •  •  •  ,  <»). 
There  exists  a  spherical  region  R  which  contains  Pm+i  but  contains  no  point 
of  K—P,n+\  or  of  Ri.  But  Pm+i  does  not  belong  to  any  point  sets  in  the 
collection  X)  S  ?«  0  =  1)  2,  3,  •  ■  •  ,  w  — 1;  i  =  \,  2,  3,  ■  ■  •  ,  oo).    It  follows 


*  The  hypothesis  of  the  continuum,  as  formulated  by  Cantor,  is  the  following:  No  uncountable 
point  set  has  a  power  less  than  that  of  the  continuum.  Sierpinski,  Sur  Vhypothese  du  continu,  Funda- 
menta  Mathematicae,  vol.  5  (1924),  p.  177-187,  gives  a  discussion  of  a  number  of  interesting  theorems 
whose  truths  follow  from  that  of  this  hypothesis. 
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that  P,„+i  does  not  belong  to  the  Hmiting  set  of  N.    Thus,  the  supposition 
that  the  space  is  not  locally  compact  has  led  to  a  contradiction. 

Theorem  9.  In  order  thai  a  space  D  should  have  the  countably  distributive 
property  it  is  necessary  and  sufficient  that  it  be  locally  compact  and  separable. 

First  we  shall  show  the  sufficiency  of  the  condition.  Let  K  be  a.  closed 
point  set  in  a  separable,  locally  compact  space  D  and  G  be  a  collection  of 
point  sets  such  that  each  point  of  A'  belongs  to  a  sub-set  of  K  which  is  the 
limiting  set  of  some  infinite  sub-collection  of  G.  Let  Af  be  the  limiting  set  of 
G  and  N  =  M—K.  The  point  set  K  is  separable*  and  hence  there  exists  a 
countable  sub-set  F=Pi-|-P2+-P3+  ■  •  •  of  A"  such  that  KcH.  For  each 
integer  i  there  exists  a  sub-collection  Gi=gu+g2i+g3i+  ■  ■  ■  oi  G  such  that 
the  limit  set  of  G,-  is  a  sub-set  of  K  and  contains  P.-. 

From  the  fact  that  A  is  closed  and  that  the  space  is  locally  compact  it 
follows  that  for  each  point  Q  oi  N  there  exists  a  spherical  region  Rq  which 
is  compact  and  such  that  Rq  contains  no  point  of  A.  From  the  fact  that  the 
space  is  separable  and  hence  has  the  Lindelof  propertyf  it  follows  that  there 
exists  a  countable  sequence  Ri,  R2,  R3,  ■  ■■  of  these  regions  covering  A'^.  If 
i  andy  are  integers,  the  region  Rj  contains  points  of  at  most  a  finite  number  of 
elements  of  Gi;  for  otherwise,  since  R,  is  compact,  it  would  contain  a  point 
of  the  limiting  set  of  G„  thus  contradicting  the  fact  that  the  limiting  set 
of  Gi  is  a  sub-set  of  A  and  R,  contains  no  point  of  A.  Hence,  for  every  integer 
i  the  sequence  G,-  contains  an  infinite  sub-sequence  Ft  such  that  no  element 
of  Fi  contains  a  point  in  any  of  the  regions  Ri,  R2,  A3,  ■  •  •  ,  A,.  Let  F  =X]  Ft 
(i  =  1,  2,  3,  ■  •  •  ,  00).  We  shall  show  that  E,  the  limiting  set  of  A,  is  a  sub-set 
of  A.  If  it  is  not,  it  must  contain  a  point  W  of  N,  since  A  is  a  sub-collection 
of  G  and  E  is  then  a  sub-set  of  M.  There  exists  an  integer  m  such  that  W 
belongs  to  Am.  Let  n^m.  Then  it  follows  from  the  definition  of  A„  that  F„ 
contains  no  point  within  A„.  Further,  as  we  have  pointed  out  above,  if 
1  ^p^ni,  at  most  a  finite  number  of  the  elements  of  Gp,  and  hence  of  Fp, 
contain  points  within  A„.  Hence  A„  contains  points  of  at  most  a  finite 
number  of  elements  of  F,  and  hence  W  cannot  belong  to  the  limiting  set  of  F. 

We  shall  show  next  that  A  is  a  sub-set  of  the  limiting  set  of  F.  It  follows 
from  the  definition  of  F  that  F  is  a  sub-set  of  the  limiting  set  of  F.  If  X 
is  a  point  of  K  —  H,  it  is  a  limit  point  of  H.  By  Theorem  1,  X  is  then  a  point 
of  the  limiting  set  of  F.   From  A  c  A  and  A  d  A  it  follows  that  K  =  E. 

Given  a  space  D  which  has  the  countably  distributive  property.    If  G 


*  Cf.  Frfichet  I,  p.  27,  and  Gross,  pp.  805-806. 
t  Cf.  Gross,  pp.  805,  806,  809. 
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is  a  collection  of  point  sets,  it  follows  by  Theorem  1  that  its  limiting  set  is 
closed.  By  our  hypothesis  G  can  be  replaced  by  a  countable  sub-collection 
having  the  same  limiting  set.  By  Theorem  4  the  space  is  separable.  By 
Theorem  8  the  space  is  locally  compact.  Hence,  the  condition  is  necessary. 
Definitions.  If  M  and  N  are  two  point  sets  in  a  space  D,  by  1{M,  N), 
the  lower  distance  from  M  to  N,  is  meant  the  lower  bound  of  the  values 
d{P,  N),  where  P  is  a  point  of  M;  and  by  u{M,  N),  the  upper  distance  from 
M  to  N,  is  meant  the  upper  bound  of  the  values  d{P,  N).  If  G  and  H  are  col- 
lections of  point  sets,  we  shall  say  that  H  is  upper  semi-continuous  with 
respect  to  G  provided  that  if  g  is  a  fixed  element  of  G  and  h  is  a  variable  ele- 
ment of  B,  then  as  /(//,  g)  approaches  zero  so  does  iiQi,  g).  If  the  collection 
G  is  upper  semi-continuous  with  respect  to  itself,  it  is  said  to  be  an  upper 
semi-continuous*  collection. 

Theorem  10.  If  in  a  space  D,  K  is  a  closed  point  set  and  G  is  a  collection 
of  point  sets,  then  a  sufficient  condition  thai  K  he  the  limiting  set  of  G  is  that 
K  is  a  sub-set  of  the  limiting  set  of  G  and  (1)  contains  points  in  common  with 
the  limiting  set  of  every  infinite  sub-collection  of  G  that  has  a  non-vacuous 
limiting  set;  (2)  G  is  upper  semi-continuous  with  respect  to  the  point  set  K. 
If  it  be  specified  in  addition  that  the  space  be  compact,  the  condition  mentioned 
above  is  both  necessary  and  sufficient. 

It  is  easy  to  construct  examples  showing  that  the  condition  mentioned 
in  the  theorem  does  not  remain  necessary  in  case  the  stipulation  that  the 
space  be  compact  be  removed.  The  theorem  remains  true  if  we  replace  (1) 
by  (1')  following:  (1')  If  e  is  a  positive  number,  there  exist  at  most  a  finite 
number  of  elements  g  of  G  such  that  l(g,  K)  >e. 

Proof  of  Theorem  10.  Let  H  be  the  limiting  set  of  G.  If  H  contains  a 
point  X  not  belonging  to  A',  there  must  exist  an  infinite  sub-sequence 
Gx=gi-\-g2-\-g3-\-  ■  •  ■  oi  G  such  that  every  element  of  this  sequence  is  at 
a  distance  from  x  less  than  ^d(x,  A')>0,  and  for  each  positive  integer  i, 
^{^>  Si)  <1A-  By  the  hypothesis  there  exist  (1)  a  positive  number  d  such 
that  when  l{g,  K)  <fi?then  u(g,  K)  <ld(x,  K),  and  (2)  an  infinite  sub-sequence 
of  elements  of  Gx,  every  element  of  this  sub-sequence  being  at  a  lower  distance 
from  A"  less  than  d.  Thus  the  supposition  that  the  point  x  exists  has  led  to  a 
contradiction,  and  K  =  II. 


•  For  definitions  of  lower  distance,  of  upper  distance,  and  of  upper  semi-continuous  collections 
of  point  sets,  cf.  R.  L.  Moore,  Concerning  upper  semi-continuous  collections  of  continua  which  do  not 
separate  a  given  continuum,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  10  (1924),  p.  356, 
and  Concerning  upper  semi-continuous  collections  of  continua,  these  Transactions,  vol.  27  (1925), 
p.  416. 
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We  shall  now  show  that  if  the  space  is  compact  the  condition  is  necessary. 
Part  (1)  of  the  condition  follows  immediately.  If  part  (2)  does  not  follow, 
there  must  exist  a  positive  number  e  and  a  sub-sequence  H  =  Ei+H2+H3 
+  ■  ■  ■  of  elements  of  G  such  that,  for  every  n,  u{H„,  K)  >  e,  but  1{H„,  K) 
approaches  zero  as  n  approaches  infinity.  Since  the  space  is  compact  it 
follows  that  the  limiting  set  of  H  contains  a  point  x  whose  distance  from  K 
is  not  less  than  e.  But  the  result  just  stated  involves  a  contradiction  of  our 
assumption  that  A'  is  the  limiting  set  of  G  and  hence  contains  the  limiting 
set  of  H. 

Definitions.  If  x  and  y  are  a  pair  of  points,  a  sequence  of  points  Xi{=x), 
X2,  Xs,  ■  ■  ■  ,  x„{  =  y)  is  said  to  be  a  chain  joining  x  and  y;  a  pair  of  consecutive 
points,  Xj  and  .t,+i,  is  said  to  be  a  link  of  this  chain  and  d{x,;  x,+i)  is  the  length 
of  this  link.  If  g  is  a  point  set  let /(g)  be  the  lower  bound  of  the  set  of  all  posi- 
tive numbers  //  such  that  any  pair  of  points  in  g  can  be  joined  by  a  chain 
every  point  of  which  belongs  to  g  and  every  link  of  which  has  a  length  less 
than  or  equal  to  h.  If  g  is  a  bounded  point  set, /(g)  certainly  exists;  otherwise 
it  need  not.  If  G  is  zusammenhangend*  in  the  sense  of  Cantor, /(g)  =0. 

Let  M  be  a  point  set  in  a  space  L  and  P  and  Q  be  points  of  M.  Let 
CpQ=  X!  H  Pit  (;  =  1,  2,  3,  ■  •  ■  ,  CO  ;  f  =  1,  2,  3,  •  ■  ■  ,  n,)  be  a  sub-set  of  M 
such  that  for  each  positive  integral  value  of/,  Pu  =P,  n,-  is  a  positive  integer, 
and  Pn(f).,  =  Q-  The  points  P  and  Q  are  said  to  be  well  chained  in  M  provided 
that  there  exists  at  least  one  Cpq  such  that  if  j\<J2<ji<  •  ■  ■  and  the 
sequence ^Pmctijj.yti)  (^  =  1,  2,  3,  •••,<»),  of  the  set  Cpq  has  a  sequential 
limit  point  T,  then  T  is  a  sequential  limit  point  also  of  every  infinite  sub- 
sequence of  23^m(,(i))+i,,(t)  (^  =  1,  2,  3,  ■  •  ■  ,  00 )  and  of  '^^ mwm-i.nk) 
{k  =  \,2,5,  ■  ■  ■  ,  oo),  where  1  ^W/cd  ^n^k)-  If  every  pairP  and  Q  of  points 
of  M  is  well  chained  in  M,  M  is  said  to  be  well  chained. 

Theorem  IL  //,  in  a  locally  compact  space  D,  G=  [g]  is  a  collection  of 
point  sets,  K  is  the  limiting  set  of  G,  and  f(g)  approaches  zero  as  l{g,  K)  ap- 
proaches zero,  then  in  order  that  K  he  well  chained  it  is  necessary  and  sufficient 
that  there  exist  a  well  chained  sub-set  A'l  of  K  which  contains  points  in  common 
with  every  sub-set  of  K  which  is  the  limiting  set  of  a  sub-collection  of  G. 

Janiszewski  considers  an  analogous  question  (1)  for  a  bounded  number 
space  and  (2)  in  an  abstract  space  which  may  be  characterized  as  a  perfectly 
compact,  connected  space  in  which  a  distance  is  defined  (cf.  Janiszewski, 
p.  162,  loc.  cit.);  he  shows  that  in  such  spaces  a  sufficient  condition  that 


*  Cf.  Cantor,  loc.  cit.,  p.  406,  and  Ueber  unendliche,  lineare  Punktmannigfalligkeilen.  Mathe- 
matische  Annalen,  vol.  21  (1883),  p.  576. 
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the  limiting  set  be  connected  is  that  the  limit  set  exist.  Our  theorem  is  more 
general  than  his  in  that  we  give  necessary  and  sufficient  conditions  and  that 
our  space  is  more  general. 

Schoenflies  (loc.  cit.)  gives  a  less  general  case  than  Janiszewski;  he 
assumes  that  the  sequential  limiting  set  exists.  See  also  Zoretti  I,  pp.  8-9. 
and  Zoretti  II.  In  connection  with  Zoretti's  work  see  our  comments  follow- 
ing Theorem  5.  See  also  Vietoris,  loc.  cit.,  p.  186,  and  Hausdorff  I,  pp.  301- 
302. 

It  might  be  pointed  out  that  in  a  non-compact  space  D  the  limit- 
ing set  of  a  collection  of  connected  point  sets  need  not  be  connected, 
cf.  Hausdorff  I,  p.  239,  last  four  lines.  As  an  example  of  a  bounded 
space  D  where  the  condition  given  in  Theorem  11  is  not  sufficient  consider 
the  space  D3  given  below.  Note,  however,  that  this  space  is  not  locally 
compact.  Let  H^  be  the  straight  line  interval  in  the  euclidean  plane 
having  as  end  points  {x,  0)  and  {x,  1).  Let  A  be  the  point  (0,  0)  and  B  the 
point  (0,  1).  Let  the  points  of  A  be  the  points  in  the  euchdean  sense  of 
A+B+  ^Hi/i  {i  =  l,  2,  3,  •  •  •  ,  oo),  and  distance  and  limit  be  defined  as 
in  ordinary  space.  Let  G  be  a  collection  of  point  sets  whose  elements  are 
the  H's  in^Hi/i  (i  =  l,  2,  3,  •  •  •  ,  co).  Then  G  is  a  collection  of  connected 
point  sets  having  as  a  sequential  limiting  set  the  sum  of  A  and  B.  The  set 
A  +B  is  neither  connected  nor  well  chained. 

Proof  of  Theorem  11.  Obviously  the  condition  is  necessary;  we  shall 
prove  its  sufficiency. 

First  we  shall  show  that  if  Af  is  a  connected  point  set  it  is  "zusammen- 
hangend."  For,  if  it  is  not,  there  exists  a  positive  number  d  and  a  pair  of 
points  X  and  y  of  M  which  cannot  be  joined  by  a  finite  chain  of  points 
belonging  to  M,  each  link  in  the  chain  having  a  length  less  than  d.  Let  N 
be  the  set  of  all  points  of  M  which  can  be  joined  to  a;  by  a  chain  such  as  that 
just  mentioned.  Then  both  N  and  M  —  N  are  non-vacuous  and,  since  M 
is  connected,  there  exists  a  point  s  which  belongs  to  one  of  the  point  sets 
N  and  M  —  N  and  is  a  limit  point  of  the  other.  Let  £  be  a  spherical  region 
with  center  at  2  and  having  a  radius  of  length  <f/3.  It  follows  that  E  contains 
points  of  both  N  and  M  —  N.  Clearly  this  involves  a  contradiction.  Evi- 
dently M  is  well  chained. 

We  shall  show  next  that  if  M  and  N  are  two  non-compact,  connected 
point  sets  their  sum  is  well  chained.  Let  tni,  nii,  nis,  ■  ■  ■  and  «i,  Ws,  Ms,  •  •  • 
be  two  infinite  sequences  of  points  belonging  to  M  and  N  respectively,  and 
neither  of  which  has  a  limit  point.  It  follows  from  the  preceding  paragraph 
that  for  each  positive  integer  i  there  exists  a  pair  of  chains  of  points  mu(  =  mi), 
fThi,  ma,  ■  •  ■  ,  m,(i),i{  =  m^  and  Wiv(  =  Mi),  n^,  «3.-,  •  •  ■  ,  «,(.■).<  (  =  «•)  be- 
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longing  to  M  and  to  N  respectively  such  that  each  link  in  each  of  these 
chains  has  a  length  less  than  l/i.    Let  d  be  the  chain  mu,  m2i,  ma,  ■  •  •  , 
ffip(i).i,  ng(i),i,  ■  •  •  ,  tiii,  ttii.  It  follows  from  the  definitions  of  Ci,  d,  C3,  ■  ■  ■ 
that  mi  and  tti  are  well  chained  in  M,  and  since  they  may  be  selected  at 
pleasure  it  follows  that  M  +  iV  is  well  chained. 

Hence,  to  prove  that  K  is  well  chained  it  suffices  to  prove  that  either  (1) 
K  is  connected  or  (2)  every  maximal*  connected  sub-set  of  K  is  non-compact. 
Suppose  that  neither  of  these  conditions  is  realized.  Then  K  has  a  compact 
maximal  connected  sub-set  T  which  does  not  contain  all  of  K.  About  each 
point  of  T  there  exists  a  spherical  region  such  that  the  sum  of  its  points  and 
limit  points  is  compact.  The  point  set  T  can  be  covered  by  a  finitef  sub- 
collection  of  this  collection  of  regions.  Let  H  be  the  sum  of  the  points  be- 
longing to  this  finite  set  of  regions  and  B  be  the  boundaryl  of  H.  Evidently 
B  contains  no  point  of  T.  Since  H  is  the  sum  of  a  finite  number  of  compact 
point  sets,  it  is  compact.  Let  G2  be  a  sub-collection  of  G  having  a  limit 
set  containing  a  point  P  of  T.  Suppose  that  A'2,  the  limiting  set  of  Gj,  con- 
tains points  without  //;  let  Q  be  such  a  point.  Let  d  he  a.  positive  number 
which  is  less  than  each  of  the  numbers  d(P,  It)  and  d(Q,  H).^  It  follows  from 
the  hypothesis  of  the  theorem  and  the  definition  of  G2,  that  G2  contains  a  sub- 
sequence gi,  g2,  gs,  ■  ■  ■  such  that  for  each  positive  integer  w, /(gn),  d{P,  g„), 
and  d{Q,  g„)  are  each  smaller  than  the  smaller  of  d/2  and  1/w.  For  each  n 
there  exists  a  finite  chain  F„  =  Xi„,  X2„,  X3„,  •  •  •  ,  Xn„-,n  of  points  belonging  to 
g„  such  that  (1)  all  except  the  last  point  in  this  chain  belong  to  H  but  the 
last  does  not,  (2)  the  distance  of  Xin  from  P  is  less  than  1/w,  and  (3)  each  link 
has  a  length  less  than  1/w.  The  limiting  set  F  of  23  -^n  («  =  1,  2,  3,  ■  •  •  ,  <») 
is  closed  and  connected,  1|  contains  P,  and  is  a  sub-set  of  T,  which  is,  by 
definition,  a  maximal  connected  sub-set  of  K.  The  point  set 23  ^.(nj-i.n  («  =  1, 
2,  3,  •  •  •  ,  00)  is  compact  and  has  the  same  limit  points  as  23  »;<(„),„  («  =  1, 
2,  3,  ■  •  •  ,  00).  These  points  are  common  to  Ko,  T,  and  B.  But  B  and  T 
have  no  points  in  common,  and  hence  A'2  c  77. 

Further  A'2  c  T.  For,  if  e  is  greater  than  zero,  we  can  evidently  cover  T 
with  a  set  of  spherical  regions  each  of  which  is  compact  and  has  a  diameter 
less  than  e.  In  terms  of  these  regions  we  can  then  define  a  point  set  He  which 
has  properties  similar  to  those  of  H,  and  which  contains  no  point  whose 


*  A  maximal  sub-set,  hairing  a  property  P,  of  a  point  set  M,  is  a  sub-set  N  ol  M  which  has  the 
property  P  but  is  not  a  proper  sub-set  of  any  sub-set  of  M  which  has  this  property. 
t  Cf.  Gross,  p.  810,  and  Frechet  I,  pp.  22  and  26. 

I  That  is,  B  is  the  set  of  all  limit  points  of  H  that  do  not  belong  to  H. 
§  Let  /(  be  the  complement  of  //. 

II  Cf.  Janiszewski,  loc.  cit.,  p.  98,  lines  1-12. 
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distance  from  T  is  greater  than  e.  As  above,  K^_  c  H^.  Then  K2  c  T  =  Y[Hiii 
(i  =  l,2,3,  •  ■  -,00). 

It  follows  from  the  hypothesis  of  the  theorem  that  K^,  and  hence  T, 
contains  points  of  A'l.  By  an  argument  analogous  to  that  used  in  showing 
that  KicT  we  can  show  that  Ki  c  T. 

If  there  exists  a  point  Y  of  K  —  T,  there  exists  an  infinite  sub-collection 
Gy  of  G  having  a  limit  set  containing  ¥.  It  follows  from  the  hypothesis  of 
the  theorem  that  Gy  contains  an  infinite  sub-collection  having  a  limit  set 
containing  a  point  of  A'l.  We  have  shown  above  that  the  limiting  set  of 
such  a  collection  is  a  sub-set  of  T.  Hence  the  point  Y  does  not  exist. 

From  T cK  and  K cT  it  follows  that  K  =  T.  But  this  contradicts  our 
supposition  that  K  is  not  well  chained.  Thus  we  have  established  the  truth 
of  our  theorem. 

Theorem  12.  In  order  that  a  compact  point  set  in  a  locally  compact  space 
D  should  he  the  closed  and  connected  limiting  set  of  a  collection  of  well  chained 
point  sets,  it  is  necessary  and  sufficient  that  it  (1)  be  a  maximal  well  chained 
sub-set  of  the  limiting  set  of  this  collection  and  (2)  contain  points  in  common 
with  the  limiting  set  of  every  infinite  sub-collection  of  the  given  collection  which 
has  a  non-vacuous  limiting  set. 

It  is  a  consequence  of  the  definition  of  well-chainedness  that  if  P  is  a 
limit  point  of  a  point  set  M  then  Af -f  P  is  well  chained.  Let  K  be  the  limiting 
set  of  a  collection  of  point  sets  and  A'l  be  a  maximal  well  chained  sub-set  of  A'. 
By  Theorem  1,  A'  is  closed.  Since  Aj  is  a  maximal  well  chained  sub-set  of  A, 
it  is  closed.  The  argument  used  in  proving  Theorem  11  shows  that  the 
condition  is  sufficient.  Its  necessity  is  obvious. 

If  we  leave  off  the  condition  that  the  space  D  under  consideration  be 
locally  compact,  the  condition  given  in  Theorem  12  is  not  sufficient.  Con- 
sider, for  example,  the  space  D3  mentioned  in  the  discussion  following  the 
statement  of  Theorem  11.  The  point  A  satisfies  the  condition  but  is  not  the 
limiting  set  of  any  sub-collection  of  X)  Hi/t  (^=1)  2,  3,  ■  ■  •  ,  <»).  The  point 
just  raised  applies  also  to  each  of  the  following  two  theorems. 

Theorem  13.  If  G  =  [g]  is  a  collection  of  point  sets  in  a  separable,  locally 
compact  space  D,  K  is  the  limiting  set  of  G,  fig)—^0  as  l(g,  A)^0,  and  A'l 
is  a  maximal  well  chained  subset  of  K,  then  there  exists  a  countable  sub- 
collection  of  G  whose  limiting  set  is  A'l. 

Let  P  be  a  point  of  A'l.  There  exists  a  sub-collection  Gp  of  G  whose  limit 
set  exists  and  contains  P.  Suppose  that  there  exists  a  point  Q  of  Kp,  the 
limiting  set  of  Gp,  such  that  Q  is  not  a  point  of  A'l.   By  Theorem  11,  P  and 
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Q  are  well  chained  in  Kp.  But  then  A'l  is  not  a  maximal  well  chained  sub-set 
of  K.  Thus,  the  supposition  that  Kp  is  not  a  sub-set  of  Ki  leads  to  a  contra- 
diction. The  truth  of  the  theorem  follows  by  Theorem  9. 

Theorem  14.  If  G  is  a  collection  of  connected  point  sets  in  a  compact  space 
D  and  A'l  is  a  maximal  connected  sub-set  of  the  limiting  set  of  G,  there  exists  a 
countable  sub-collection  of  G  whose  limiting  set  is  Ki. 

Definition.  A  collection  G  of  point  sets  is  said  to  be  a  separable  collection 
provided  that  it  contains  a  countable  sub-collection  H  such  that  if  g  is  an 
element  of  G  it  is  either  an  element  of  H  or  the  limiting  set  of  some  infinite 
sub-collection  of  H. 

Theorem  15.  If  G  is  a  collection  of  closed  point  sets  in  a  separable  space  D, 
a  sufficient  condition  that  G  be  a  separable  collection  is  that  it  contain  a  sub- 
collection  H  such  that  (1)  H  has  the  same  limiting  set  as  G,  and  (2)  is  upper  semi- 
continuous  with  respect  to  G.  In  particular,  if  the  collection  G  just  mentioned 
is  upper  semi-continuous,  it  is  a  separable  collection. 

The  condition  mentioned  in  the  theorem  is  not  necessary.  Consider, 
for  instance,  the  collection  G  whose  elements  are  the  graphs  in  the  euclidean 
plane  of  a;  =  0  andof  y  =  w.T,  where  w  =  1,  2,  3,  •  •  •  . 

Let  K  be  the  common  limiting  set  of  G  and  H.  By  Theorem  2,  G  is  the 
sum  of  a  pair  of  sub-collections  G\  and  G2,  and  H  oi  a.  pair  of  sub-collections 
G3  and  G4  such  that  d  and  G3  contain  at  most  a  countable  number  of  elements 
and  every  element  of  G2  and  of  G4  respectively  is  a  sub-set  of  A'.  Since  the 
space  is  separable,  K  is  separable  and  contains  a  countable  sub-set  T=Pi 
-\-P2-\-P3+  •  •  •  such  that  every  point  of  it  either  belongs  to  T  or  is  a  limit 
point  of  T.  For  each  positive  integer  n  there  exists  a  countable  sub-collection 
Hn  of  H  having  a  limit  set  containing  P„.  Let  G5=  ^  Z7„  («  =  1,  2,  3,  •  ■  •  , 
00).  If  g  is  an  element  of  G2,  it  contains  a  countable  sub-set  Tg  =  Qig-\-Qt, 
+&(;+  •  •  •  such  that  every  point  of  g  either  belongs  to  Tg  or  is  a  limit  point 
of  it.  For  every  positive  integral  i  the  point  Qig  is  a  point  or  a  limit  point  of  a 
sub-sequence  of  T;  it  can  easily  be  shown  that  Qig  belongs  to  the  limit  set 
of  a  sequence  Mig  belonging  to  Gs  such  that  no  element  of  Mig  is  at  a  lower 
distance  from  (),„  greater  than  \/i.  By  the  note  following  Theorem  10,  g  is 
the  limiting  set  of  X)  Mig  (i  =  l,  2,  3,  ■  •  •  ,  00).  Hence  G1-I-G5  is  a  sub- 
collection  of  G  of  the  type  required  to  make  G  a  separable  collection. 

Theorem  16.  The  aggregate  of  all  closed  point  sets  in  a  space  L  may 
itself  be  regarded  as  a  space  L  provided  that  "the  limit  of  a  sequence  of  elements" 
in  this  hyperspace  be  defined  as  the  minimal  closed  set  in  the  given  space  L 
containing  the  non-vacuous  sequential  limiting  set  of  the  given  sequence. 


1928)  LIMITING  SETS  IN  ABSTRACT  SPACES  685 

If  M  is  a  closed  point  set  in  a  space  L,  the  sequential  limiting  set  of  the 
sequence  M,  M,  M,  M,  ■  ■  ■  ,  all  of  whose  elements  are  the  point  set  M,  is 
clearly  M.  Thus,  the  third  condition  in  the  definition  of  a  space  L  is  satisfied 
in  our  hyperspace.  If  A^  is  a  point  set  in  a  space  L,  there  exists*  a  point  set 
K  which  is  the  minimal  closed  point  set  in  that  space  containing  N.  From 
the  results  just  indicated  and  the  definition  of  a  sequential  limiting  set  it 
follows  that  our  hyperspace  satisfies  the  other  requirements  of  a  space  L. 

Theorem  17.  The  aggregate  of  all  closed  point  sets  in  a  space  S  is  a  space 
L  provided  thai  "the  limit  of  a  sequence"  is  defined  as  the  non-vacuous  sequential 
limiling  set  of  the  sequence  in  the  given  space  S. 

The  theorem  follows  from  Theorems  1  and  16. 


•  Cf.  Hausdorff  II,  p.  230. 
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CONCERNING  LIMITING  SETS  IN  ABSTRACT 
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In  his  first  paper  on  limiting  setsj  the  author  considered  the  distributive 
property  in  connection  with  metric  spaces.  In  this  paper  we  consider  the 
property  in  connection  with  more  general  spaces  and  show  that  it  and  weak 
additional  hypotheses  imply  that  every  uncountable  point  set  in  the  space 
under  consideration  (1)  is  a-compact  in  itself  J  and  (2)  is  separable.  It  is  well 
known  that  in  a  metric  space  properties  (1),  (2),  and  the  following,  (3),  are 
equivalent:  (3)  Every  point  set  has  the  Lindelof  property.  Sierpinski  has 
shown  that  (2)  and  (3)  are  independent  in  a  space  5.§  In  consideration  of 
Sierpinski's  result  an  equivalence  involving  these  properties  as  stated  in 
Theorem  7  is  of  considerable  interest  and  is  used  in  showing  that  (2)  holds 
in  Hausdorff  space. 

Above  we  discussed  certain  properties  that  hold  "im  grossen."  With  the 
help  of  the  first  countability  axiom,  or  a  more  general  hypothesis  concerning 

•  Presented  to  the  Society,  December  27,  1928,  August  30,  1929,  and  September  9,  1931;  re- 
ceived by  the  editors  September  8,  1936  and,  in  revised  form,  May  14,  1937. 

t  These  Transactions,  vol.  30  (1928),  pp.  668-685.  In  a  topological  space  the  limiting  set  of  an 
aggregate  G  of  sets  is  the  set  of  all  points  P  of  the  space  such  that  every  neighborhood  of  P  contains 
points  in  common  with  infinitely  many  distinct  elements  of  G.  The  elements  of  G  are  understood  to 
besets  li{a,  g),  where  a  is  a  number  and  g  is  a  point  set  in  thespace;for  thecasea:  =  01et //(a, g)  beg, 
and  for  other  values  of  a  let  the  elements  of  /;(«,  g)  be  a  and  the  points  of  g.  Thus,  we  may  refer  to 
an  element  h{a,  g)  of  G  as  a  point  set  if  a  =  0.  A  topological  space  is  said  to  have  the  distributive  prop- 
erty provided  that  if  in  that  space  /l  is  a  closed  point  set,  G  is  a  collection  of  sets,  and  if  each  point 
of  K  belongs  to  some  subset  of  K  which  is  the  limiting  set  of  a  sub-collection  of  G,  then  K  itself  is  the 
limiting  set  of  a  sub-collection  of  G. 

For  well  known  definitions  and  for  general  information  about  topological  spaces  see:  M.  Fr6chet, 
Les  Espdces  Ahstraits  el  Iciir  Tkeorie  Considerie  comme  Introduction  a  I' Analyse  Generate,  1928; 
F.  Hausdorff,  (I)  Grundztlge  der  Mengenlehre,  1914,  and  (II)  Mengtnlehre,  1927;  K.  Menger,  (I) 
Dimensionstheorie,  1928,  and  (II)  Kurvcnthcorie,  1932;  R.  L.  Moore,  Foundations  oj  Point  Set  Tlieory, 
American  Mathematical  Society  Colloquium  Publications,  vol.  13, 1932;  C.  Kuratowski,  Topologie, 
1933;  W.  Sierpinski,  (I)  Introduction  to  General  Topology,  1934,  translated  by  C.  C.  Krieger;  and 
P.  Alexandroff  and  H.  Hopf,  Topologie,  1935. 

I  .\  space  or  a  point  set  is  a-compact  {in  itself)  provided  that  every  uncountable  point  set  in  it 
has  a  limit  point  (contains  a  limit  point  of  itself).  Cf.  W.  Gross,  Zur  Theorie  der  Mengen  in  dencn  ein 
Distanzbegriff  dr.finiert  ist,  Sitzungsberichte  der  Kaiserlichen .'Vkademie  der  Wissenschaften,  part  Ila, 
vol.  123  (1914),  p.  805. 

§  Cf.  W.  Sierpinski,  (II)  Sur  V equivalence  de  trois  proprictcs  des  ensembles  abslraits,  Fundamenta 
Mathematicae,  vol.  2  (1921),  pp.  179-188;  C.  Kuratowski  and  W  Sierpinski,  Le  theorane  de  Borel- 
Lebesgue  dans  la  theorie  des  ensembles  abstraits,Y\inA3.menia.'S.\aXhem3.i\cae,\o\.  2  (1921),  pp.  172-178. 
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monotonic  families  of  neighborhoods*  the  distributive  property  gives  also 
local  compactness  and  regularity.  The  author  has  been  unable  to  prove  that 
the  Lindelof  property  is  among  these  necessary  conditions;  if  it  is,  it  is  possi- 
ble to  state  simple  necessary  and  sufficient  conditions  for  the  distributive 
property  (see  Theorems  14  and  16). 

Lemma  I.  In  a  Frechel  space  H  in  order  that  every  point  set  be  separable, 
it  is  necessary  and  sufficient  that  (1)  every  closed  set  be  separable  and  (2)  if  a 
point  is  a  limit  point  of  a  point  set,  it  is  a  limit  point  of  a  countable  subset  of  the 
point  set. 

Lemma  II.  In  a  Frechet  space  V  every  monotonic  family  of  neighborhoods  of  a 
point  contains  a  sub-collection  which  is  a  well-ordered  monotonic  descending 
family  of  neighborhoods  of  the  point. 

Theorem  1 .  A  space  satisfies  the  first  countability  axiom  if  each  point  in  it 
has  a  monotonic  family  of  neighborhoods  and  one  of  the  following  holds:  (A)  The 
space  is  a  Hausdorff  space  in  which  every  point  set  is  a-compact  in  itself;  (B)  the 
space  is  a  space  H  in  which  a  point  is  a  limit  point  of  a  poitit  set  if  and  only 
if  it  is  a  limit  point  of  a  countable  subset  of  the  point  set. 

Proof.  Consider  first  case  (A).  Let  5  be  the  set  of  all  points  in  the  space, 
P  be  a  point  in  it,  /7  be  a  well-ordered  monotonic  descending  family  of  neigh- 
borhoods of  P,  and  A'  be  a  well-ordering  of  the  points  oi  S  —  P.  Let  f/i  be  an 
element  of  77,  Pi  be  the  first  point  of  K  in  Ui,  and  Vi  the  first  element  in  H 
which  is  a  subset  of  Ui  and  of  which  Pi  is  not  a  point  or  a  boundary  point. 
Suppose  that  P  is  not  an  isolated  point  of  the  space.  Suppose  that  f/^,  Px, 
and  Fx  have  been  defined  for  each  ordinal  x  less  than  a  definite  ordinal  a. 
Provided  that  there  exist  elements  of  H  common  to  all  VJs  for  x<a  we  shall 
define  U„,  Pa,  and  F„  as  follows:  f  „  is  the  first  element  of  H  common  to  all 
the  Fx's  ioT  x<a;  Pa  is  the  first  element  of  A'  in  t/„;  F„  is  the  first  element  of 
H  which  is  a  subset  of  Ua  and  of  which  P„  is  not  a  point  or  limit  point.  Let  G 
be  the  well-ordered  sequence  (Fi,  V^,  Fj,  •  •  •  ,  F„,  •  •  •  ,  F„,  ■■  ■ ),  where  a  is 
such  that  t/„,P„,  and  F„exist;andlet£;=  (Pi,  P2,P3,  ■  ■  ■  ,P^,  ■  ■  ■  ,Pa,  ■  ■  )■ 
Clearly  each  point  of  E  is  an  isolated  point  of  E.  It  follows  from  our  condition 
that  E,  and  hence  G,  has  each  a  finite  or  a  countable  number  of  elements. 

We  shall  show  that  each  element  of  H  contains  an  element  of  G.  Suppose 
this  were  not  true;  then,  since  H  is  monotonic,  it  would  contain  an  element  U 

*  A  complete  family  of  neighborhoods  of  a  point  is  one  that  defines  the  operation  of  derivation  at 
that  point;  cf.  Fr6chet,  pp.  172-173.  Such  a  family  is  monotonic  provided  that  every  pair  of  its  ele- 
ments has  the  property  that  one  is  a  subset  of  the  other,  and  said  to  be  monotonic  descending  with  ref- 
erence to  a  definite  ordering  provided  that  if  one  element  precedes  another,  the  first  contains  the 
second.  In  connection  with  a  space  H  Fr6chet  we  shall  consider  the  term  neighborhood  as  equivalent 
to  the  term  "open  set";  cf.  Fr&het,  pp.  186-187. 
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which  is  a  subset  of  all  elements  of  G.  There  exists  a  first  ordinal  X  which  is 
greater  than  all  ordinals  x  such  that  there  exists  an  element  F^  of  G.  Since  H 
is  a  well-ordered  sequence,  there  exists  a  first  one  of  its  elements  that  is  com- 
mon to  all  elements  of  G,  and  this  element  is  by  definition  Uy.  Then  the  first 
point  of  A'  in  Ux  is  F^.  There  exist  open  sets  Ri  and  R2  containing  Px  and  P 
respectively  and  having  no  common  points.  Then  P  is  not  a  point  or  limit 
point  of  5-  f/x  or  of  S-R2;  hence,  there  exists  a  first  element  of  H  that  is  a 
subset  of  L\  and  does  not  have  P\  on  its  boundary.  This  element  is  by  defini- 
tion Vx.  But,  this  is  contary  to  the  definition  of  X.  Thus,  every  element  of  H 
contains  an  element  of  G;  the  converse  is  true.  Since  .ff  is  a  family  of  neigh- 
borhoods of  P,  so  is  G.f 

Consider  next  case  (B).  Let  P  be  a  limit  point  of  the  set  of  distinct  points, 
£=  (Pi,  Pa,  P3,  ■  •  ■  ),  none  of  which  is  P,  and  let  H  =  [W]  be  a  family  of 
neighborhoods  of  P.  For  each  n  let  Wn  be  an  element  of  H  containing  no  point 
of  Pi-1-P2+P3+  •  •  •  +Pr.,  and  G  =  (Wu  W^,  W3,  •  ■  ■  )•  Then  each  element  of 
H  contains  an  element  of  G;  for,  if  some  element  U  oi  H  did  not  contain  an  ele- 
ment of  G,  it  would  be  a  subset  of  every  element  of  G.  Hence,  if  n  is  any  in- 
teger, f/  is  a  subset  of  W„+i  and  does  not  contain  P„.  But  this  involves  a  con- 
tradiction, since  P  is  a  limit  point  of  E.  Thus  every  element  of  H  contains  an 
element  of  G,  and  conversely.  It  follows  that  G  is  a  family  of  neighborhoods 
of  P.t 

Theorem  2.  A  locally  compact  Hausdorf  space  which  has  the  Lindelof  prop- 
erty satisfies  the  first  countability  axiom. 

Proof.  Let  P  be  a  point  of  our  space  T.  For  each  point  Q  oi  T  —  F  let  Uq 
and  Vq  be  mutually  exclusive  open  sets  containing  Q  and  P  respectively.  Then 
T  —  P  may  be  covered  by  a  countable  sequence  (C/qi,  Uq^,  Uq„  ■  ■  ■  )  oi  the 
elements  of  [Uq\.  Let  R  be  an  open  set  containing  P  such  that  R  is  compact; 
let  IF„  =  P(r-E<:"f^o.);andletP=(lF,,  IFo,  IFs,  •  ■■  )■  Then  P  is  a  mono- 
tonic  descending  family  of  neighborhoods  of  P. 

For,  let  M  be  a  point  set  having  points  distinct  from  P  in  every  element 
of  P.  It  may  be  shown  that  M  has  a  subset  N  =  (Pi,  Pi,  P3,  ■■  ■  )  oi  distinct 
points  such  that  for  P„(W„  each  n.  Since  R  d  IF„,  Wn  is  compact;  hence  N  has 
a  limit  point  A'  which  is  a  point  oi  WiWiWs-  ■■  ■  .  li  X  were  a  point  of 
T  —  P,  there  would  be  an  integer  n  such  that  -Y  belongs  to  Uq„.  Since  Wn  con- 
tains no  point  of  Uq„  we  are  involved  in  a  contradiction. 

Conversely  if  P  is  a  limit  point  of  a  point  set  A",  every  element  of  F  con- 
tains a  point  of  K  distinct  from  P. 

Lemma  III.  In  a  space  H  the  limiting;  set  of  a  collection  of  point  sets  is  closed. 

t  Cf.  Fr^chet,  p.  173. 
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Theorem  3.  Every  regular  space  H  which  satisfies  the  first  countabilily  axiom 
and  has  the  distributive  property  is  locally  compact. 

This  theorem  may  be  proved  by  methods  analogous  to  those  used  in  the 
proof  of  Theorem  8  of  the  author's  first  paper,  p.  677. 

Theorem  4.  Every  space  V  which  has  the  distributive  property  is  a-compact. 

Proof.  Suppose  there  exists  a  space  which  satisfies  the  hypothesis,  but 
contains  an  uncountable  point  set  M  whose  derived  set  is  vacuous.  Let  A' 
be  a  countable  subset  of  M,  N  =  M  —  K,  and  Pi,  P2,  P3,  ■  ■■  be  points  of  A'. 
For  each  point  x  of  N  and  each  positive  integer  n  let  gi„  =  x+P„.  Let  G*  be 
the  aggregate  [gm]-  For  each  point  x  oi  N  there  exists  a  neighborhood  Rj: 
of  X  which  contains  no  point  of  M  —  x.  Hence  x  is  the  limiting  set  of  the  ag- 
gregate G?  =  (g^i,  g^i,  gi3,  •  •  ■  )•  Since  N  has  no  limit  point,  it  is  closed.  It  fol- 
lows from  our  hypothesis  that  G*  contains  a  sub-collection  G  whose  limiting 
set  is  N.  Let  Gr  =  G  G*.  Since  R^  contains  no  point  of  any  element  of  G—G^, 
Gx  contains  infinitely  many  distinct  elements.  Since  N  is  an  uncountable  point 
set,  and  an  element  of  Gy  contains  tlie  point  s  of  A'^  only  if  y  =  z,  G  has  un- 
countably  many  elements.  Hence  there  exists  an  integer  m  such  that  Pm  is 
common  to  infinitely  many  elements  of  G.  This  involves  a  contradiction  with 
the  fact  that  N  is  the  limiting  set  of  G. 

Theorem  4A.  In  order  that  a  metric  space  should  have  the  distributive  prop- 
erly, it  is  necessary  and  sufficient  that  it  he  locally  compact  and  separable. 

This  theorem  is  a  consequence  of  Theorem  4,  Gross,  loc.  cit.,  pp.  805-806, 
and  Theorems  8  and  9  of  the  authors  first  paper,  pp.  677-678. 

A  space  5i  is  said  to  be  a  sub-space  of  a  space  52  provided  that  (1)  ever^' 
point  of  S\  is  a  point  of  S->,  and  (2)  if  P  is  an  arbitrary  point  and  M  an  arbi- 
trary point  set  in  S\  then  P  is  a  limit  point  of  M  in  Si  if  and  only  if  it  is  a  limit 
point  of  M  in  Si. 

Lemma  IV.  Every  subspace  of  a  space  S  is  a  space  S,  and  every  subspace 
of  a  space  H  is  a  space  H. 

Theorem  5.  //  a  space  S  has  the  distributive  property,  then  every  regular, 
locally  compact  subspace  of  it  has  this  properly. 

Proof.  Let  5i  be  a  space  5  having  the  distributive  property,  and  let  P  be  a 
regular,  locally  compact  sub-space  of  it.  In  T  let  A  be  a  closed  point  set  and 
G  be  a  collection  of  sets  such  that  each  point  P  of  A  belongs  to  a  subset  Kp 
of  A  which  is  the  limiting  set  of  a  sub-collction  Gi>  of  G.  Let  Lp  be  the  limit- 
ing set  of  Gp  with  respect  to  the  space  Si.  Then  Kp  =  Lp  M,  where  M  is  the 
set  of  all  points  belonging  to  T.  Let  A^  be  the  sum  of  all  point  sets  Lp,  where 
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the  range  of  P  is  A';  N'  be  the  derived  set  of  N  with  reference  to  the  space  Si; 
and  N  =  N  +  N'.  It  follows  from  the  definition  of  A'^  that  N  M  =  K.  Suppose 
that  N'  ■  M  contains  a  point  Q  which  does  not  belong  to  A'.  Since  A'  is  a  closed 
point  set  with  respect  to  T,  Q  is  not  a  limit  point  of  A'  in  either  T  or  Si. 
Hence,  there  exists  in  T  an  open  set  Ai  containing  Q  such  that  if  R^t  denotes 
the  sum  of  Ai  and  its  limit  points  in  T,  then  A  Air  is  vacuous.  Since  T  is 
locally  compact,  there  exists  in  it  an  open  set  Ao  containing  Q  such  that  Asr  is 
compact.  Let  A3  =  Ai  Ao.  Then  A,f  is  an  open  set  in  T  and  contains  Q.  Also 
Air  3  R3T.  It  follows  that  Q  is  not  a  limit  point  of  M  —  R3  in  the  space  ^i. 
Hence,  there  exists  in  Si  an  open  set  U  which  contains  Q  but  contains  no  point 
of  M  — A3.  Since  <3  is  a  limit  point  of  ^^  there  exists  in  K  a  point  x  such  that  U 
contains  a  point  y  of  L^.  Then  U  must  contain  points  of  infinitely  many  ele- 
ments of  Gx-  Since  the  elements  of  d  are  subsets  of  M,  and  U  ■  M  is  a.  subset 
of  A3,  A3  contains  points  of  infinitely  many  elements  of  G^.  Since  A3J'  is  com- 
pact, it  must  contain  a  point  W  which  belongs  to  the  limiting  set  of  Gx;  since 
Air  3  Asr,  the  latter  contains  no  point  of  K.  This  involves  a  contradiction 
with  the  fact  that  A's  A'^.  Hence  the  point  Q  does  not  exist,  and  NM  =  K. 

For  each  point  .v  of  N  —  K  let  lin,  Ih^,  Ihx,  ■be  the  pairs  (x,  1),  {x,  2), 
{x,  3),  ■  ■  ■  .  Let  H  be  the  aggregate  [lUz],  where  the  range  of  /  is  the  set  of 
positive  integers,  and  that  of  x  is  the  point  set  N  —  K.  Since  Si  is  a  space  5, 
N  is  closed,  and  for  every  point  P  of  K  the  following  holds:  N ^ N ^ Lp.  It 
follows  that  each  point  of  A'  belongs  to  a  subset  of  N  which  is  the  limiting  set 
in  ^i  of  a  sub-collection  of  G+H.  Since  Si  has  the  distributive  property, 
G+H  has  a  sub-collection  d+IIi  such  that  N  is  the  limiting  set  of  d+Hi  in 
Si  and  such  that  d  and  //i  respectively  are  sub-collections  of  G  and  // 
respectively. 

Suppose  that  K  is  not  a  subset  of  A'l,  where  A'l  is  the  limiting  set  of  Gi 
in  5i.  Then  K  must  contain  a  point  E  which  belongs  to  the  limiting  set  of  Hi. 
Let  Re  be  an  open  set  in  T  containing  E  such  that  Ret  is  compact.  It  follows 
from  an  analogous  situation  above  that  in  Si  the  point  E  is  not  a  limit  point 
of  M— Ae  and  that  there  exists  in  5i  an  open  set  Ue  which  contains  no  point 
of  M  —  Re.  Then  Ue  contains  a  point  A'  of  an  element  of  Hi.  Let  B  denote  the 
limiting  set  of  G  in  5i.  Since  B  d  A' ,  and  B  is  closed,  B^N.  Since  A'  is  a  point 
of  N  —  K=N—N-M,  and  all  elements  of  G  are  sub-sets  of  M,  X  is  the  unique 
limit  point  in  Si  of  an  infinite  subset  of  M,  and  Ue,  which  contains  X,  con- 
tains such  a  set  Ex.  Then  Re'^M  Ue'^Ex.  Since  A'  is  not  a  point  of  T, 
Ex  has  no  limit  point  in  T.  This  involves  a  contradiction  with  the  fact  that 
Ret  is  a  compact  subset  of  T.  Hence  AidA.  Since  M^K,  it  follows  that 

M    KyOK. 

Since  N  =  A'l,  A  =  A  3/  d  A'l  M.  From  A'  =  A'l  ■  M  and  A'l  M  o  A,  it  fol- 
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lows  that  A'  =  A'l  M.  Hence  K  is  the  Hmiting  set  of  d  in  T.  Thus  we  have 
shown  that  T  has  the  distributive  property. 

A  space  H  is  said  to  be  nearly  a  space  L  provided  that  if  in  that  space  P 
is  any  point,  M  is  any  point  set,  and  P  is  a  Hmit  point  of  M,  then  P  is  the 
derived  set  of  a  subset  of  M. 

Theorem  5A.  Every  regular,  locally  compact  subspace  of  a  space  H  which 
has  the  distributive  property  and  is  nearly  a  space  L  has  the  distributive  property. 

The  proof  is  the  same  as  that  for  Theorem  5. 

Theorem  6.  In  a  space  H  which  has  the  distributive  property  every  point 
set  is  a-compact  in  itself. 

Proof.  Suppose  the  theorem  is  not  true  and  that  Si  is  a  space  H  which 
has  the  distributive  property  but  contains  an  uncountable  point  set  M  which 
contains  no  limit  point  of  itself.  Let  T  be  the  subspace  of  ^i  whose  points 
are  the  points  of  M.  To  show  that  T  has  the  distributive  property  adopt  the 
notation  of  the  proof  of  Theorem  5  and  follow  this  proof  to  the  place  where 
the  existence  of  the  collections  d  and  ^i  is  established,  and  suppose  as  there 
that  A'  contains  a  point  E  not  belonging  to  the  limiting  set  of  d.  Define  M' 
as  the  derived  set  of  M  in  Si.  Since  the  points  of  elements  of  Hi  are  points  of 
N  —  K,  it  follows  that  £  is  a  limit  point  of  M'  —  MM'  in  Su  Since  5i  is  a 
space  H,  derived  sets  in  it  are  closed,  and  £  is  a  point  of  M'  and  hence  a  limit 
point  of  M.  Since  £  is  a  limit  point  of  M,  we  are  involved  in  a  contradiction. 
Thus  £  does  not  exist,  and  the  argument  of  Theorem  5  shows  that  T  has  the 
distributive  property. 

By  Theorem  4  the  set  M  must  have  a  limit  point  in  T.  But  this  again  is 
contrary  to  the  definition  of  M.  Thus  the  supposition  that  the  theorem  is  not 
true  leads  to  a  contradiction. 

Note.  When  the  space  of  our  hypothesis  is  a  space  5  the  proof  may  be 
simplified.  Let  Si  be  our  space  and  define  M  and  T  as  above;  then  T  is  a 
regular,  locally  compact  subspace  of  5i,  since  all  its  points  are  isolated.  By 
Theorem  5,  T  has  the  distributive  property,  and  by  Theorem  4,  we  are  in- 
volved in  a  contradiction. 

Theorem  7.  In  order  that  in  a  space  H  each  point  set  either  be  condensed  in 
itself  or  be  separable,  it  is  necessary  and  sufficient  that  every  point  set  be  a-com- 
pact in  itself  .\ 

Proof.  Obviously  the  condition  is  necessary.  Suppose  that  it  is  not  suffi- 
cient, and  that  the  space  contains  a  point  set  E  which  neither  contains  a  con- 

t  In  part  our  proof  of  Theorem  7  follows  methods  used  by  Sierpiiiski;  cf.  Sierpinski  (II).  See 
also  the  introduction  for  a  discussion  of  the  relation  of  Theorem  7  to  some  results  by  Sierpiiiski  and 
Kuratowski. 
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densation  point  of  itself  nor  is  separable.  Then,  for  each  point  P  of  £  there 
exists  a  countable  subset  D{P)  of  E  such  that  P  is  not  a  point  or  a  limit  point 
of  E  —  D{P).  Let  r  be  a  well-ordered  sequence  (^i,  p2,  ps,  ••,/'»,  pw+i,  ■  ■  ■  , 
pa,  ■  ■  ■  )  oi  the  points  of  E.  We  shall  now  define  a  sequence  of  the  type  5, 
where  5  is  the  smallest  transiinite  ordinal  of  the  third  class;  U  =  (qi,  q^,  qa,  ■  ■  ■ 
q,.,  ?»+i,  ■  ■  ■  ,  qa,  ■  ■  ■),  where  /3<5. 

Proceed  as  follows:  Let  q\  =  p\.  Let  (3  be  a  definite  ordinal  less  than  5.  Sup- 
pose that  q^  has  been  defined  for  all  ordinals  .t</3,  and  let  U^  be  the  set  of 
all  q^s  for  such  x's.  Let  Sg be  the  sum  of  all  point  sets  D{q^),  where  qy  is  an 
element  of  Ug.  Let  qa  be  the  first  point  of  T  which  is  not  a  point  or  a  limit 
point  of  Sff. 

We  shall  now  show  that  qg  exists  for  every  ordinal  /3  less  than  d.  For,  if  qg 
does  not  exist  for  all  such  ordinals  |8,  there  must  be  a  first  such  ordinal  X 
for  which  it  does  not  exist.  Then  it  follows  from  our  definitions  that  each 
point  of  E  is  either  a  point  or  a  limit  point  of  S\.  But  ^x  is  the  sum  of  all  point 
sets  D{q:),  where  q,  ranges  over  Ux;  thus  5x  is  the  sum  of  a  countable  number 
of  countable  sets  and  is  countable;  then  E  is  separable.  Thus,  the  supposition 
that  X  exists  leads  to  a  contradiction. 

Next  we  shall  show  that  qg  is  an  isolated  point  of  U.  By  definition  qg  is 
not  a  point  or  a  limit  point  of  Ug.  Further,  5^+1,  which  contains  D{qg),  con- 
tains no  point  of  U—Ug+i.  Since  U  —  qg=  U g-\-{U  —U g+i),\t  follows  that  g^is 
an  isolated  point  of  U . 

Thus,  ever}^  point  of  the  uncountable  sequence  U  is  an  isolated  point  of  U. 
By  our  hypothesis,  however,  U  must  contain  a  limit  point  of  itself.  Thus,  the 
supposition  that  our  condition  is  not  sufficient  has  led  to  a  contradiction. 

Theorem  8.  In  order  thai  for  each  infinite  collection  of  point  sets  in  a  space  H 
it  be  true  that  at  most  a  countable  number  of  its  elements  fail  to  be  subsets  of  its 
limiting  set,  it  is  necessary  and  sufficient  that  every  point  set  in  the  space  be 
a-compact  in  itself. 

Proof.  We  shall  first  show  that  the  condition  is  sufficient.  Suppose  that 
it  is  not  and  that  there  exists  in  our  space  a  point  set  A'  and  a  collection,  G 
of  point  sets  such  that  K  is  the  limiting  set  of  G,  but  that  G  contains  an  un- 
countable sub-collection  Gi,  none  of  whose  elements  are  subsets  of  K.  For 
each  element  g  of  d  let  P„  be  a  point  which  does  not  belong  to  K.  It  follows 
by  our  hypothesis  that  the  set  [Pg]  contains  a  point  Q,  every  neighborhood 
of  which  contains  infinitely  many  elements  of  [Pg].  Then  Q  belongs  to  the 
limiting  set  of  G,  and  we  are  involved  in  a  contradiction. 

Conversely,  let  M  be  an  uncountable  point  set  in  a  space  which  satisfies 
our  condition.  Let  d  be  a  collection  of  point  sets  whose  elements  are  the 
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points  of  M,  no  two  elements  being  the  same  point.  Then  M'  is  the  limiting 
set  of  G,  and  M'  and  M  have  uncountably  many  points  in  common.  Thus,  the 
condition  is  necessary. 

Theorems  8  and  9  are  generalizations  of  Theorems  2  and  4,  respectively, 
of  our  first  paper,  and  are  of  interest  in  connection  with  Theorem  7,  and  also 
with  Theorems  6  and  lOA,  in  that  they  indicate  consequences  of  the  distribu- 
tive property. 

Theorem  9.  In  order  thai  for  a  space  H  every  infinite  collection  of  sets  should 
contain  a  countable  sub-collection  having  the  same  limiting  set  as  the  collection 
itself,  it  is  necessary  and  sufficient  that  every  point  set  in  the  space  be  separable. 

Proof.  To  prove  the  necessity  of  the  condition  proceed  as  follows:  Let 
A?^  be  a  point  set  and  M  =  N.  Let  G  be  a  collection  such  that  for  each  point  x 
of  N  there  exists  a  collection  of  elements  of  G,  gu,  gix,  gii,  ■  ■  ■  ,  where  g„x  is 
the  pair  (n,  x).  Now  proceed  by  methods  analogous  to  those  used  in  the  proof 
of  Theorem  4  of  the  author's  first  paper. 

Consider  next  the  sufficiency.  Let  G  be  a  collection  of  sets  and  K  be 
the  limiting  set  of  G.  By  our  condition  K  contains  a  countable  subset 
N  =  Pi+P2  +  P3+  ■  ■  ■  such  that  N  =  K.  Then  for  each  n  the  point  P„  be- 
longs to  the  limiting  set  of  some  countable  sub-collection  of  G.  Suppose  that  for 
some  definite  P,=Q  this  is  not  true.  Let  ^o  be  a  definite  element  of  G. 
For  n  greater  than  zero  suppose  that  g^  has  been  defined  for  k<n.  Let 
G„=G  —  {go-\-gi-\-g2-\-  ■  ■  ■  +gn-i);  let  Hn  be  the  sum  of  all  elements  of  G„; 
a.ndletF„  =  Qi-\-Qi-\-Q3-\-  ■  ■  ■  be  a  countable  set  such  that  F„  d  F„  a  F„.  Then 
Q  is  a.  point  of  F,! . 

For,  let  R  be  an  open  set  containing  Q.  Since  Q  belongs  to  the  limiting  set 
of  G,  and  hence  of  G„,  R  contains  points  of  infinitely  many  elements  of  G„. 
If  Q  were  common  to  infinitely  many  elements  of  G„,  it  would  be  common  to 
a  countable  infinity  of  such  elements  and  would  belong  to  the  limiting  set 
of  this  countable  collection;  this,  however,  is  contrary  to  the  definition  of  Q. 
Thus  R  contains  points  of  Hn  distinct  from  Q,  and  hence  points  of  F„.  Thus 
QeF,! .  For  each  positive  integer  k  let  tk  denote  a  definite  element  of  G„  that 
contains  Qk.  Let  T  denote  the  aggregate  (ti,  /j,  /.?,•■)•  Since  T  has  a  finite 
or  a  countable  number  of  elements,  Q  does  not  belong  to  its  hmiting  set. 
Hence,  there  must  exist  an  open  set  U  containing  Q  which  contains  points  of 
at  most  a  finite  number  of  the  elements  of  T,  say  of  4„  t^^,  •  •  •  ,  4^.  Then 
UF„='^l:{U  Fnk,.  Since  Q  belongs  to  the  derived  set  of  U  F„,  it  follows 
that  for  some  i,  0<i<j-{-l,  Q  is  a.  limit  point  of  U  Fntk,,  that  is  of  4,.  Let 
g„  be  defined  as  the  sum  of  n  and  such  a  4,.,  and  E=  (gi,  gi,  gs,  ■  ■  ■  ).  Then  Q 
is  a  limit  point  of  each  element  of  £,and  hence  belongs  to  the  limiting  set  of  E. 
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Thus,  each  point  P„  of  iV  is  a  point  of  the  limiting  set  of  some  countable 
sub-collection  M„  of  G.  Let  M  ^'^^fZ"  M„,  and  let  Z,  be  the  limiting  set  of  M. 
Then  K  =  N^L^  N.  Since  in  a  space  H  derived  sets  are  closed,  it  follows  that 
L  =  N  =  K.  But,  Af  is  a  countable  sub-collection  of  G. 

Theorem  10.  In  a  Haiisdorjf  space  having  the  distributive  property  every 
closed  point  set  is  separable. 

Proof.  Suppose  that  a  space  5i  satisfies  the  hypothesis  but  not  the  con- 
clusion of  our  theorem.  Then  there  exists  in  it  an  uncountable,  closed,  non- 
separable  point  set  E.  By  Theorems  6  and  7  the  set  E  contains  a  point  of 
condensation  of  itself  Q;  similarly  E  —  Q  contains  a  point  of  condensation  of 
itself  P.  Let  U  and  V  be  mutually  exclusive  open  sets  containing  Q  and  P, 
respectively.  Let  M  =  U ■  E,  N  =  V ■  E,  and  H  =  [Si- {U  +  V)]- E.  Then  one  of 
the  three  point  sets  M,  N,  or  H  is  non-separable;  for  otherwise  E,  their  sum, 
would  be  separable.  Consider  the  two  cases:  (I)  Either  M  or  A''  is  not  separa- 
ble ;  (II)  both  M  and  ;V  are  separable.  Consider  first  case  (I)  and  suppose  that 
it  is  N  that  is  not  separable.  Let  K  =  E—M;  then  H-\-N  =  E  —  M oKz>N , 
and  K  is  not  separable.  For,  suppose  that  K  is  separable  and  has  a  countable 
subset  A'l  such  that  Ki  o  K.  By  definition  H  is  the  product  of  the  two  closed 
sets  E  and  Si  —  {U-\-V),  and  thus  is  closed.  It  follows  that  every  point  of 
N  =  K  —  KH  is  either  a  point  or  a  limit  point  of  N  Ku  Thus,  the  supposition 
that  A'  is  separable,  involves  a  contradiction  with  the  hypothesis  that  N  is  not 
separable. 

We  shall  now  define  certain  sequences  by  an  induction  process.  Let  So  be 
a  point  of  M  —  Q,  Ra  =  Z(,,  and  Uo  =  U.  Now  suppose  that  U k,  Rk,  and  Zk  have 
been  defined  for  all  non-negative  integers  k  less  than  the  definite  integer  n. 
Let  U n  be  an  open  set  containing  Q  such  that  t/„_i—  ^„_i-  Un-\  =>  t/„,  let  3„ 
be  a  point  of  M  ■  (U„  —  Q),  and  let  i?„  be  an  open  set  containing  s„  such  that 
Un—Q^Rn-  Let  F  =  zi+Z2+Zi+  ■  ■  ■  .  The  existence  of  t/„,  2„,  and  R„  for 
every  positive  integer  n  may  be  shown  by  making  use,  in  particular,  of 
Hausdorff's  Axiom  D.  Since  the  open  sets  Ri,  R2,  R3,  ■  ■  ■  are  mutually  ex- 
clusive, it  follows  that  F  F'  is  vacuous. 

For  each  point  /  of  A'  and  each  positive  integer  n  let  gtn  =  t+Zn,  and  G 
be  the  aggregate  of  all  such  g,„'s.  Since  zi,  22,  Zs,  •  •  •  are  distinct  points,  the 
limiting  set  of  the  aggregate  (ga,  ga,  g,3,  •  •  ■  )  is  t+F'.  Thus,  each  point  of 
K+F'  belongs  to  a  subset  of  K+F'  which  is  the  limiting  set  of  a  sub-collec- 
tion of  G.  Hence,  G  has  a  sub-collection  d  whose  hmiting  set  is  K+F'.  Let  W 
he  the  product  of  K  and  the  sum  of  the  elements  of  d.  Since  E-M  =  K,  and 
M  3  F,  it  follows  that  K  F  is  vacuous.  Then  every  point  of  A'  is  a  point  or  a 
limit  point  of  IF,  and  so  is  every  point  of  A.  If  the  elements  of  d  were  count- 
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able,  so  would  be  the  points  of  W;  then  K  would  be  separable.  This  is  impos- 
sible, since  K  is  not  separable,  and  no  point  of  A'  is  a  hmit  point  of  A'  K. 
Hence,  there  are  uncountably  many  elements  of  d,  and  there  must  exist  an 
integer^'  such  that  Zj  belongs  to  uncountably  many  elements  of  d.  Then  Zj  be- 
longs to  the  limiting  set  of  d,  that  is  to  K+F'.  But,  Sy  belongs  to  neither  K 
nor  F'.  Thus,  case  (I)  involves  a  contradiction. 

Consider  next  case  (II).  Since  both  M  and  N  are  separable,  so  are  M  and 
N.  Let  K  =  E-(M  +  N).  Then  K  is  not  separable.  Define  first  F  and  then  G 
precisely  as  in  the  proof  of  case  (I) ;  by  following  this  proof  we  again  arrive  at 
a  contradiction.  Thus,  the  supposition  that  the  theorem  is  not  true  is  unten- 
able. 

Theorem  lOA.  If  a  Hausdorff  space  is  nearly  a  space  L  and  has  the  distribu- 
tive property,  every  point  set  in  it  is  separable. 

This  is  a  consequence  of  Theorems  10  and  6  and  Lemma  I. 

Theorem  W.  A  space  H  which  satisfies  the  first  countability  axiom  is  a 
Hausdorff  space  if  and  only  if  it  is  a  space  5.t 

Theorem  \2.  A  locally  compact  space  S  {Hausdorff  space)  which  satisfies 
the  first  countability  axiom  is  regular. X 

Theorem  1 2  A.  //  a  Hausdorff  space  is  locally  compact  at  one  of  its  points  P, 
and  P  has  a  countable  family  of  neighborhoods,  the  space  is  regular  at  P. 

Theorem  13.  A  space  S  (Hausdorff  space)  which  has  the  distributive  prop- 
erty and  satisfies  the  first  countability  axiom  is  regular. 

Proof.  Suppose  that  Si  is  a  space  S  which  satisfies  the  hypothesis  of  the 
theorem  but  contains  a  point  P  at  which  it  is  not  regular.  Then  there  exists  in 
5i  an  open  set  R  containing  P  such  that  if  Ri  is  any  open  set  whatever  contain- 
ing P,  then  R,  is  not  a  subset  of  R.  Let  (Fi,  Fj,  F3,  •  ■■  )  be  a  countable  family 
of  neighborhoods  containing  P  such  that  A  d  Fi  3  F2  =  F3  3  •  •  •  .  Let  Ui  =  Fi, 
Wi  =  1 ,  and  Ml  be  a  countable  subset  of  Fi  —  P  which  has  a  unique  limit  point 
in  A'  — A,  say  Pi.  By  an  induction  process  we  shall  now  define  U„,  M„,  m„, 
and  A„  for  every  positive  integer  n.  Proceed  as  follows:  Suppose  they  have 
been  defined  for  all  «'s  less  than  a  definite  integer  k.  Let  w*  be  the  first  in- 
teger greater  than  itik-i  such  that  F^^  contains  no  point  of  X^"i~  Mj,  let 
Uk=  F„t,  and  let  Mt  be  a  compact  countable  sequence  of  points  belonging  to 
Uk  —  P  and  having  a  unique  limit  point  Pk  belonging  to  A'  —  A. 

t  Cf.  Hausdorff  (I),  pp.  263-265,  and  Fr6chet,  Demonstration  de  qudques  propriitis  des  ensembles 
abslraits,  .American  Journal  of  Mathematics,  vol.  50  (1928),  p.  65. 

I  Cf.  Alexanilroff  and  Urysohn,  Memoire  sur  les  espaces  topologique  compacts,  V'erhandelingen, 
Koninklyjke  Akademie  van  Wetenschappen,  Amsterdam,  vol.  14  (1929),  pp.  28-29. 
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We  shall  now  prove  that  U^,  Mk,  mt,  and  Pa  exist  for  all  positive  integers 
k;  the  argument  suggests,  in  particular,  the  proof  for  the  case  ^  =  1.  Suppose 
that  our  proposition  has  been  established  for  all  «'s  less  than  k,  where  1<^. 
Then  each  of  the  sequences  Mi,  Ah,  Ms,  ■  •  •  ,  Ma_i  has  exactly  one  Hmit 
point;  the  derived  set  of  their  sum  is  P1+P2+  ■  ■  ■  +Pi-i,  which  is  a  subset 
of  R'  —  R.  Then  P  is  not  a  limit  point  of  the  closed  point  set  Xj  =  i"'-^j.  ^.nd 
there  exists  an  integer  nik  greater  than  Wi_i  such  that  T'm^  contains  no  point 
of  this  point  set.  Hence  Lh  exists.  It  follows  from  the  definition  of  R  that 
Uk  is  not  a  subset  of  R,  and  that  Ut  has  a  limit  point  Pk  in  R'-R.  Since  our 
space  is  a  space  S,  Uk  —  P  has  a  countable  subset  Mk  such  that  Pk  is  the 
unique  limit  point  of  every  infinite  subset  of  Mk.  Our  existence  theorem  may 
thus  be  established  by  mathematical  induction. 

The  sequence  Pi,  P2,  P3,  ■  ■  ■  contains  a  sub-sequence  P„,,  P„,,  P„„  ■  ■  ■  , 
having  not  more  than  one  limit  point,  such  that  ni<J72<"3<  ■  ■  ■  ■  If  this 
sub-sequence  has  a  limiting  set,  let  it  be  denoted  by  the  symbol  Q;  otherwise, 
let  Q  be  the  null  set.  Let  P„,  =  ()t;  M„^  =  Nk;  let  On,  Ojt,  Ou,  •  •  ■  be  the 
points  of  Nk;  gik  =  Q+Oki+Ojk;  let  Gt  be  the  sequence  (gu,  gih,  gzk,  •  ■  •  ); 
G*=E':rG;;and;ir  =  ()  +  .V,+Zt:r<3^- The  limiting  set  of  G,  is  ()+0,i+(),. 
Since  K  is  closed  and  the  space  has  the  distributive  property,  G*  contains  a 
sub-collection  G  whose  limiting  set  is  K.  Suppose  that  G  contains  elements 
in  common  with  at  most  a  finite  number  of  the  elements  of  the  aggregates 
Gi,  Gi,  G3,  ■  ■■  ,  say  with  those  having  subscripts  not  greater  than  a  definite 
integer  /.  Then,  contrary  to  the  fact  that  A'  contains  infinitely  many  distinct 
points,  the  limiting  set  of  G  is  a  subset  of  Q+'^lZ'iiOki+Qk).  Hence,  for  in- 
finitely many  values  of  k  there  e.xist  elements  of  G  which  contain  points  of  Nk. 
Thus,  every  element  of  (Fi,  V2,  V3,  •  •  •  )  contains  points  in  common  with 
infinitely  many  distinct  elements  of  G,  and  P  belongs  to  the  limiting  set  of  G. 
Thus,  the  supposition  that  our  space  is  not  regular  has  led  to  a  contradiction. 

Theorem  13  A.  If  a.  space  S  lias  the  distributive  property  and  a  point  P  in  it 
has  a  countable  family  of  neighborhoods,  the  space  is  regular  at  P. 

This  theorem  may  be  proved  by  the  methods  used  for  Theorem  13.  It  fol- 
lows by  Theorem  3  that  the  space  is  locally  compact  at  P. 

Note.  The  statements  of  Theorems  12  and  13  differ  only  in  that  in  the 
hypothesis  of  the  one  the  distributive  property  takes  the  place  of  local  com- 
pactness in  that  of  the  other;  they  are  stated  for  both  spaces  5  and  Hausdorff^ 
spaces.  Theorems  12A  and  13A  are  analogous  generalizations  of  Theorems  12 
and  13  respectively;  but  12A  is  stated  for  a  Hausdorff  space,  while  13A  is 
stated  for  a  space  5.  The  question  arises  as  to  whether  each  of  the  Theorems 
12A  and  13A  hold  for  both  types  of  spaces.  The  author  has  not  found  the 
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answer  for  the  case  of  13A;  for  12A  the  answer  is  in  the  negative,  as  may  be 
seen  by  considering  a  space  T,  when  points  and  Hmit  points  are  those  of 
P -\- K +Y^\Z" N i  of  the  proof  of  Theorem  13. 

Theorem  14.  //  a  Hausdorf  space  or  a  space  S  has  the  distributive  property 
and  each  point  in  it  has  a  monotonic  family  of  neighborhoods,  then  the  folloiving 
properties  hold  for  the  space:  (1)  It  satisfies  the  first  countability  axiom;  (2)  it  is 
both  a  Hausdorjf  space  and  a  space  S;  (3)  every  point  set  in  it  is  separable;  and 
(4)  it  is  regular  and  locally  compact. 

Proof.  By  Theorems  6  and  1  our  space  satisfies  the  first  countability 
axiom;  by  Theorem  11  it  is  both  a  space  S  and  a  Hausdorff  space;  by  Theorem 
10  and  Lemma  I  every  point  set  in  it  is  separable;  by  Theorem  13  it  is  regu- 
lar; and  by  Theorem  3  it  is  locally  compact. 

Note.  Theorems  14  and  15  may  be  regarded  as  a  summary  of  results  of 
this  paper  with  regard  to  conditions  necessary  for  the  distributive  property. 
Theorem  16  deals  with  sufficient  conditions;  Theorems  15  and  17  with  neces- 
sary and  sufficient  conditions. 

Theorem  15.  If  a  space  S  {Hausdorf  space)  satisfies  the  first  countability 
axiom  and  has  the  distributive  property,  then  in  order  that  one  of  its  sub-spaces 
have  the  distributive  properly  it  is  necessary  and  sufficient  that  the  sub-space  be 
regular  and  locally  compact. 

Proof.  The  necessity  follows  from  Theorem  14;  the  sufficiency  from  Theo- 
rem 5. 

Theorem  16.  A  sufiicient  condition  that  a  Hausdorjf  space  have  the  distribu- 
tive property  is  that  it  be  locally  compact  and  have  the  Lindelbf  property,  and 
that  every  closed  point  set  in  it  be  separable. 

Proof.  By  Theorem  2  our  space  satisfies  the  first  countability  axiom ;  by 
Theorem  12  it  is  regular;  by  Theorem  11  and  Lemma  I  every  point  set  in  it 
is  separable.  The  proof  may  be  completed  by  following  the  methods  for  Theo- 
rem 9  of  the  author's  first  paper,  p.  678.  Theorem  17  follows  from  Theorems 
14  and  16. 

Theorem  17.  In  order  that  a  Ilausdorff  space  which  has  the  Lindelof  prop- 
erty and  in  which  every  point  has  a  monotonic  family  of  neighborhoods  should 
have  the  distributive  property,  it  is  necessary  and  sufficient  that  the  space  be  lo- 
cally compact  and  that  every  closed  set  in  it  be  separable. 
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1.  Introduction.  A  necessary  and  sufficient  condition  that  a  space  H 
Frechet  have  the  Borel-Lebesgue  covering  property  is  that  each  monotonic 
collection  of  closed  point  sets  in  it  have  a  nonvacuous  product (').  Thus,  if 
such  a  space  is  not  perfectly  compact,  there  exists  in  it  a  monotonic  collec- 
tion of  closed  sets,  E,  with  a  vacuous  product;  E  is  an  example  of  what  we 
call  a  boundary  element.  With  the  help  of  E  we  may  define  a  boundary  point, 
P{E);  if  P{E)  is  added  to  the  basic  space  and  a  suitable  topology  is  intro- 
duced, the  closures  of  the  set  of  elements  of  E  contain  P(£);  and  the  defi- 
ciency of  the  elements  of  E,  that  their  product  is  vacuous,  no  longer  holds 
for  the  aggregate  of  their  closures  in  the  extended  space.  By  adding  to  5  an 
aggregate  of  boundary  points  which  satisfy  suitable  conditions  we  achieve  the 
embedding  of  5  in  a  perfectly  compact  Hausdorff  space  (cf.  Theorem  16.1). 

In  Chapter  I  we  introduce  the  class  of  point  elements;  these  include  the 
boundary  elements.  We  define  the  relation  of  the  intersection  of  two  point  ele- 
ments; in  terms  of  this  we  give  an  ordering  which  makes  the  aggregate  of  all 
point  elements  a  quasi-partially  ordered  system.  A  repetition  of  this  algorithm 
gives  the  quasi-partially  ordered  system  M  of  all  collections  of  point  elements. 
By  a  process  identifying  the  equivalent  elements  of  M  we  obtain  a  partially 
ordered  system  whose  elements  we  call  portions  of  our  basic  space  S,  or  S-por- 
tions;  these  are  our  ideal  points.  A  relation  of  an  open  set  D'lnS  and  an  ideal 
point  P  is  expressed  by  saying  that  D  is  an  S-neighborhood  of  P;  the  5-neigh- 
borhoods  are  used  in  topologizing  collections  of  ideal  points.  The  relation  P 
is  an  end  of  M  between  the  ideal  point  P  and  the  closed  point  set  of  S,  M, 

Presented  to  the  Society,  in  three  parts:  September  9,  1937,  under  the  title  Perfectly  com- 
pact Hausdorff  spaces  in  which  a  normal  space  may  be  embedded;  December  28,  1937,  under  the 
title  Concerning  upper  semi-continuous  collections  and  the  decomposition  of  points  of  normal 
spaces;  and  September  6,  1938,  under  the  title  The  extension  of  homeomorphisms  of  normal 
spaces  to  topologically  related  spaces;  received  by  the  editors  July  18,  1938,  and,  in  revised  form, 
September  9,  1940. 

(')  Cf.  Moore,  (I!)  (the  bibliography  is  at  the  end  of  the  paper).  Kuratowslii  and  Sierpifi- 
ski,  loc.  cit.,  show  that  the  Borel-Lebesgue  property  is  equivalent  to  the  condition  that  each 
infinite  point  set  have  a  complete  limit  point.  Fr&het,  (II),  calls  this  property  perfect  com- 
pactness; several  years  later  Alexandroff  and  Urysohn,  (I),  call  it  hicompactness. 

A  collection  of  sets  is  said  to  be  monotonic  provided  that  if  A'  and  L  are  two  of  its  elements, 
then  either  KZ^L  or  L^K;  Moore,  loc.  cit. 
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suggests  an  analogy  between  Caratheodory's  theory  of  ends  and  ours  in  that 
both  are  concerned  with  methods  of  approach  or  accessibility.  Our  end-theory 
is  used  as  a  technique  in  developing  that  of  the  ^-neighborhoods. 

We  shall  now  indicate  some  of  the  ideas  underlying  the  methods  which 
we  discussed  in  the  preceding  paragraph.  The  theory  of  point  elements  and 
that  of  ends  suggest  our  regarding  a  point  not  as  a  static  entity  but  rather  as 
that  of  a  relation  of  the  point  to  the  remainder  of  space,  that  involves  methods 
of  approach.  Secondly,  a  point  need  not  necessarily  be  indivisible.  We  have  a 
conception  according  to  which  our  space  S  consists  of  a  quantity  of  basic 
matter;  this  may  be  decomposed  and  put  together  in  various  ways,  and  the 
same  applies  for  each  portion  of  this  matter.  In  particular,  the  points  of  S 
are  subject  to  such  operations.  There  exists  a  maximal  portion,  that  of  all 
the  matter;  there  prove  to  be  atomic  portions. 

These  ideas  may  be  described  by  means  of  our  ordered  system  of  ideal 
points;  let  "A  <B"  be  the  ordering  relation  of  this  system.  Let  P  be  an  ideal 
point  and  M  be  a  collection  of  ideal  points;  if  both  P<M and  M<P,  we  shall 
think  of  P  as  a  summation  or  an  amalgamation  of  M,  and  of  M  as  a  breaking 
up  or  a  decomposition  of  P;  we  think  of  Af  and  P  as  describing  dififerent  struc- 
tures of  the  same  portion  of  the  basic  matter  of  5.  Let  X  and  Y  be  collections 
of  5-portions  and  "y  —  aix)"  be  a  transformation  from  X  to  Y  such  that  for 
JiEiY,  yi  is  the  amalgamation  of  the  elements  of  a~^{yi)(-);  in  proceeding 
from  a~^{yi)  to  yi  we  are  involved  in  a  change  of  structure,  only;  and,  thus, 
this  transformation  may  be  said  to  preserve  S-portions  or  to  leave  S-portions 
invariant. 

If  we  were  concerned  with  order  relations,  only,  the  system  of  all  our  ideal 
points  would  afford  a  satisfactory  basis  for  the  amalgamation  and  decomposi- 
tion theory.  From  a  topological  standpoint,  however,  we  require  systems  of 
elements  for  which  the  5-portion  preserving  transformations,  y  =  a{x),  which 
describe  the  amalgamation  and  the  decomposition  processes,  satisfy  continu- 
ity conditions.  As  illustrations  of  systems  which  meet  this  requirement  we 
refer  to  a  result  by  Stone(').  Of  particular  interest  is  the  case  where  X  and  Y 
are  perfectly  compact  Hausdorff  spaces;  this  case  leads  us  to  apply  a  mapping 
theory  by  Kolmogoroff,  which,  for  our  purposes,  finds  a  summary  in  Theorem 
VIII,  p.  98,  Alexandroff  and  Hopf,  loc.  cit.  The  adaption  of  this  theory  to  the 
5-portion  preserving  transformations  leads  to  the  introduction  of  a  special 
class  of  ideal  points,  the  amalgamation  points.  It  is  interesting  to  note  that 
since  in  applications  we  are  to  use  both  order  and  continuity  relations,  such 
relations  are  used  in  defining  these  points.  Chapter  II  is  devoted  mainly  to  a 
development  of  the  properties  of  amalgamation  points;  such  properties  have 
striking  analogies  to  those  of  closed  point  sets  in  perfectly  compact  Hausdorff 
spaces.  For  instance,  a  decomposition  of  an  amalgamation  point  into  atomic 

(r)  The  symbol,  cr^{yit  means  all  elements  of  X,  Xi,  such  that  yi  =  a{xCi. 
(')  Loc.  cit.,  p.  476,  Theorem  88;  we  discuss  this  in  §§16  and  20. 
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5-portions  is  a  perfectly  compact  set  (cf.  Theorem  14.4).  In  §15  this  analogy 
is  shown  to  be  fundamental;  here  we  show  that  the  decomposition  AI  of  an 
amalgamation  point  P  into  regular  amalgamation  points  is  perfectly  compact 
if  and  only  if  it  is  upper  semi-continuous  relative  to  5;  we  develop  an  elabora- 
tion of  the  Kolmogoroff-Alcxandroff-Hopf  theory  of  the  S-portion  preserving 
continuous  transformations  of  such  decompositions. 

The  sections  following  §15  are  devoted  to  applying  these  results.  In  Chap- 
ter III  we  investigate  systems  of  such  applications.  In  §19  we  consider  the 
ordered  system  5(P)  of  all  perfectly  compact  decompositions  of  P  into  regular 
amalgamation  points;  the  ordering  "X<F,"  which  means  that  X  may  be 
mapped  on  7  by  a  continuous,  5-portion  preserving  mapping  y  =a(x),  makes 
5(P)  a  complete  lattice.  If  6  is  a  sublattice  of  5(P),  the  sum  of  the  elements 
of  6,  Ls{*),  becomes  a  lattice  of  amalgamation  points.  The  zero  of  5,  wj,  is 
the  system  of  atomic  elements  of  Z,j,  and  may  be  mapped  on  each  element  of  S. 
Such  coj's  may  be  described  as  universal  inverse  mapping  spaces  relative  to 
the  elements  of  6.  Particularly  important  is  the  case  for  which  P  is  the  maxi- 
mal amalgamation  point;  that  is,  P  is  the  amalgamation  of  all  our  ideal 
points.  Then  we  let  5(5)  =  S(P);  in  §20  we  show  that  the  completely  regular 
spaces  5  are  characterized  by  the  property  that  there  exist  elements  of  6(5) 
in  which  the  decomposition  of  5  has  proceeded  to  elements  at  least  as  small 
as  the  points  of  5.  For  such  a  space  we  have  the  interesting  subsystem  of  S(5), 
6  =  //(5),  which  consists  of  the  images  of  all  immediate  extensions  of  5  which 
are  perfectly  compact  HausdorfF  spaces.  The  zero  of  H{S),  X(5),  is  the  topo- 
logical image  of  the  space  considered  by  Stone  in  his  Theorem  88  (loc.  cit., 
p.  476).  In  §17  the  space  X(5)  enters  into  an  interesting  characterization  of 
the  normality  of  5;  this  is  given  by  the  condition  that  each  upper  semi-con- 
tinuous decomposition  of  5  into  a  collection  of  closed  point  sets  can  be  ex- 
tended to  a  similar  decomposition  of  X(5).  Further,  only  the  topological 
images  of  X(5)  have  this  property. 

In  Chapter  II  we  introduce  the  concept  of  a  semi-completely  normal 
space.  For  such  a  space  the  theory  of  Chapter  III  is  especially  simple;  such 
a  space  is  characterized  by  the  property  that  the  zero  of  6(P),  w(P),  is  a  set 
of  atomic  ideal  points.  Similarly,  the  normal  space  is  characterized  by  the  con- 
dition that  the  only  boundary  points  which  are  elements  of  an  w(P)  are  atomic 
points.  In  Chapter  II  we  give  characterizations  of  various  types  of  normal 
and  regular  spaces. 

Chapter  I.  An  ordered  system  of  ideal  points 

At  the  beginning  of  the  preceding  section  we  discussed  the  methods  and 
the  underlying  ideas  which  occur  in  the  development  of  our  theory  of  point 


(*)    It  may  be  necessary  to  add  a  zero  to  Lj  to  make  it  a  lattice;  such  is  not  the  case  for  i(P), 
or  for  S. 
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elements  and  ideal  points.  It  may  be  mentioned  that  methods  similar  to  those 
used  in  this  chapter  may  be  used  to  extend  a  partially  ordered  system  K  to 
a  complete  partially  ordered  system,  granting  that  K  satisfies  suitable  condi- 
tions. 

2.  Concerning  a  topological  background.  W'e  refer  the  reader  to  treatises 
by  Frechet,  Hausdorff,  Menger,  Moore,  Sierpiiiski,  and  Alexandroff  and 
Hopf  (cf.  Bibliography).  Throughout  the  paper  the  symbol  S  will  denote 
a  basic  Hausdorff  space.  We  shall  consider  only  spaces  H,  Frechet  (cf. 
Frechet,  (I),  p.  186).  Alexandroff  and  Hopf  call  such  spaces  Ti  spaces  (loc. 
cit.,  p.  59). 

Definitions.  D  2.1.  The  symbol  Mr  ,  the  derived  set  of  M  relative  to  T, 
means  the  set  of  all  points  of  T  which  are  limit  points  of  Af-  T.  The  symbol 
Mt  denotes  the  closure  of  M  relative  to  T;  that  is,  M-  T+(M-  T)t  ■ 

D  2.2.  If  T  and  R  are  spaces  (1)  such  that  T^R  and  (2)  such  that  if  M 
is  a  point  set  in  R  then  Mit  =  R-  Mr,  then  we  say  that  i?  is  a  subspace  of  T, 
that  R  is  embedded  in  T,  and  that  T  is  an  extension  of  R;  if,  in  addition,  T  is  a 
Hausdorff  space,  it  is  a  Hausdorff  extension  of  R.  li  T=  Rt,  Tis  an  immediate 
extension  of  R  (cf.  Stone,  loc.  cit.,  p.  420). 

D  2.3.  If  T  is  an  immediate  Hausdorff  extension  of  S,  the  points  of  T  —  S 
are  called  frontier  points  of  5.  If  P  is  a  point  of  T,  TZ)S,  D  is  an  open  set  of  S, 
and  P  does  not  belong  to  the  closure  in  T  oi  S  —  D,  we  call  D  an  S-neighbor- 
hood  of  P.  Two  frontier  points  of  5  are  said  to  intersect  provided  that  each 
5-neighborhood  of  the  one  contains  points  in  common  with  each  5-neighbor- 
hood  of  the  other. 

3.  Partially  ordered  and  quasi-partially  ordered  systems.  We  refer  the 
reader  to  a  treatise  by  Birkhoff  and  an  article  by  MacNeille  for  discussions, 
examples,  and  references  to  the  literature  (cf.  Bibliography). 

D  3.1.  By  a  partially  ordered  system (^)  is  meant  a  system  X  in  which  an 
{ordering)  relation  "x^y"  is  defined  which  satisfies  the  following  conditions: 
(Pi)  For  x^X,  x<x;  (Pj)  if  .-c<3'  and  y<x,  then  x  =  y;  (P3)  \i  x<y  and  y<z, 
then  x<z.  If  the  condition  P2  is  omitted,  then  X  is  a  quasi-partially  ordered 
system.  The  notation  "A;<y"  will  be  read  "y  includes  a;,"  "s;  precedes  y,"  or 
"x  is  a  part  of  y."  If  x<y  but  not  y<x,  we  say  that  x  is  a  proper  part  of  y. 

D  3.2.  If  x  <y  and  y  <x,  we  say  that  x  and  y  are  equivalent  (relative  to  the 
ordering  "<").  Note  that  P2  rules  out  distinct  equivalent  elements.  In  this 
paper  we  shall  have  many  examples  of  quasi-partially  ordered  systems  for 
which  P2  does  not  hold. 

D  3.3.  An  element  of  X  is  said  to  be  atomic,  if  no  element  of  X  is  a  proper 
part  of  it. 

D  3.4.  An  element  of  X  is  a  lower  bound  of  a  subcollection  of  X,  N,  if  it  is 
a  part  of  each  element  of  N.  The  set  of  all  lower  bounds  of  N  is  called  the 


(')  Cf.  Hausdorff,  (I),  p.  139  and  Birkhoff,  pp.  5,  7. 
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intersection  I{N)  of  the  elements  of  N.  A  greatest  element  of  I{N)  is  called  a 
greatest  lower  bound  of  the  elements  of  N.  The  terms  upper  bound  and  least 
upper  bound  have  analogous  definitions.  A  zero  and  a  unit  of  .Y  are,  respec- 
ti\ely,  a  lower  and  an  upper  bound  of  all  the  elements  of  X. 

D  3.5.  If  two  elements  of  A"  have  a  lower  bound  in  X,  they  are  said  to  in- 
tersect (in  X). 

D  3.6.  A  subcollection  of  X,  N,  is  said  to  be  mo)iotomc  if  for  x^N  and 
yQ.N  either  .t  <y  or  y  <x. 

D  3.7.  If  X  is  partially  ordered  and  each  subcollection  of  X  has  a  greatest 
lower  bound  in  X,  X  is  a  complete  multiplicative  system. 

D  3.8.  A  lattice  is  a  partially  ordered  system  X  such  that  any  two  of  its 
elements  have  both  a  greatest  lower  bound  and  a  least  upper  bound  in  X;  if 
each  subset  of  X  has  such  bounds,  X  is  complete. 

4.  The  point  elements.  In  §1  we  discussed  the  origin  of  our  concept  of  a 
boundary  element.  This  discussion  applies  also  to  a  decomposition  point  ele- 
ment which  satisfies  (A)  of  D  4.1.  If  M  =  aiE)  is  a  non-isolated  point  of  S, 
(4)  of  D  4.1  guarantees  that  E  assist  in  the  decomposition  of  M  according  to 
the  theory  we  are  to  develop.  For  Case  (A)  the  elements  of  E  are  subsets  of 
S  —  a{E);  this  is  desirable  for  technical  reasons  in  expressing  relations  of  a 
point  element  to  its  S-neighborhoods  (cf.  D  4.5  and  D  11.1).  The  fact  that  the 
topological  relations  of  M  =  a{E)  to  point  sets  in  5  depend  on  subsets  of  5—  .1/ 
gives  reasons  that  S  —  M  should  contain  5-neighborhoods  of  E. 

D  4.1.  A  boundary  element  of  S  is  a.  nonvacuous  collection  E  such  that  (1) 
each  of  its  elements  is  a  nonvacuous,  closed  point  set  of  S,  (2)  the  product  of 
any  two  elements  of  E  contains  an  element  of  E,  and  (3)  the  product  of  all 
elements  of  E  is  vacuous.  A  collection  of  sets  E  is  called  a  point  element  of  S 
if  either  (A)  or  (B)  is  satisfied :  (A)  Either  £  is  a  boundary  element  of  S,  or 
there  exists  a  non-isolated  point  of  S,  M,  such  that  £  is  a  boundary  element 
of  the  subspace  of  S,  S—  M,  and  the  following  condition  holds:  (4)  each  open 
set  in  5  that  contains  M  contains  an  element  of  £(*).  (B)  There  exists  an 
isolated  point  of  S,  M,  which  is  an  element  of  £;  each  element  of  £  is  a  closed 
point  set  of  5  which  contains  .1/.  If  £  satisfies  (B)  it  is  said  to  be  degenerate. 

For  Case  (B)  £  satisfies  conditions  (1),  (2),  and  (4),  and  the  product  of  all 
elements  of  £  is  M.  For  Case  (A)  the  product  of  all  elements  of  £  is  vacuous, 
and  (4)  implies  (3). 

D  4.2.  Let  a{E)  =  M  be  the  product  of  the  closures  in  S  of  the  elements 
of  £.  We  say  that  a(£)  is  attached  to  £,  and  conversely. 


(')  The  two  cases  under  (A)  may  be  combined  as  follows;  this  is  the  form  of  (A)  we  shall  use 
in  our  applications:  There  e.vists  an  M,  which  is  either  a  non-isolated  point  of  5  or  is  the  null 
set,  such  that  (1)  each  element  of  E,  e,  is  a  nonvacuous,  closed  point  set  in  the  space  S  —  M, 
and  its  closure  in  5  is  M+e;  (2)  the  product  of  two  elements  of  E  contains  an  element  of  £; 
(3)  the  product  of  all  elements  of  £  is  a  subset  of  M;  (4)  if  M  is  a  point  of  5,  any  open  set  of  5 
which  contains  M  contains  an  element  of  e. 
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D  4.3.  If  a{E)  is  a  point  of  S,  E  is  called  a  decomposition  point  element.  If 
£  is  a  boundary  element,  a{E)  is  vacuous. 

D  4.4.  Two  point  elements  are  said  to  intersect,  provided  that  each  ele- 
ment of  the  one  has  points  in  common  with  each  element  of  the  other. 

D  4.5.  An  open  set  in  5  which  contains  an  element  of  a  point  element  E 
is  called  an  S-neighborhood  of  E.  A  point  or  a  frontier  point  of  S  is  said  to  in- 
tersect E,  provided  that  each  5-neighborhood  of  the  point  has  points  in  com- 
mon with  each  5-neighborhood  of  E.  (Cf.  D  2.3.) 

D  4.6.  If  E  and  Fare  point  elements  and  each  point  element  which  inter- 
sects E  intersects  F,  we  say  that  "E  <  F" ;  we  read  this  "E  is  a  portion  of  F 
{relative  to  S)." 

D  4.7.  Let  the  aggregate  of  all  point  elements  be  ordered  by  the  relation 
"E  is  a  portion  of  F."  It  is  easy  to  see  that  Pi  and  P3  of  D  3.1  are  satisfied  but 
that  P2  is  not.  Thus,  this  system  is  quasi-partially  ordered. 

Examples.  E  4.1.  Let  5  be  the  Euclidean  plane,  M  be  the  origin,  and  P„ 
be  the  point  with  coordinates  (1/w,  0).  Let  e„A=(P„,  P„+k,  Pn+ik,  ■  ■  ■  ),  and 
Eik=  (ejk,  ej+k,k,  e,+2i-.i,  •  •  •  )•  Then  the  £'s  are  decomposition  point  elements 
of  5  and  are  attached  to  M;  also,  they  are  boundary  elements  of  S  —  M. 
£12  and  £22  do  not  intersect,  but  each  is  a  portion  of  £11.  £33  intersects  each 
of  £i2  and  £22;  none  of  these  point  elements  is  a  portion  of  any  of  the  others. 
£66  is  a  greatest  lower  bound  of  £22  and  £33;  and  £36  is  a  greatest  lower  bound 
of  £12  and  £33. 

E  4.2.  Let  5  be  a  space  with  infinitely  many  points,  all  of  which  are  iso- 
lated. Then  all  decomposition  point  elements  are  degenerate.  Any  monotonia 
collection  of  point  sets  whose  elements  have  a  vacuous  product  is  a  boundary 
element. 

E  4.3.  Let  H  he  a.  continuum  in  the  plane  whose  points  have  coordinates 
{x,  y)  which  satisfy  one  of  the  following  conditions:  (1)  0^a:^l,  y  =  0; 
(2)  x=l/k  and  0<y^  \/k,  where  ^  =  1,  2,  3,  ■  •  •  .  Let  F  be  the  aggregate  of 
all  subcontinua  of  H  which  contain  the  origin  and  at  least  one  point  with  a 
positive  ordinate.  Let  M  be  the  origin  and  £  be  the  aggregate  of  all  sets/—  AI, 
where /G£.  Let  G  be  the  aggregate  of  all  sets  obtained  by  reflecting  elements 
of  £  in  the  X  axis.  Then  £  and  G  are  equivalent  point  elements.  However, 
no  element  of  either  G  or  E  is  a  subset  of  an  element  of  the  other. 

5.  The  intersection  of  point  elements;  atomic  elements.  Because  of  Theo- 
rem 5.1  the  definitions  which  are  given  for  the  intersection  of  point  elements 
in  D  3.5  and  D  4.4  are  logically  equivalent.  An  analogous  state  of  affairs  shows 
that  such  a  consistency  should  not  be  considered  obvious:  Let  ii^  be  a  partially 
ordered  system;  define  for  K  a  new  order  by  an  application  of  Definitions 
D  3.5,  D  4.6,  and  D  4.7;  the  new  order  need  not  be  consistent  with  the  basic 
order  of  K. 

Theorem  5.1.  In  order  that  two  point  elements  £  and  F  should  intersect,  it 


416  R.  G.  LUBBEN  [May 

is  necessary  and  sufficient  that  there  exist  a  point  element  which  is  a  portion  of 
both ;  if  this  condition  is  satisfied  and  G  is  the  aggregate  of  all  sets  which  are  the 
product  of  an  element  of  E  with  an  element  of  F,  then  (a)  G  is  a  point  element  and 
a  greatest  lower  bound  of  E  and  F,  and  (b)  a{E)  =a{F)=a{G). 

Proof.  Let  //  be  a  common  portion  of  E  and  F.  Since  //  intersects  itself, 
it  intersects  each  of  E  and  F.  Since  E  intersects  H  and  //  is  a  portion  of  F, 
E  intersects  F. 

Conversely,  let  E  and  F  intersect.  Suppose  that  a(£)  is  a  point  of  5  and 
a{E)9^a{F).  By  D  4.1,  (3),  there  exists/Gi^such  that/does  not  contain  a{E). 
Since  f=f+a{F),  o(£)G5— /;by  D  4.1,  (4),  S—fZ^eEiE;  since  ef  is  vacuous, 
we  are  involved  in  a  contradiction.  Thus,  either  a{E)  and  a{F)  are  the  same 
point  of  5,  or  both  are  the  null  set.  If  E  and  F  are  degenerate,  the  conclusion 
in  (a)  is  obvious;  cf.  D  4.1,  (B).  Suppose,  therefore,  that  neither  is  degen- 
erate. Let  gi  =  ei-fi  and  g2  =  e2-f2  be  elements  of  G,  and  K  =  a{E).  Then 
gi-g2={eifi)-{e2-f2)  =  {eie2)-{fi-f2)De3-f3=g3&G;  thus.  Condition  (2)  of 
D  4.1  is  satisfied;  clearly  the  same  holds  for  (3)  and  (4).  Because  of  (2) 
and  (4)  gOgi  +  -K;  the  converse  is  true,  since  ei  =  ei-\-K  and  /i  =f-\-K.  Thus, 
G  satisfies  all  the  conditions  of  D  4.1,  (A),  and  it  is  a  point  element.  Let  H 
be  a  point  element  which  intersects  G,  h^H,  eG£,  and/G£.  Then  h{ef) 
is  nonvacuous.  It  follows  that  each  of  eh  and  f-h  is  nonvacuous.  Thus, 
H  intersects  each  of  E  and  F,  and  G  is  a  common  portion  of  E  and  F. 

Let  X  be  a  point  element  which  is  a  common  portion  of  E  and  F,  and  Y 
be  a  point  element  which  intersects  X.  Let  e,  /,  x,  and  y  be  elements,  respec- 
tively, of  E,  F,  X,  and  Y.  Let  Z  be  the  aggregate  of  all  products  of  an  element 
of  X  by  an  element  of  Y;  similarly  define  T  in  terms  of  E  and  Z.  By  the  pre- 
ceding paragraph  Z  is  a  point  element  and  Z<X;  since  X  <E,  Z  intersects  E, 
and  ris  a  point  element.  Then  T<Z<X  and  T  intersects  X.  Since  xyeEiT 
and  X  <F,f-{x-y-e)  is  nonvacuous.  Then  y-  {e-f)  is  nonvacuous;  since  ef^G, 
Y  intersects  G.  Thus,  X  <G,  and  G  is  a  greatest  lower  bound  of  E  and  F. 

Theorem  5.2.  No  decomposition  point  element  intersects  a  boundary  element. 

Theorem  5.3.  A  degenerate  point  element  is  atomic. 

Theorem  5.4.  //  M  is  a  collection  of  point  elements  and  each  finite  subcollec- 
tion  of  M  has  a  lower  bound,  then  M  has  a  greatest  lower  bound. 

This  lower  bound  may  not  belong  to  .1/.  The  theorem  has  an  analogy  to 
conditions  for  perfect  compactness;  cf.  Moore,  (II),  and  Frechet,  (I),  p.  231. 

Proof.  Let  //  be  the  aggregate  of  all  point  elements  E  such  that  £  is  a 
greatest  lower  bound  of  a  finite  subcollection  of  M;  if  m^M,  m<m;  thus, 
wG//and  IIZ)M.  Let  K  be  the  sum  of  the  elements  of  H,  and  e  and /be  ele- 
ments of  A'.  There  exist  £G// and  £G//such  that  eG£  and/G£.  There  exist 
two  finite  subcollections  of  M,  He  and  Hp,  such  that  £  and  F  are  greatest 
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lower  bounds,  respectively,  of  He  and  of  Hp.  By  our  condition  T  =  He  +  Hf 
has  a  lower  bound ;  let  /3  be  any  lower  bound  of  T.  Then  (3  is  a  lower  bound  of 
He,  of  E,  of  Hp,  of  F,  and  of  G,  where  G  is  a  greatest  lower  bound  of  E  and  F 
(by  Theorem  5.1  £  and  F  have  a  greatest  lower  bound).  Since  /3  is  any  lower 
bound  of  r,  G<E,  and  G<F,  then  G  is  a  greatest  lower  bound  of  T;  then 
G^H  and  i?:DG.  By  Theorem  5.1  efGK.  Thus,  Condition  (2)  of  D  4.1  is 
satisfied  by  K.  By  Theorem  5.1  a{E)  =a{F)  =a{G).  It  follows  readily  that  the 
other  conditions  of  D  4.1  are  satisfied.  Since  each  element  of  M  is  a  subset 
of  K,  K  is  a.  portion  of  each  of  these  elements.  Thus,  K  is  a.  lower  bound  of  M. 
If  the  point  element  F  is  a  lower  bound  of  M,  it  follows  from  the  definition 
of  H  that  F  is  a  portion  of  each  element  of  H.  If  a  point  element  intersects  F, 
it  intersects  each  element  of  H,  and  thus  intersects  K.  Thus,  F<K,  and  K 
is  a  greatest  lower  bound  of  M. 

Theorem  5.5.  If  E  is  a  point  element,  there  exists  an  atomic  point  element 
which  is  a  portion  of  E. 

Proof.  There  exists  a  monotonic  collection  of  point  elements,  M,  of  which 
E  is  an  element,  which  is  not  a  proper  subcollection  of  any  monotonic  collec- 
tion of  point  elements;  cf.  Hausdorff,  (I),  p.  140.  Let  F  be  a  greatest  lower 
bound  of  M,  and  G  be  a  point  element  such  that  G<F  (cf.  Theorem  5.4). 
Then  G  +  Mis  monotonic,  G^M,  and  F<G;  since  G<F,hy  D  3.3  F  is  atomic. 

5A.  Historical.  In  §§16,  17,  and  20  we  discuss  the  space  X(5)=5+M, 
where  5  is  a  completely  regular  space,  Af  is  a  collection  of  regular  boundary 
points  which  are  the  atomic  elements  of  a  certain  system,  and  X(5)  is  per- 
fectly compact.  This  space  has  been  studied  by  Stone,  Wallman,  and  Cech('). 
Cech,  on  page  833,  has  a  result  which  is  equivalent  to  the  following:  In  order 
that  S  be  normal,  it  is  necessary  and  sufficient  that  if  Fi  and  F^  are  mutually 
exclusive  closed  point  sets  in  S,  and  I3^\{S)—S,  then  (3  is  not  a  limit  point  of 
both.  An  analogous  condition  on  one  of  our  ideal  points  j3  is  necessary  and 
sufficient  that  /3  be  atomic(*);  this  is  true  even  if  S  is  irregular.  By  Theorem 
16.1  it  is  characteristic  of  a  normal  space  that  the  elements  of  \{S)—S  be 
atomic  boundary  points.  Thus,  Cech  encounters  the  atomic  points  only  in  the 
case  of  the  normal  space,  while  we  have  them  at  our  disposal  for  any  Haus- 
dorff space.  This  difference  seems  to  be  characteristic  of  the  difference  of  our 
methods;  here  Cech  seems  to  follow  Tychonoff  and  Urysohn.  Stone's  methods 
involve  an  extensive  use  of  algebra,  but  seem  to  have  elements  in  common 
with  those  of  Cech. 

Wallman 's  methods  most  nearly  resemble  ours.  He  constructs  the  points 


(')  Cf.  bibliography.  Stone's  paper  appeared  in  May,  1937.  The  author's  first  report  before 
the  Society  was  given  in  September,  1937;  it  included  most  of  the  results  of  the  first  two  chapters 
of  the  present  paper  for  the  case  of  the  normal  and  senii-completely  normal  spaces.  The  papers 
of  Cartan,  Wallman,  and  Cech  appeared  later. 

(*)  Compare  the  conmient  on  Theorem  11.7  and  Theorem  12.3. 
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of  X(S)  by  means  of  collections  of  sets;  for  the  case  of  the  boundary  points 
he  uses  what  we  should  call  atomic  boundary  elements.  For  the  other  type 
of  points,  those  corresponding  to  the  points  of  5,  he  uses  definitions  which 
are  not  suitable  for  our  decomposition  theory.  Since  he  does  not  consider  such 
a  theory,  his  definitions  are  adequate  for  his  purposes. 

Cartan,  on  the  other  hand,  has  a  basis  for  a  decomposition  theory,  based 
on  order,  resembling  that  developed  in  our  §5;  however,  he  fails  to  develop 
the  topological  applications,  and  has  nothing  like  the  order-continuity  theory 
of  our  Chapters  2  and  3.  His  filter  bases  and  fillres  correspond  to  our  point 
elements  and  composition  points;  he  proves  the  existence  of  ullra-filtres  which 
correspond  to  our  atomic  points.  He  has  the  theorem:  In  order  that  two  filter 
bases  should  generate  the  same  filter,  it  is  necessary  and  sufficient  that  each 
element  of  the  one  should  contain  an  element  of  the  other.  By  Example  E  4.3 
such  a  theorem  is  not  true  for  our  point  elements.  Thus,  formally  his  defini- 
tions are  not  quite  adequate  for  our  treatment. 

For  a  domain  in  the  plane  Caratheodory  has  a  theory  of  chains,  ends,  and 
prime  ends,  which  correspond  to  our  boundary  elements,  boundary  points, 
and  atomic  boundary  points.  His  treatment  of  accessibility  corresponds  to  our 
sections  6  and  10. 

6.  A  Theory  of  accessibility.  The  overlapping  of  a  point  element  and  a 
closed  set  in  S,  which  we  define  in  D  6.1,  resembles  the  intersection  of  two 
point  elements  (cf.  D  4.4).  Similarly,  Theorem  6.1  is  an  analogue  of  Theorem 
5.1.  The  discussion  at  the  end  of  §5 A  suggests  an  interpretation  of  the  results 
of  Theorem  6.1  according  to  which  a  point  element  involves  methods  of  ap- 
proach or  of  accessibility.  A  boundary  element  may  be  regarded  as  a  "way" 
for  escaping  from  the  basic  space;  the  corresponding  boundary  point  serves 
as  a  barrier  for  such  an  exit,  and  may  be  approached  by  such  a  way.  In  D  6.2 
we  formulate  these  ideas. 

D  6.1.  If  E  is  a  point  element,  Mis  a  point  set  in  S,  and  each  element  of  £ 
has  points  in  common  with  M,  then  E  and  M  are  said  to  overlap. 

D  6.2.  Let  E  and  F  be  point  elements  and  M  be  a  point  set  in  5.  If  each 
point  element  which  intersects  E  also  intersects  For  overlaps  M,  respectively, 
we  say  that  E  is  a  way  in  F,  or  that  E  is  a  way  in  M,  respectively.  Clearly,  tfie 
former  is  equivalent  to  the  relation  "E  <  F" ;  the  latter  is  analogous. 

Examples.  E  6.1.  Let  5  be  the  plane,  M  be  a  line,  Q  he  a.  point  of  M, 
and  E  be  the  aggregate  of  all  sets  I  —  Q,  where  I  is  an  interval  on  M  and  Q  is 
its  midpoint.  Then  E  is  a  maximal  common  way  of  M  and  E,  and  also  of  S 
and  E.  If  Ri  and  i?2  are  the  two  rays  on  M  from  Q,  then  any  way  common  to 
Ri  and  E  fails  to  intersect  any  way  common  to  i?2  and  E.  We  might  say  that 
there  are  many  more  ways  of  approach  to  Q  in  S  than  there  are  in  M;  and 
there  are  more  in  il/  than  in  i?i. 

E  6.2.  In  the  notation  of  Example  E  4.1  the  point  element  £36  is  a  maxi- 
mal common  way  of  the  set  633  and  the  point  element  £12. 


I, 
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Theorem  6.1.  Let  M  he  a  closed  point  set  in  S  and  E  be  a  point  element. 
(1)  In  order  that  there  exist  a  way  common  to  M  and  to  E,  it  is  necessary  and 
sufficient  that  M  and  E  overlap;  (2)  if  this  condition  is  satisfied  and  E{M)  is 
the  aggregate  [e-Af],  where  eG-E,  thefi  E{M)  is  a  maximal  common  way  of  E 
and  M and  MDa{EiM)). 

The  content  of  the  theorem  and  its  proof  are  similar  to  those  of  Theorem 
5.1.  In  particular,  replace  the  "F"  and  the  "/"  of  that  proof  by  "M,"  and  re- 
place "G"  by  "£(M)." 

Theorem  6.2.  //  F  is  a  portion  of  E  and  G  is  a  way  common  to  M  and  F, 
then  G  is  a  way  common  to  M  and  E. 

7.  The  quasi-partial  ordering  of  collections  of  point  elements.  As  in  §4 
we  first  define  intersection  and  then  define  order  in  terms  of  intersection.  The 
definitions  of  the  two  sections  4  and  7  are  similar  and  the  system  of  §4  is  a  sub- 
system of  the  one  we  consider  here.  In  §1  we  have  explained  how  the  results 
of  §§7  and  8  afford  a  basis  for  a  summation  or  an  amalgamation  theory,  and 
how  those  of  §4  yield  a  decomposition  theory. 

D  7.1.  If  a  point  element  intersects  one  of  a  collection  of  point  elements, 
the  point  element  and  the  collection  are  said  to  intersect.  Two  collections  of 
point  elements  are  said  to  intersect  if  one  of  them  intersects  an  element  of 
the  other. 

D  7.2.  Let  A  be  the  aggregate  whose  elements  are  (1)  the  point  elements 
and  (2)  the  collections  of  point  elements.  If  M  and  N  are  elements  of  A  and 
each  element  of  A  that  intersects  M  also  intersects  N,  we  say  that  M  is  a 
portion  of  N  {relative  to  S),  or  M<N.  Clearly,  this  relation  is  refiexive  and 
transitive. 

D  7.3.  Let  the  relation  "M<N''  order  the  elements  of  A.  Clearly  D  7.3 
and  D  4.6  are  equivalent  if  both  M  and  N  are  point  elements.  Thus  the 
ordered  system  of  the  point  elements  of  D  4.7  is  a  subsystem  of  A. 

Example.  E  7.1.  Adopt  the  notation  of  E  4.1.  Let  il/  =  £ii,  N={Ea,  £22), 
K={Eu,  £24,  £34,  £44),  and  L  =  {En,  £34).  Then  M,  N,  and  K  are  equivalent, 
and  so  are  L  and  £12.  Also,  £  is  a  portion  of  M,  but  the  converse  is  not  true. 
L  does  not  intersect  £22-  L  intersects  (£h,  £24)  but  neither  of  these  is  a  portion 
of  the  other. 

D  7.4.  If  M  is  a  point  element  or  a  collection  of  point  elements,  let  S(M) 
denote  the  set  of  all  point  elements  that  are  portions  of  M;  let  a{M)  denote 
the  set  of  atomic  elements  of  ^{M). 

Theorem  7.1.  If  M  and  N  are  collections  of  point  elements,  then  M  is  a 
portion  of  N  if  and  only  if  each  point  element  that  intersects  an  element  of  M 
also  intersects  an  element  of  N. 

Theorem  7.2.  (1)  If  N  is  a  collection  of  point  elements  and  either  M^N 
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or  NZ)M,  then  M  <N;  (2)  if  M  is  a  collection  of  point  elements  and  each  element 
of  M  is  a  portion  of  N,  then  Af<N;  (3)  2(jV)DiV. 

Proof.  Consider  (2).  Let  E^M,  and  Fbe  a  point  element  which  intersects 
E.  By  Theorem  5.1  there  exists  a  point  element  G  which  is  a  lower  bound  of  E 
and  F.  Since  G <E<N,  G<N,hy  D  7.2  there  e.xists  w GAT' such  that  G  and  n 
intersect;  since  G<F,  n  intersects  F.  By  Theorem  7.1  AKN.  Clearly  each 
element  of  iV  is  a  portion  of  N;  the  conclusion  of  (1)  of  the  theorem  follows 
from  (2). 

The  following  theorem  shows  that  the  ordering  relation  <  is  equivalent 
to  the  aggregate-inclusion  relation  C,  if  applied  to  the  sets  2(X)  and  a{X) ;  cf. 
D  7.4.  It  brings  out  the  importance  of  the  atomic  elements  in  the  ordering 
theory. 

Theorem  7.3.  Let  M  and  N  each  be  point  elements  or  collections  of  point 
elements:  (1)  .l/<S(j¥)<a(M)< J/;  (2)  the  conditions  (a)  J/<iV,  (b)  Z{N) 
32(.l/),  and  (c)  a{N~)~2)oi{M)  are  logically  equivalent;  (3)  the  conditions  (a)  M 
intersects  N,  (b)  the  product  1.{M)  ■1,{N)  is  nonvacuous,  and  (c)  the  product 
a{M)  -a^N)  is  nonvacuous  are  logically  equivalent;  (4)  1^{M+N)'Z>'Z{M)+'Z{N), 
anda{AT+N)  =a{M)+a{N) ;  each  of  these  four  sets  is  equivalent  in  our  ordering 
toM+N. 

Condition  (3)  is  an  analogue  of  Theorem  5.1.  Cf.,  also,  Theorem  7.4.  Con- 
dition (3)  brings  out  the  equivalence  of  D  7.1  and  D  3.5. 

Proof.  Let  the  point  element  E  belong  to  M,  and  let  F  be  a  point  element 
which  intersects  E.  By  Theorems  5.1  and  5.5  there  exists  an  atomic  point  ele- 
ment G  which  is  a  lower  bound  of  E  and  F.  By  Theorem  7.2  (1),  E<M;  since 
G<E,G<M,  and  GEa{M).  By  Theorem  7.1  M<a{M).  Since  ^{M)Z)a{M), 
aiAIX'^iiM);  cf.  Theorem  7.2  (1).  By  Theorem  7.2  (2),  'Z{M)<M. 

Let  M  be  a  portion  of  N  and  X62(l/);  since  X<M<N,  X<N,  and 
XG2(7V);  thus,  2(iV)D2(M).  Conversely,  if  2(iV)D2(l/),  it  follows  by  part 
(1)  and  Theorem  7.2  (1)  that  .1/ <  2  (.!/)<  Z  (iV)  <iV.  Thus  (2a)  and  (2b)  are 
equivalent.  In  the  same  way  we  can  show  that  (2a)  and  (2c)  are  equivalent. 

If  M  and  A'  intersect,  there  exist  intersecting  point  elements  E  and  F 
which  belong  to  M  and  N,  respectively  (cf.  D  7.1).  By  Theorems  5.1  and  5.5 
there  exists  an  atomic  point  element  G  which  is  a  lower  bound  of  E  and  F. 
By  Theorem  7.2  (1),  E<M  and  F<N.  It  follows  that  G<M  and  G<N,  or, 
that  GGa(M)-a{N).  Since  ^(M)--^{N)Da(M) -aiN),  (3a)  implies  each  of 
(3b)  and  (3c).  By  D  7.1  and  Theorem  5.1  each  of  these  implies  (3a). 

By  Theorem  7.2  (1),  2(M)D.l/;  the  proof  of  part  (4)  follows  with  the 
help  of  this  theorem  and  parts  (1)  and  (2). 

Theorem  7.4.  Let  M  be  a  collection  of  point  elements,  and  of  aggregates  of 
point  elements:  (1)  The  set  of  all  the  point  elements  which  belong  to  elements  of  M 
is  a  least  upper  bound  of  M;  (2)  if  the  elements  of  M  have  lower  a  bound,  the 
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product  of  the  sets  a{m)  and  that  of  the  sets  2(w?),  where  m  ranges  over  M,  are 
greatest  lower  bounds  of  M. 

Proof.  Let  K  be  the  product  of  all  the  sets  a{m)  and  L  that  of  all  the  sets 
Z(w).  By  our  hypothesis  and  Theorem  5.5  neither  K  nor  L  is  vacuous.  By 
Theorem  7.2  (2),  and  Theorem  7.3  (1),  each  of  K  and  L  is  a  lower  bound  of 
the  elements  of  M.  Let  X  be  a  lower  bound  of  M,  and  Y  be  an  element  of  M. 
By  Theorem  7.3  a{Y)Da{X);  it  follows  that  KOa{X).  Since  L::)K,  it  fol- 
lows from  Theorems  7.2  and  7.3  that  X  <a{X)  <K<L.  The  conclusion  of  (2) 
follows.  Part  (1)  may  be  proved  by  similar  methods. 

8.  The  5-portions,  our  ideal  points.  If  £  is  a  nondegenerate  point  element 
and  we  remove  a  finite  number  of  the  elements  of  E,  the  remainder  is  a  point 
element  which  is  equivalent  to  E.  Thus,  the  condition  P2  for  partially  ordered 
systems  does  not  hold  for  the  quasi-partially  ordered  system  of  collections 
of  point  elements  A,  which  we  considered  in  the  preceding  section.  In  our 
applications  to  topology  we  find  it  desirable  to  remove  the  ambiguity  which 
is  involved  in  having  equivalent,  non-identical  elements.  We  achieve  this  by 
a  procedure  which  is  essentially  that  of  identifying  equivalent  elements;  this 
yields  a  partially  ordered  system (');  its  elements  are  our  ideal  points.  For  rea- 
sons given  in  §1  we  call  these  S-portions. 

D  8.1.  Let  A  be  the  ordered  system  of  all  point  elements  and  collections 
of  point  elements  (cf.  D  7.2  and  D  7.3).  If  EGA,  let  P{E)  be  the  collection 
of  all  elements  olA,X,  such  that  X  <£  and  £  <Z.  We  call  P(£)  an  S-portion 
or  an  ideal  point.  Clearly,  EGP{E);  if  XGP(.E),  then  P{X)=P{E);  for,  if 
YGP{X),E<X<Y,3.nd  Y <X <E. 

D  8.2.  Let  P  and  Q  be  5-portions,  E^P,  and  £G<2-  If  £< i^  according 
to  D  7.2,  we  shall  say  that  P <Q,  or  that  P  is  a  portion  of  Q;  also,  we  shall 
say  that  P<F  and  E<Q. 

D  8.3.  Let  K{S)  be  the  system  of  all  5-portions;  let  it  be  ordered  by  the 
relation  P<<2  of  D  8.2.  It  is  obvious  that  K{S)  is  a  partially  ordered  system; 
in  particular,  Condition  P2  holds. 

D  8.4.  If  one  of  the  elements  of  an  5-portion  is  a  point  element,  the  5-por- 
tion  is  called  a  composition  point ;  if  the  point  element  is  a  boundary  element  or 
a  decomposition  point  element,  respectively,  the  point  is  called  a  boundary 
point  or  a  decomposition  point,  respectively;  cf.  D  4.3.  The  theory  of  composi- 
tion points  corresponds  to  that  of  §§4  and  5,  while  that  of  5-portions  in  gen- 
eral requires  that  of  §7.  We  shall  see  in  §14  that  the  composition  points  are 
included  among  the  amalgamation  points;  these  are  a  special  class  of  the  ideal 
points,  and  they  are  a  basis  for  our  topological  applications.  We  shall  see,  also, 
that  regular  points  and  frontier  points  of  S  may  be  identified  with  composition 
points;  cf.  Theorem  13.7. 

Examples.  E  8.1.  Let  E  be  a  finite  collection  of  point  elements  such  that 

(»)  Cf.  Birkhoff,  p.  7,  Theorem  1.2. 
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if  El  and  £2  are  elements  of  E  then  a(£i)=a(£2);  cf.  D  4.2.  Then  P(£)  is  a 
composition  point.  This  follows  from  Theorems  14.11  and  14.8;  or,  it  may  be 
proved  directly. 

E  8.2.  Let  P  be  a  fixed  point  in  the  plane  and  i?  be  a  ray  with  initial  point 
P.  Let  I{n,  R)  be  I  —  P,  where  /  is  the  interval  on  R  with  endpoint  P  and 
length  1/w.  Let  £(/?)  =  (7(1,  R),  7(2,  R),  ■  ■  ■  ),  and  let  £  be  the  set  of  all 
£(7?)'s.  Let  Ri,  7?2,  7?3,  ■  -•  be  an  infinite  sequence  of  distinct  7?'s.  Let 
Fn  =  Iin,  R„)  +  I{n  +  \,  7?„^i)+  •  •  ■  ;  let  F=(£i,  £.,  £3,  ■  ■  ■  )•  Then  £  is  a 
point  element  but  does  not  intersect  any  element  of  £;  by  Theorem  8.1  7-*(£) 
does  not  intersect  £(£),  and  not  P{F)  <£(£).  Suppose  that  77  is  a  point  ele- 
ment and  H<E<H\  then  each  E{R„)  intersects  77,  and  £  intersects  77;  cf. 
D  4.4.  Since  IKE,  £  intersects  £,  and  we  have  a  contradiction.  Thus,  77 does 
not  exist,  and  £(£)  is  710I  a  composition  point. 

E  8.3.  If  E  contains  a  boundary  element  and  a  decomposition  point  ele- 
ment, P(£)  is  not  a  composition  point. 

D  8.5.  If  M  is  a  point  or  a  point  set  let  -(J7)  and  a{M)  denote,  respec- 
tively, all  composition  points  and  all  atomic  ideal  points  which  are  portions 
of  M  (cf.  D  7.4).  Let  £/>  denote  an  element  of  the  ideal  point  P. 

D  8.6.  A  degenerate  composition  point  is  one  which  has  degenerate  ele- 
ments. (Cf.  D  4.1.) 

Theorem  8.1.  Let  P  and  Q  be  ideal  points.  (1)  2(£p)GP,  a{Ep)^P,  and 
l,{Ep)OEp.  (2)  The  following  are  equivalent:  (a)  P  <Q;  (b)  2(£o)DS(£/>) ; 
(c)  a{EQ)Z)a{Ep).  (3)  The  following  are  equivalent:  (a)  P  intersects  Q; 
(b)  Ep  intersects  Eq\  (c)  a{Ep)a{EQ)  is  nonvacuous.  (4)  If  P  intersects  Q, 
P{a{Ep)  •«(£<?))  is  their  greatest  lower  bound  in  K(S). 

(Cf.  D  3.5  and  the  theorems  of  §7.) 

Theorem  8.2.  An  atomic  S-porlion  is  a  composition  point.  A  composition 
point  is  atomic  if  and  only  if  its  elements  contain  only  atomic  point  elements. 

Proof.  Let  £££/- and  Gea(£);  by  Theorem  7.2  £<£p.  Since  G<£<£p, 
P{G)<P{Ep)=P.  If  P  is  atomic,  P  =  P(G),  G^P,  and  £<£p<G;  since  G  is 
atomic,  so  is  £.  The  sufficiency  may  be  proved  by  similar  methods. 

Theorem  8.3.  Two  atomic  S-portions  do  not  intersect. 

Theorem  8.4.  .4  degenerate  S-porlion  is  atomic. 

The  latter  follows  from  Theorem  5.3.  Let  P  and  Q  be  atomic  points  which 
intersect  in  A'.  Then  X<P;  since  P  is  atomic,  P  =  X\  similarly,  Q  =  X. 

9.  Intersections  and  orderings  of  collections  of  points.  We  extend  the  con- 
cepts of  intersection  and  of  order  to  the  class  of  all  points  and  all  collections 
of  points.  Our  definitions,  methods,  and  results  are  similar  to  those  of  preced- 
ing sections.  We  introduce  the  concepts  of  the  summation  and  the  decomposi- 
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tion  of  points.  Example  E  9.2  gives  an  indication  of  the  complicated  relations 
that  may  hold  in  our  theory;  some  of  the  results  in  it  may  seem  paradoxical. 

D  9.0.  The  term,  a  real  point  is  to  mean  a  point  of  S.  Hereafter,  if  the 
term  point  is  used  without  any  explicit  or  implicit  qualifications,  it  may  mean 
a  real,  an  ideal,  or  a  frontier  point;  cf.  D  2.3. 

D  9.1.  If  a  real  point  or  a  frontier  point  intersectsC")  a  point  element 
which  belongs  to  an  element  of  an  5-portion,  the  point  and  the  5-portion  are 
said  to  intersect.  Two  5-portions  are  said  to  intersect  if  they  have  a  lower 
bound  in  the  system  of  ideal  points;  cf.  D  3.5.  If  a  point  intersects  one  of  a 
collection  of  points,  it  and  the  collection  are  said  to  intersect;  similarly  define 
the  intersection  of  two  collections. 

D  9.2.  Let  B  be  the  aggregate  whose  elements  are  the  points  and  the  col- 
lections of  points.  If  M  and  N  are  elements  of  B  and  each  ideal  point  that 
intersects  71/ also  intersects  N,  we  say  that  M  is  a  portion  of  N ,  or  that  M<N. 
Clearly,  this  relation  gives  a  quasi-partial  ordering  for  B.  The  formulation  of 
our  definition  is  similar  to  the  condition  of  Theorem  7.1.  By  Theorem  8.1 
K{S)  is  a  subsystem  of  B  (cf.  D  8.2  and  D  8.3). 

D  9.3.  If  P  is  a  point  and  M  is  a  collection  of  points,  P <M,  and  M<P, 
we  say  that  J"  is  a  summation  of  the  elements  of  Ai;  if,  in  addition,  no  two 
elements  of  M  intersect,  M  is  said  to  be  a  decomposition  of  P.  P{M)  means 
an  ideal  point  which  is  a  summation  of  the  elements  of  M. 

D  9.4.  If  il/ is  the  set  of  all  pointelements,  P(M)  is  the  maximal  S-portion. 
Clearly,  the  term  is  justified,  and  P{M)  is  the  summation  of  all  composition 
points.  It  follows  from  Theorems  8.3  and  5.5  that  the  set  of  all  atomic  ideal 
points  is  a  decomposition  of  P{M). 

Examples.  E  9.1.  Let  5  be  completely  regular  and  i?  be  a  perfectly  com- 
pact Hausdorff  space  which  is  an  immediate  extension  of  S.  Then  i?  is  a  de- 
composition of  the  maximal  5-portion;  cf.  Theorem  16.1.  Let  ilf  and  Nhe  the 
sets  of  all  decomposition  points  and  of  all  boundary  points,  respectively.  Then 
S<M  and  M<S;  however,  M  and  A'^  fail  to  intersect.  (Cf.  Theorem  5.2.) 

E  9.2.  Let  S  be  the  plane  and  M  be  the  set  of  all  points  of  S.  If  F  is  a 
closed  set,  let  E{F)  be  the  set  of  all  point  elements  X  such  that  each  element 
of  X  is  a  subset  of  F\  let  <2(^)  be  the  ideal  point  of  which  E{F)  is  an  element. 
Let  H  be  the  aggregate  of  all  Q{L)'s,  where  L  is  a  line;  and  let  K  be  the  set 
of  all  Q(C)'s,  where  C  is  the  circumference  of  a  circle  with  a  positive  radius. 
Since  no  point  of  5  is  isolated,  all  point  elements  in  E{C)  and  in  £(L)  are 
nondegenerate;  it  follows  from  D  4.1,  Theorem  5.1  and  D  7.1  that  E{C)  and 
£(L)  do  not  intersect;  by  Theorem  8.1  Q{C)  and  Q{L)  do  not  intersect;  by 
D  9.1  and  D  9.2  //and  K  do  not  intersect.  Hence,  neither  IKK  nor  K<H. 
If  P  is  a  real  point  common  to  C  and  L  it  follows  from  D  4.5  that  P  intersects 
elements  of  £(C)  and  £(/-) ;  it  may  be  shown  that  P  intersects  "%[€)  and  XiL). 

C«)Cf.D4.5.  (Q^)  (^^^^ 
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/O  Since  \{C)  intersects  L  but  does  not  intersect  x{L),  L  is  not  a  portion  of 

^^  y^L);  similarly,  C  is  not  a  portion  of  \iC),  and  M  is  a  portion  of  neither  H 

nor  K.  By  Theorem  10.3  £(-L)  contains  boundary  elements,  but  £(C)  does 

not;  it  follows  that  Q{C)<C,  but  not  Q{L)<L\  similarly,  K<M,  but  not 

H<M. 

Because  of  the  similarity  of  the  ideas  involved  in  §§7  and  9  we  can  prove 
theorems  analogous  to  those  of  §7  for  collections  of  points,  and  can  use  similar 
proofs.  We  giv^e  several  theorems  about  summations  and  decompositions. 

Theorem  9.1.  If  P  is  an  S-portion,  a{P)  is  a  decomposition  of  P,  and  P 
is  a  summation  of  2(P);  P  <a{P)  <S(P)  <P. 

(2)  //  M  is  a  collection  of  ideal  points,  there  exists  one  ideal  point,  P{M), 
which  is  the  summation  of  the  elements  of  M;  and  P{M)  is  the  least  upper  bound 
of  M  in  the  system  of  the  ideal  points. 

Proof.  By  D  8.5  2(i')Da(P)  and  each  element  of  2(P)  is  a  portion  of  P- 
By  the  analogue  of  Theorem  7.2  for  the  case  of  points,  a{P)  <'^{P)  <P- 
Let  X  and  1'  be  ideal  points  such  that  Y <X  and  Y<P.  By  Theorem  8.1 
a{Ep)  ■  a{Ex)Z^oc{EY) ■  If  PG«(-Er),  P  is  an  atomic  point  element;  by  Theo- 
rems 8.1  and  8.2  P(P)  is  atomic,  P(P)  <X,  and  P(P)  <P.  Hence  P{F)Ga{P), 
and  X  intersects  an  element  of  a{P).  By  D  9.2  P<a{P).  By  Theorem  8.3 
a{P)  is  a  decomposition  of  P.  This  completes  the  proof  of  (1). 

Consider  (2).  Let  E  be  the  sum  of  all  sets  «(£„),  where  m^M.  Then  E  is 
a  collection  of  point  elements;  let  P  =  P{E).  Since  EZ)Ci{Em),  by  Theorem  7.2 
OL{Em)  <£;  by  Theorem  7.3  and  D  8.2  m  <P;  by  the  analogue  of  Theorem  7.2 
for  the  case  of  points,  M<P.  By  Theorem  8.1  if  the  ideal  point  A  intersects  P 
then  Ea  intersects  E.  By  Theorems  7.3  and  7.1  Ea  intersects  an  element  of  E, 
X;  then  X  belongs  to  one  of  the  sets,  a{Em),  and  Ea  intersects  this  set;  by 
Theorem  8.1  A  intersects  m;  hy  D  9.2  P<M.  Let  the  ideal  point  Y  be  an 
upper  bound  of  the  elements  of  M.  Then,  for  m^M,  a:(£y)Da(£m)  (cf.  Theo- 
rem 8.1).  Then  a{EY)Z)EZ)a{E„).  By  Theorem  7.3  and  D  8.2  m<P<Y. 
Thus,  P  is  a  summation  of  the  elements  of  M  and  is  a  least  upper  bound  of 
them.  Since  the  system  of  ideal  points  is  partially  ordered,  P  is  unique. 

Theorem  9.2.  In  the  partially  ordered  system  of  ideal  points  each  collection 
M  which  has  a  lower  bound  has  one  greatest  lower  bound,  ^M',o,nd  ai^.v)  is  the 
product  of  all  the  sets  a{m),  where  m^M. 

Proof.  Let  Y  be  an  ideal  point  which  is  a  lower  bound  of  the  elements 
of  M\  K  be  the  product  of  all  the  sets  a(w) ;  0m  =  P{K)  ;  and  w GM.  If  XGa(  Y), 
then  X<  Y<m,  and  XGa(w);  thus  a{m)Oa{Y),  and  KDa{Y).  Let  the  ideal 
point  X  intersect  Y;  by  Theorem  9.1  Y<a{Y),  and  by  D  9.2  X  intersects 
an  element  of  a(F);  since  this  element  belongs  to  K,  it  follows  from  D  9.2 
that  Y<0M.  Similarly,  we  can  prove  that  0M<m.  By  Theorem  9.1  K  =  a{§it). 
We  have  established  the  conclusion. 
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10.  Accessibility  and  ends.  We  develop  a  theory  for  the  accessibility  of 
5-portions;  this  involves  an  extension  of  the  theory  of  §6,  where  we  deal  with 
point  elements.  The  discussion  and  the  examples  which  were  given  there  are 
appropriate  here.  The  ends  may  be  regarded  as  barriers  at  the  terminations 
of  the  corresponding  ways.  We  borrow  the  term  end  from  Caratheodory ;  in 
§5A  we  indicate  similarities  between  his  treatment  and  ours.  Theorem  11.3 
brings  out  a  dualism  of  the  theories  of  the  ends  and  of  the  5-neighborhoods; 
both  are  applied  in  the  topologization  of  our  ideal  points,  and  in  the  develop- 
ment of  this  topology.  The  concepts  of  the  present  section,  of  overlapping  and 
of  being  a  common  way,  are  analogous,  respectively,  to  those  of  intersecting 
and  of  being  a  common  portion;  this  may  be  seen  by  comparing  the  results  of 
Theorem  10.1  with  those  of  Theorems  5.1,  7.1,  7.4,  and  9.2. 

D  10.1.  If  M  is  a  set  of  real  points,  X  is  a  collection  of  point  elements, 
and  M  and  some  element  of  K  overlap("),  we  say  that  M  and  K  overlap; 
also,  P{K)  and  M  overlap;  if  P{K)  is  a  portion  of  the  real  or  the  frontier  point 
Q,  we  say  that  M  and  Q  overlap. 

D  10.2.  If  P  and  Q  are  points  and  each  5-portion  that  intersects  P  over- 
laps M  (and  intersects  Q),  we  say  that  P  is  an  end  of  M  {in  Q).  If  P  and  Q 
are  ideal  points,  E^P,  F^Q,  and  P  is  an  end  of  M  in  Q,  we  say  that  E  is  a 
way  to  P  (in  F  and  in  M)  (cf.  D  6.2).  Clearly,  the  latter  implies  that  P  <Q. 

Examples  and  comment.  Adopt  the  notation  of  E  4.1;  the  composition 
point  P{Eu)  is  an  end  of  the  point  set  en  in  the  point  P{En)  (cf.  also  E  6.2). 
Consider  E  9.2;  the  point  P{F)  may  be  characterized  as  the  summation  of  all 
composition  points  which  are  ends  of  F,  and  it  is  an  end  of  F;  E(F)^P{F), 
and  each  point  element  of  E{F)  consists  of  subsets  of  F;  Theorem  10.1  shows 
that  it  is  characteristic  of  an  end  of  a  closed  set  of  S  that  it  have  an  element  E 
such  that  any  point  element  which  belongs  to  E  consists  of  subsets  of  the 
closed  set.  Such  is  not  the  case  for  all  the  elements  of  an  end;  for,  consider 
E  4.3;  here  P{E)  is  an  end  of  the  x-axis,  but  no  element  of  £  is  a  subset  of  the 
X-axis.  If,  in  E  9.2,  we  let  C  and  L'  be  the  sums  of  all  the  £(C)'s  and  of  all 
the  E{L)'s,  respectively,  we  have  two  ways  in  S  which  have  no  common  way; 
the  ends  of  these  ways,  P{C')  and  P{L'),  do  not  intersect. 

If  ^  is  a  point  of  a  linear  interval  and  M  is  a  countable  sequence  of  points 
on  the  interval  which  converges  to  A,  according  to  our  theory  there  exist 
many  more  methods  of  approach  to  A  in  the  arc  than  there  exist  in  the  se- 
quence. The  end  of  the  arc  is  to  be  regarded  as  vastly  smaller  than  A,  but 
is  much  greater  than  the  end  of  the  sequence;  the  latter  is  capable  of  further 
subdivision.  Similar  interpretations  hold  for  the  other  examples. 

Theorem  10.1. 1,e/  M  be  a  closed  point  set  in  S  and  P  be  an  S-portion.  (1)  In 
order  that  there  exist  an  end  of  M  in  P,  it  is  necessary  and  sufficient  thai  M  and  P 
should  overlap.  (2)  Let  P  and  M  overlap,  G^P,  and  G{M)  be  the  collection  of  all 

(")  Cf.  D  6.1. 
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£(il/)'s('=),  where  E  is  a  point  element  which  belongs  to  G;letQ  be  the  ideal  point 
P{G{M)) ;  then  Q  is  the  maximal  end  of  M  in  P. 

Proof.  Let  the  ideal  point  A  be  an  end  of  M  in  P.  Since  A  intersects  itself, 
by  D  10.2  A  overlaps  M;  and  A  <P.  Since  A  overlaps  M,  there  exists  EaGA 
which  overlaps  M  (D  10.1).  Since  A<P,  by  Theorem  8.1  ^iEp)DEA;  by 
D  10.1  M  overlaps  each  of  -(Ep)  and  P.  The  necessity  of  the  condition  in  (1) 
follows. 

Conversely,  suppose  that  P  and  M  overlap;  by  D  10.1  there  exist  G^P 
and  a  point  element  X,  which  belongs  to  G,  such  that  X  overlaps  M;  by  Theo- 
rem 6.1  X{M)  is  a  point  element;  thus,  G{M)  and  Q  =  P{GiM))  exist.  Let  Z 
be  an  ideal  point  which  intersects  Q.  By  Theorem  8.1  Ez  intersects  G(M); 
by  D  7.1  there  exist  point  elements  Ei  and  E{M)  which  belong  to  Ez  and  to 
G{M),  respectively,  and  which  intersect.  Since  each  element  of  E{M)  is  a 
subset  of  M,  it  follows  by  D  4.4  that  each  element  of  Ei  has  points  in  common 
with  M.  By  D  6.1  and  D  10.1  M  overlaps  each  of  Ex,  Ez,  and  Z.  There  exists 
an  element  of  G,  E,  such  that  each  element  of  E{M)  is  a  subset  of  an  element 
of  E;  then  £i  intersects  E;  by  D  7.1  Ez  intersects  G;  by  Theorem  8.1  Z  inter- 
sects P.  Since,  also,  Z  overlaps  M,  Q  is  an  end  of  M  in  P  (cf.  D  10.2). 

Let  Gi  be  any  element  of  P,  whatever.  Since  each  element  of  E{M)  is  a 
subset  of  an  element  of  E,  it  follows  from  D  4.4  and  D  4.6  that  E(M)  <E;  by 
Theorem  7.2  G(.l/)  <G,  and  thus  G{iM)<Gi;  by  Theorem  7.1  £(.1/)  intersects 
an  element,  K,  of  d;  since  each  element  of  E{M)  is  a  subset  of  AI,  it  follows 
that  K  overlaps  M.  By  the  results  of  the  preceding  paragraph  it  follows  that 
Gi(-1/)  is  nonvacuous;  and,  if  Qi  =  PiGi{M)),  then  Qi  is  an  end  of  AI  in  P. 

Let  (3  be  an  end  of  AI  in  P,  and  Y  be  an  ideal  point  which  intersects  13. 
Then  P<P;  by  Theorem  8.1  a{G)^a(Eii),  and  K=a{Eg)-a{Ei-)  is  nonvacu- 
ous. Let  FeK;hy  Theorems  7.3  and  7.2  F<Eg;  by  D  8.2  P{F)  <j3;  by  D  10.2 
PiF)  overlaps  M;  by  the  result  of  the  preceding  paragraph,  F  overlaps  M; 
by  Theorem  6.1  F{A'I)  exists;  by  arguments  we  have  used  before,  F{Ar)<F 
<Eg<G.  By  D  7.2  F{AI)  intersects  an  element  E  of  G.  Since  each  element 
of  F{AI)  is  a  subset  of  AI,  it  follows  by  an  argument  we  used  in  the  next- 
to-the-last  paragraph  that  E{AI)  exists  and  F{AI)  and  £(.1/)  intersect.  Since 
(x{Ey)DK,  FEK,  and  F{AI)<F,  it  follows  by  Theorems  7.2  and  7.3  that 
FiM)<F<K<EY,  and  that  £(M)G2(£y).  Thus,  S(£r)  and  G(M)  inter- 
sect, since  their  respective  elements  F{AI)  and  E{AI)  intersect.  By  Theorem 
8.1  Y  and  Q  intersect.  Thus,  by  D  9.2  0<Q.  Since  j3  is  an  end  of  AI  in  P, 
Q  is  the  maximal  end  of  ^1/  in  P.  Since  Qi<Q,  and  Q<Qi,  Q=-Qi-  Thus,  Q  is 
independent  of  the  particular  element  G  of  P.  We  have  established  the  truth 
of  (2)  and  the  sufficiency  of  the  condition  in  (1). 

Theorem  10.2.  Let  AI  be  a  closed  point  set  in  S,  P  be  an  end  of  AI,  and  Q 


('■)  Cf.  Theorem  6.1.  For  example,  E{M)  is  the  set  of  all  products  e-  M,  where  e  ^E. 
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be  an  ideal  point  which  intersects  P\  there  exists  an  end  of  M  which  is  common 
to  P  and  Q.IfQ<P,Q  is  an  end  of  M. 

Theorem  10.3.  In  order  that  the  closed  point  set  in  S,  M,  be  perfectly  com- 
pact in  itself,  it  is  necessary  and  sufficient  that  no  boundary  point  be  an  end  of  M. 

Proof.  Suppose  that  M  is  not  perfectly  compact  in  itself;  there  exists  in  AI 
a  monotonic  collection  of  closed  point  sets,  K,  which  have  no  point  in  common 
(cf.  Moore,  (II)).  By  D  4.1,  K  is  a.  boundary  element.  By  Theorem  10.1, 
PiK)  is  an  end  of  M. 

Conversely,  let  M  be  perfectly  compact  in  itself,  and  £  be  a  boundary  ele- 
ment. Let  K  be  the  aggregate  of  all  products  e-M,  where  eG-E-  If  E  over- 
lapped M,  no  element  of  K  would  be  vacuous;  then  the  product  of  the  ele- 
ments of  K  would  be  nonvacuous  (cf.  Frechet,  (I),  p.  231).  Then  the  product 
of  the  elements  of  E  would  be  nonvacuous;  by  D  4.1  this  is  impossible.  Since  E 
does  not  overlap  AI,  there  exists  no  end  of  AI  in  P(£)  (cf.  Theorem  10.1) 

Theorem  10.4.  //  the  point  set  M  of  S  is  perfectly  compact  in  itself  and  P 
is  a  point  and  a  limit  point  of  AI,  there  exists  a  composition  point  which  is  an 
end  of  AI  in  P. 

Proof.  If  i?  is  a  neighborhood  of  P  relative  to  AI,  let  e(/?)  =  R.u  —  P.  Let  E 
be  the  aggregate  of  all  the  e(/?)'s.  Since  Af  is  a  closed  point  set  in  S,  Rm  is 
closed  in  5,  and  e{R)  is  closed  in  S  —  P.  Let  U  be  an  open  set  in  5  which  con- 
tains P;  then  U-  M  is  a.  neighborhood  of  P  relative  to  AI.  AI  may  be  regarded 
as  a  regular  subspace  of  S  (cf.  Alexandroff  and  Hopf,  p.  89,  Theorem  IX). 
It  follows  that  U-Ai  and  U  contain  an  element  of  E.  If  we  let  P=a{E), 
E  satisfies  condition  (4)  of  D  4.1.  It  may  readily  be  verified  that  E  satisfies 
the  remaining  conditions.  Thus,  £  is  a  point  element,  and  Q  =  P{E)  is  a  com- 
position point.  By  Theorem  10.1  Q  is  an  end  of  AI. 

Let  the  ideal  point  X  intersect  Q;hyD  10.2  X  overlaps  AI.  By  Theorem 
8.1  Ex  intersects  E;  by  D  7.1  there  exists  a  point  element,  F,  which  belongs 
to  Ex  and  intersects  E.  Since  each  5-neighborhood  of  P  contains  an  element 
of  E,  and  each  element  of  F  has  points  in  common  with  each  element  of  E,  it 
follows  that  Fand  P  intersect;  cf.  D  4.5.  By  D  9.1  X  intersects  P;  by  D  10.2 
Q  is  an  end  of  AI  in  P. 

11.  The  5-neighborhoods.  These  are  applied  in  the  topologization  of  our 
ideal  points.  The  condition  of  "being  separated  by  5-neighborhoods"  of  D  1 1 .2 
is  analogous  to  the  separations  which  are  involved  in  Hausdorff's  Axiom  D 
and  in  the  definition  of  normality;  it  finds  analogous  applications;  cf.  Theo- 
rem 11.5.  The  end  theory  of  the  preceding  section  is  closely  related  to  the 
5-neighborhood  theory ;  duality  of  the  two  is  brought  out  in  Theorem  1 1 .3.  An 
important  characterization  of  the  atomic  points  is  given  in  Theorem  11.7. 

D  1 1.1.  An  open  set  in  S,  D,  is  called  an  S-neighborhood  of  AI  if  one  of  the 
following  conditions  holds:  (1)  AI  is  a  point  or  a  subset  of  D;  (2)  AI  is  a  point 
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element  and  D  contains  an  element  of  M\  (3)  M  is  an  ideal  point,  a  collection 
of  points,  or  an  aggregate  of  point  elements,  and  D  is  an  5-neighborhood  of 
each  element  of  M.  Thus,  to  see  whether  D  is  an  5-neighborhood  of  the  5-por- 
tion  P,  first  apply  (2)  for  each  point  element  which  belongs  to  some  element 
of  P,  then  apply  (3)  for  each  element  of  P;  then  apply  (3)  for  P.  (Cf.  D  2.3.) 
D  11.2.  If  U  and  V  are  mutually  exclusive  open  sets  in  5  which  are 
5-neighborhoods  of  M  and  of  N,  respectively,  we  say  that  they  separate  M 
and  N  {relative  to  S). 

Theorem  11.1.  If  K  is  an  S-portion  or  a  collection  of  point  elements,  and  D 
is  an  open  set  in  S,  then  D  is  an  S-neighborhood  of  K  if  and  only  if  K  and  S  —  D 
do  not  overlap. 

Proof.  Let  D  be  an  S-neighborhood  of  the  5-portion  P,  E^P,  and  XG£. 
By  D  11.1  2)  is  an  5-neighborhood  of  X  and  of  E;  and  there  exists  /SGX  such 
that  DDfi.  Then  )3-  (S-D)  is  vacuous;  by  D  6.1,  Theorem  10.1,  and  D  10.1, 
neither  X,  E,  nor  P  overlaps  M.  The  converse  may  be  established  by  reversing 
this  argument. 

Theorem  11.2.  If  E  is  an  element  of  the  ideal  point  P,  then  E  and  P  have 
the  same  S -neighborhoods. 

Proof.  Let  D  be  an  open  set  in  5.  By  Theorem  10.1  if  some  element  of  P 
overlaps  S  —  D,  so  does  every  other  element.  The  conclusion  follows  from 
Theorem  11.1  and  D  11.1. 

Theorem  11.3.  Let  D  be  an  open  set  in  S  and  P  be  an  ideal  point.  (1)  In 
order  that  D  be  an  S-neighborhood  of  P  it  is  necessary  and  sufficient  that  S  —  D 
have  no  end  in  P;  (2)  in  order  that  P  be  an  end  of  S  —  D  it  is  necessary  and  suffi- 
cient that  D  fail  to  be  an  S-neighborhood  of  any  portion  of  P. 

Proof.  If  D  is  an  5-neighborhood  of  P,  by  Theorem  11.1  P  does  not 
overlap  S  —  D.  By  Theorem  10.1,  S  —  D  has  no  end  in  P.  A  similar  argument 
proves  the  converse. 

Let  P  be  an  end  oi  S  —  D  and  X  be  a  portion  of  P.  Since  X  intersects  P, 
by  D  10.2  X  overlaps  5  — £>;  by  Theorem  11.1  D  is  not  an  5-neighborhood 
of  X.  Conversely,  suppose  that  D  is  not  an  5-neighborhood  of  any  portion  of 
P.  Let  Z  be  an  ideal  point  which  intersects  P.  By  Theorem  8.1  P{a{Ep)  -aiEz)) 
is  a  lower  bound  of  P  and  Z.  By  our  hypothesis  and  Theorem  11.1  S  —  D 
overlaps  P{a{Ep)-a{Ez));  by  Theorem  10.1  and  D  10.1  S-D  overlaps 
a{Ep)a{Ez),  a{Ez),  and  Z.  By  D  10.2  P  is  an  end  of  S-D. 

Theorem  11.4.  Let  D  be  an  S-neighborhood  of  the  ideal  point  X,  atid  P  be 
a  non-isolated  point  of  D ;  then  D  —  P  is  an  S-neighborhood  of  X. 

Proof.  If  £  is  a  point  element  which  belongs  to  an  element  of  X,  by  D  11.1 
there  exists  eiG£  such  that  DZ)ei.  If  a{E)=P,  it  follows  from  the  fact  that  P 
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is  non-isolated  that  S-PDei  (cf.  D  4.1  and  D  4.2).  If  a{E)7^P  there  exist 
elements  of  £,  e^  and  e,  such  that  S  —  PZ^d  and  ei -621)6  (cf.  D  4.1).  Then 
D-PDe.  By  D  11.1  D-P  is  an  5-neighborhood  of  E  and  of  X. 

Theorem  11.5.  In  order  that  a  real  or  a  frontier  point  should  fail  to  intersect 
a  composition  point,  it  is  necessary  and  sufficient  that  the  two  points  be  separated 
by  a  pair  of  their  respective  S-neighborhoods . 

Proof.  Let  the  real  point  P  be  separated  from  the  composition  point  Q 
by  U  and  V.  Then  by  D  11.1  1^  is  an  5-neighborhood  of  any  point  element 
which  belongs  to  an  element  of  Q;  by  D  4.5  and  D  9.1  P  intersects  neither 
the  point  element  nor  Q.  Conversely,  suppose  that  P  and  Q  do  not  intersect, 
and  let  the  point  element  E  be  an  element  of  Q.  By  D  9.1  P  and  E  do  not  in- 
tersect; by  D  4.5  P  and  E  can  be  separated  by  a  pair  of  their  respective 
5-neighborhoods,  U  and  V;  by  Theorem  11.2  P^  is  an  5-neighborhood  of  the 
point  Q. 

Theorem  11.6.  //  each  of  M  and  N  is  an  ideal  point  or  a  collection  of  ideal 
points  and  M  <N,  then  each  S-neighborhood  of  N  is  an  S-neighborhood  of  M. 

Proof.  Suppose  that  D  is  an  5-neighborhood  of  N  but  not  of  M;  there 
exists  P^M  such  that  D  is  not  an  5-neighborhood  of  P.  By  Theorem  11.3 
S  —  D  has  an  end  in  P,  say  Q;  then  Q<P.  Since  Q  intersects  P  and  M<N,  by 
D  9.2  Q  intersects  an  element  Z  of  A'^;  let  /3  be  a  lower  bound  of  Q  and  Z.  If 
XG/3,  2(£z)DX  and  2(£z)  GZ  (cf.  Theorem  8.1).  Since  ZEN,  D  is  an  5-neigh- 
borhood of  Z,  of  w(£z)  and  of  X  (cf.  D  11.1).  Since  X  is  an  arbitrary  element  of 
/3,  D  is  an  5-neighborhood  of /3;  since  13  <Q,  by  Theorem  11.3,  (2),  we  are  in- 
volved in  a  contradiction.  Thus,  D  does  not  exist. 

Theorem  l\.7.  An  S- port  ion  P  is  atomic  if  and  only  if  it  satisfies  the  follow- 
ing condition :  If  the  sum  of  a  finite  number  of  open  sets  in  5  is  an  S-neighborhood 
of  P,  at  least  one  of  them  is  an  S-neighborhood  of  P. 

If  P  is  nondegenerate,  the  following  is  an  equivalent  condition  :  //  M  and  N 
are  closed  point  sets  in  5  and  have  at  most  a  finite  number  of  common  points, 
then  P  is  not  an  end  of  both  M  and  N. 

Proof.  Let  Di  and  D2  be  open  sets  whose  sum  D  is  an  5-neighborhood  of  P. 
Let  S  —  Di  =  Ml  and  S  —  Di=M2.  Suppose  that  neither  Di  nor  Z^j  is  an  5-neigh- 
borhood of  P;  by  Theorem  11.3  Mi  and  M^  have  ends  in  P.  If  P  is  atomic, 
these  ends  are  P.  Let  £  be  a  point  element  such  that  £GP-  There  exists  eG^ 
such  that  DZ^e.  By  Theorems  6.1  and  10.1  E{Mi)  and  E{Mi)  are  point  ele- 
ments and  are  elements  of  P.  Then  eMiG£(Mi)  and  e-MiEEiMi).  Since 
any  two  elements  of  P  intersect,  by  D  4.4  {e-  M{)-  {e-  M2)  is  nonvacuous. 
Since  D^e  and  Mi-  M2  =  S  —  D,  we  have  a  contradiction.  Thus,  the  condition 
is  necessary. 

Suppose  that  P  is  not  atomic  and  D  is  an  5-neighborhood  of  P.  By  Theo- 
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rems  8.1,  8.2,  and  8.3  there  exist  two  atomic  point  elements,  E  and  F,  which 
belong  to  a{Ep)  but  do  not  intersect.  By  D  4.4  and  D  11.1  there  exist  eG£ 
and /E/^ such  that  DDe+Jand  e/is  vacuous.  Let  Z)i  =  D  — eand  Di,  =  D—j. 
Since  Dx  does  not  contain  e,  it  is  not  an  5-neighborhood  of  £  or  of  P ;  similarly, 
Aisnot  an  5-neighborhood  of  P.  By  D  4.1  and  D  4.2  \l a{E)7^a{F),  then  e/ 
is  vacuous  and  Dx-^D2  =  D.  By  D  4.1  if  a{E)=a{F),  then  e+a(P)  =  e, 
f+a{F)=f,  and  e-f  =  a{F);  since  ef  is  vacuous,  a{F)  is  non-isolated.  Then 
Di-\-Di  —  D—a{F),  and  by  Theorem  11.4  this  sum  is  an  5-neighborhood  of  P. 
Thus,  the  condition  is  sufficient. 

Chapter  II.  Topological  properties  of  the  ideal  points 

In  the  first  chapter  we  considered  intersection  and  order;  our  treatment 
now  requires  the  introduction  of  relations  which  involve  continuity.  In  §12 
we  introduce  a  topology  with  the  help  of  the  5-neighborhoods.  As  a  suggestion 
of  problems  we  shall  consider  and  of  methods  we  shall  use,  we  refer  the  reader 
to  Alexandroft"  and  Hopf,  loc.  cit.,  pp.  95-98;  note  particularly  Theorem  VIII. 
In  this  theorem  they  consider  a  perfectly  compact  HausdorfT  space  X,  a  de- 
composition 22^  of  X  into  mutually  exclusive  closed  point  sets,  and  a  map- 
ping 3'=a(A-)  of  X  into  a  space  Fsuch  that  a{xi)=a{x2)  if  and  only  if  :ei  and  X2 
are  elements  of  the  same  element  of  the  decomposition.  They  develop  equiva- 
lent conditions,  which  include:  (1)  the  transformation  is  continuous  and  F  is 
a  perfectly  compact  Hausdorff  space;  (2)  the  transformation  is  continuous, 
and  F  is  a  Hausdorff  space;  (3)  the  decomposition  is  upper  semi-continuous. 

In  our  Theorems  15.3,  15.4  and  15.5  we  obtain  extensive  generalizations 
of  the  results  of  these  authors.  These  results  involve  properties  which  restrict 
our  attention  to  a  special  class  of  the  ^-portions,  the  amalgamation  points. 
In  §14  we  develop  a  geometric  theory  of  these  points  in  which  the  amalgama- 
tion points  have  properties  similar  to  those  of  the  perfectly  compact  point 
sets  in  Alexandroff  and  Hopf's  treatment.  In  Theorem  15.5  this  analogy  is 
strengthened  by  a  kind  of  representation  theory  C)  in  which  the  amalgamation 
points  are  identified  with  certain  perfectly  compact  collections  of  amalgama- 
tion points,  to  which  AlexandrofT  and  Hopf's  results  may  be  applied.  Corre- 
sponding to  the  set-theoretic  treatment  of  upper  semi-continuity  of  these 
authors  our  treatment  requires  the  introduction  of  a  geometric  upper  semi- 
continuity  theory;  cf.  D  15.1.  The  latter  part  of  the  paper  is  devoted  to  the 
application  of  the  basic  theorems  of  §15. 

In  §13  we  give  characterizations  of  various  types  of  regular  and  normal 
spaces  in  terms  of  the  regular  composition  points.  In  §§16  and  17  we  find  that 
these  characterizations  prove  useful  in  applying  the  results  of  §15.  Such  ap- 
plications are  particularly  simple  and  e.xtensive  for  the  case  of  the  semi-com- 
pletely  normal  spaces,  which  we  introduce  in  §13.  For  them  the  development 


(")  Cf.  Birkhoff,  p.  76.  Our  representations  involve  not  merely  order  but  also  continuity. 
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of  Chapter  II  has  a  completeness  that  is  attained  for  more  general  spaces  only 
in  Chapter  III. 

12.  The  topology  of  our  points.  We  first  give  the  following  definition. 

D12.1.  If  P  is  a  point  and  M  is  a  point  set,  and  each  5-neighborhood 
of  P  is  an  5-neighborhood  of  infinitely  many  elements  of  il/,  then  P  is  a  limit 
point  of  M.  Similarly,  if  P  and  M  are  a  point  element  and  a  collection  of  point 
elements,  respectively,  P  is  called  a  limit  element  of  M. 

Theorem  12.1.  The  space  T{M),  which  is  obtained  by  topologizlng  M  by 
D  12.1  is  a  space  H  Frechet.  Let  U  be  an  open  set  in  S  and  let  the  symbol  U{M) 
denote  any  nonvacuous  subset  of  M  consisting  of  all  elements  of  M,  with  the  possi- 
ble exception  of  a  finite  mimber,  of  which  U  is  an  S-neighborhood.  The  collection 
of  all  such  U{Mys  may  be  taken  as  a  system  of  neighborhoods  for  defining  limit 
points  in  T{M). 

If  P  is  the  point  and  A^  is  a  subset  of  M,  clearly  P  is  a  limit  of  N  according 
to  D  12.1  if  and  only  if  each  U{i\I)  that  contains  P  contains  points  of  N  dis- 
tinct from  P.  By  Frechet,  (I),  pp.  185-186,  T{M)  is  a  space  H. 

Theorem  12.2.  If  the  composition  point  P  neither  intersects  nor  is  a  limit 
point  of  the  set  M  of  composition  points,  there  exists  an  S-neighborhood  of  P 
which  is  not  an  S-neighborhood  of  any  element  of  M. 

Proof.  P  has  an  5-neighborhood  D,  which  is  an  5-neighborhood  of  at  most 
a  finite  number  of  elements  of  AI,  Xi,  Xo,  •  •  •  ,  X„,.  Let  E  and  Fi  be  point 
elements  which  are  elements  of  P  and  of  Xi,  respectively.  There  e.xist  ei^E 
and /iGPi  such  that  Ci/,-  is  vacuous.  By  D  4.1  there  exists  e^E  such  that 
ei-e2e3  ■  ■  ■  e^De.  Let  U  =  {S —]\)  ■  {S —fi)  ■  ■  ■  (5— /,„).  Then  UZ)e  and  L'' is 
an  5-neighborhood  of  E  and  of  P;  but  U  is  not  an  5-neighborhood  of  P,  or 
of  Xi.  Then  D  ■  U  satisfies  the  conclusion. 

Theorem  12.3.  In  order  that  a  composition  point  be  a  limit  point  of  a  closed 
set  of  5,  it  is  necessary  and  sufficient  that  the  point  be  nondegenerate  and  contain 
an  end  of  the  set. 

Proof.  Let  AI  be  the  set,  P  be  a  point  which  satisfies  the  condition,  and  E 
be  a  point  element  which  is  an  element  of  P.  By  Theorem  10.1  P  and  E  over- 
lap M;  by  D  6.1  each  element  of  E  contains  points  of  M.  By  the  hypothesis 
and  D  8.6  E  is  nondegenerate;  by  D  4.1  no  point  of  M  is  common  to  all  ele- 
ments of  £;  thus,  each  of  these  elements  contains  infinitely  many  points  of  M; 
by  D  11.1  each  5-neighborhood  of  P  contains  an  element  of  E.  Thus,  P  is  a 
limit  point  of  M. 

If  there  exists  no  end  of  M  in  P,  by  Theorem  11.3  5—^1/  is  an  5-neighbor- 
hood of  P.  Then  P  is  not  a  limit  point  of  M.  If  P  is  degenerate  by  D  8.6  and 
D  4.1  a{E)  is  an  isolated  point  of  5;  then  a{E)  is  an  5-neighborhood  of  E 
and  of  P,  and  P  is  not  a  limit  point  of  M. 
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D  12.2.  If  M  is  a  collection  of  point  elements,  let  a{M)  be  the  collection 
of  all  real  points  which  are  attached  to  elements  of  M  (cf.  D  4.2).  If  Af  is  a 
real  point  or  a  frontier  point,  let  a{M)  be  M  or  the  null  set,  respectively.  If  E 
is  a  set  of  points,  or  is  an  ideal  point,  let  a{M)  be  the  sum  of  all  sets  a{m), 
where  m^M.  The  concept  a{M)  is  applied  in  the  definition  of  regularity  (cf. 
D  13.1).  In  Example  E  9.2,  a{Q{F))  =  F.  The  method  of  the  definition  involves 
an  induction  similar  to  that  of  D  11.1. 

Theorem  12.4.  Let  P  and  Q  be  ideal  points,  P <Q,  E^P,  and  D  be  an 
S-neighborhood  of  P.  Then  a{Q)Da{P),  a(P)=a(£),  and  DsDaiP). 

Proof.  By  D  8.2  if  FEQ,  E<F.U  X^a{E),  there  exists  XGfi  such  that 
o(X)  =X.  By  Theorem  7.1  there  exists  5 G-/^  such  that  X  intersects  6;  by  Theo- 
rem 5.1  a(}.)=a{b).  Thus,  a{F)Z)a{E).  Since  a{Q)=J2aiF),  for  F^Q,  and 
a{P)  =Y.a{E),  for  EEP,  it  follows  that  a{Q) Da{P).  UP  =  Q,  then  E<F,  and 
F<E;  then  a{E)'Z)(i(,F),  and  a(f)Da(£);  thus,  a{E)=a{F);  since  Fis  any  ele- 
ment of  (2  =  P,  a{E)=a{P).  By  D  11.1  D  is  an  5-neighborhood  of  XG^GP. 
If  XGS-Ds,  by  D  4.1  and  D  12.2  X  is  not  an  element  of  a(X),  of  a{E),  or 
of  a(P). 

13.  Regular  points  and  normal  spaces.  Since  we  deal  extensi\ely  with  per- 
fectly compact  Hausdorff  spaces  of  our  ideal  points,  we  find  need  of  the  con- 
cept "the  regularity  relative  to  S  of  an  ideal  point."  In  terms  of  this  concept 
we  characterize  various  types  of  regular  and  of  normal  spaces  (Theorems  13.1 
to  13.3).  These  characterizations  are  of  interest,  since  the  regularity  of  a 
HausdorfT  space  does  not  imply  its  normality.  These  characterizations  yield 
methods  for  applications  of  the  decomposition  and  mapping  theory  of  §15; 
the  most  extensive  i-esults  are  given  for  the  semi-completely  normal  spaces, 
which  we  introduce  in  this  section.  Normality  proves  to  be  a  weaker  condition 
than  semi-complete  normality;  and  the  latter  is  weaker  than  complete  nor- 
mality. In  Theorem  13.7  we  show  that  regular  real  or  frontier  points  may  be 
replaced  by  regular  composition  points  in  questions  which  involve  either  con- 
tinuity or  order.  This  procedure  gives  a  basis  for  applying  our  theory  to  ques- 
tions concerning  the  embedding  of  5  in  other  spaces,  and  to  those  involving 
mappings  of  5.  In  general  our  methods  do  not  require  the  regularity  or  the 
normality  of  the  basic  space;  they  are  applicable  locally,  so  long  as  they  deal 
with  regular  ideal  points.  For  instance,  we  are  in  a  position  to  study  an  infini- 
tesimal regular  portion  of  an  irregular  point.  For  the  plane  all  composition 
points  are  regular. 

D  13.1.  A  point  P  is  regular  (relative  to  S)  provided  that  if  D  is  an  5-neigh- 
borhood  of  P  there  exists  an  5-neighborhood  of  P,  R,  such  that  D+a{P)Z)Rs 
(cf.  D  12.2  and  Alexandroff  and  Hopf,  p.  68). 

D  13.2.  5  is  said  to  be  semi-completely  normal  provided  that  if  P  is  a  point 
of  5,  then  the  subspace  of  S,  S  —  P,  is  normal. 

Clearly  each  completely  normal  space  has  this  property ;  the  plane  is  an 
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example.  In  Theorem  13.4  we  show  that  each  semi-completely  normal  space 
is  normal;  an  example  by  Tietze  shows  that  the  converse  is  not  true  (loc.  cit., 
pp.  304-306).  An  example  by  F.  B.  Jones  shows  that  if  the  hypothesis  of  the 
continimm  is  valid,  then  there  exists  a  semi-completely  normal  space  which  is 
not  completely  normal.  He  has  constructed  a  space  which  is  normal  (loc.  cit., 
pp.  673-675).  On  page  674  he  has  a  point  set  N,  which  is  uncountable  and 
contains  no  limit  point  of  itself.  By  his  Theorem  4  and  the  continuum  hy- 
pothesis S  is  not  completely  normal.  It  is  obvious  from  his  construction  of  5 
that  if  P  is  a  point  of  5  then  5  — P  is  normal. 

Theorem  13.1.  (1)  In  order  that  a  point  of  S  be  regular,  it  is  necessary  and 
sufficient  that  it  intersect  no  boundary  point.  (2)  An  irregular  point  of  S  inter- 
sects an  irregular  boundary  point. 

Thus,  a  regular  space  is  characterized  by  the  property  that  it  be  a  Haus- 
dorff  space  and  that  none  of  its  points  intersect  a  boundary  point. 

Proof.  Let  P  be  irregular,  and  U  be  an  open  set  containing  P  such  that 
if  R  is  an  5-neighborhood  of  P,  then  R-  (5—  U)  is  nonvacuous.  If  M=  U  —  U 
were  perfectly  compact,  it  would  be  possible  to  separate  P  and  M  by  a  pair 
of  open  sets,  U\  and  Ui{^'^);  then  U-  Ui  is  an  open  set  which  contains  P  and 
is  a  subset  of  U;  the  closure  of  this  set  is  a  subset  of  U,  since  it  contains  no 
point  of  Ui  and  Ui'DM.  Thus  we  are  involved  in  a  contradiction;  it  follows 
that  there  exists  a  collection  of  open  sets,  G,  which  covers  M  such  that  no 
finite  subcollection  of  G  covers  M  (cf.  Kuratowski  and  Sierpinski,  loc.  cit.). 
For  XGM  let  U{X)  and  W{X)  be  a  definite  pair  of  mutually  exclusive  open 
sets  which  contain  X  and  P,  respectively,  such  that  U{X)  is  a  subset  of  some 
element  of  G.  Clearly,  no  finite  collection  of  the  U{X)'s  covers  M.  Let  D  de- 
note the  sum  of  a  finite  collection  of  the  L''(A')'s,  F=M—M-D,  and  E  be  the 
set  of  all  F's.  It  follows  that  £  is  a  boundary  element;  let  it  be  an  element  of 
the  boundary  point  /3.  Suppose  that  j3  is  regular;  by  Theorem  11.4  5  — P  is  an 
5-neighborhood  of  /S;  since  a(/3)  is  vacuous,  by  D  13.1  there  exists  an  5- 
neighborhood  of  /3,  I',  such  that  S  —  PZ)V;  then  S—V  is  an  open  set  con- 
taining P.  Since  V  contains  an  element  of  E,  M  —  M-V  can  be  covered  by 
a  finite  collection  of  the  U{X)'s,  say  U{X{),  U{Xi),  ■  •  ■  ,  f/(X„).  The 
sum  of  V  and  this  finite  collection  is  an  open  set  which  contains  M.  Let 
b=U-{S-V)-W{Xi)  ■  ■  ■_I^(X„).  Then  6  is  an  open  set  which  contains  P, 
6  •  Af  is  vacuous,  and  UZ)  5.  Thus,  the  supposition  that  (3  is  regular  involves  a 
contradiction.  Suppose  that  P  and  (3  did  not  intersect;  then  by  Theorem  11.5 
/3  and  P  can  be  separated  by  a  pair  of  their  respective  5-neighborhoods,  V 
and  Wu  by  Theorem  11.2  and  D  11.1  V  contains  an  element  of  E;  since  V 
does  not  contain  P  we  arrive  at  a  contradiction  as  we  did  above.  Thus,  we 
have  established  the  truth  of  (2)  and  the  sufficiency  of  the  condition  in  (1). 

(")  Follow  the  proof  of  Theorem  IX,  p.  89,  Alexandroff  and  Hopf. 
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Let  P  be  regular,  £  be  a  boundary  element,  and  P  =  P{E).  By  D  4.1  there 
exists  eG-E  such  that  P^S  —  e.  Since  e  is  closed  in  5,  there  exists  an  open 
set  U,  containing  P  such  that  S  —  eZ)U.  By  D  11.1  and  Theorem  11.2  S—U 
is  an  5-neighborhood  of  E  and  of  j3.  By  Theorem  11.5  P  and  ^  do  not  inter- 
sect. Thus,  the  condition  is  necessary. 

Theorem  13.2.  A  Hausdorff  space  is  normal  if  and  only  if  each  of  its  bound- 
ary points  is  regular. 

Proof.  Let  S  be  normal,  £  be  a  boundary  element,  and  D  be  an  5-neighbor- 
hood  of  the  boundary  point  P{E).  By  D  11.1  there  exists  eG-E  such  that 
DZ)e.  Since  S  —  D  and  e  are  closed  and  mutually  exclusive,  they  can  be  sepa- 
rated by  a  pair  of  mutually  exclusive  open  sets  U  and  1'.  Since  VZ)e,  by 
Theorem  11.2  F  is  an  5-neighborhood  of  P(£);  also  PDF. 

Conversely,  let  the  condition  hold  in  S  and  AI  and  N  be  mutually  exclu- 
sive closed  sets.  By  Theorem  13.1  each  point  of  5  is  regular.  For  P^M  let 
D{P)  be  an  open  set  which  contains  P  such  that  ND{P)  is  vacuous.  Let  D 
denote  any  open  set  which  is  the  sum  of  a  finite  number  of  the  D(P)'s;  and 
let  E  be  the  aggregate  of  all  the  sets  AI—  MD.  If  one  of  the  D's  contains  AI, 
the  complement  of  its  closure  contains  N;  if  not,  £  is  a  boundary  element. 
Since  S  —  NZ)AI,  5  — iVis  an  5-neighborhood  of  P(£);  by  our  condition  there 
exists  an  5-neighborhood  of  P(£),  U,  such  that  S  —  NZ^U;  then  C/ contains  an 
element  of  £,  and  there  exists  a  D  such  that  UZ)AI—AID.  Then  D+UZ)AI, 
and  N -{D+U)  is  vacuous.  Thus,  the  complement  of  D-\-U  is  an  open  set 
which  contains  A',  and  the  condition  is  sufficient. 

Theorem  13.3.  A  Hausdorff  space  is  semi-completely  normal  if  and  only  if 
each  of  its  composition  points  is  regular. 

Proof.  Let  5  be  semi-completely  normal,  ^  be  a  composition  point,  and  £ 
be  a  point  element  which  is  an  element  of  (3.  If  fi  is  degenerate,  then  a(l3)  is 
an  isolated  point  of  S  and  is  an  5-neighborhood  of  /3;  then  (3  is  regular  (cf. 
D  8.6  and  D  4.1).  If  a{0)  is  a  non-isolated  point  of  5,  then  by  D  13.2  the  sub- 
space  5  — a(|8)  of  5  is  normal;  then  /3  is  a  boundary  point  of  this  subspace;  by 
Theorem  13.2  /3  is  a  regular  boundary  point  of  this  subspace.  It  follows  with 
the  help  of  Theorem  11.4  that  /S  is  a  regular  decomposition  point  of  5.  If  /3 
is  a  boundary  point  of  5  let  £  be  a  point  element,  EEi0;  let  P  be  a  point  of  5; 
and  let  F  be  the  collection  of  all  elements  of  £  which  do  not  contain  P;  it 
follows  that  P  is  a  boundary  element  of  5  and  of  S  —  P;  also,  in  5,  F<E, 
E<F,  and  PG/3;  by  the  argument  we  used  above  it  follows  that  F  is  an  ele- 
ment of  a  regular  boundary  point  of  5  — P;  and,  hence,  that  /3  is  regular  rela- 
tive to  5. 

Conversely,  let  all  composition  points  of  5  be  regular  and  let  P  be  a  point 
of  5.  By  Theorem  13.2  5  is  normal  and  S  —  P  is  regular.  Methods  analogous 
to  those  used  for  Theorem  13.2  show  that  5  — P  is  normal;  by  D  13.2  5  is 
semi-completely  normal. 
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Theorem  13.4.  A  semi-completely  normal  space  is  normal. 

By  Theorem  13.3  all  the  boundary  points  are  regular;  the  conclusion  fol- 
lows from  Theorem  13.2. 

Theorem  13.5.  //  F  is  a  finite  point  set  in  a  semi-completely  normal  space  S, 
then  S—F  is  semi-completely  normal. 

This  may  be  proved  with  the  help  of  Theorem  13.3  and  the  methods  used 
in  establishing  that  theorem. 

Theorem  13.6.  Let  a  regular  point  P  be  added  to  S  so  that  the  space  S-\-P 
is  a  Hausdorff  space.  If  S  is  normal,  so  is  5+P;  in  order  that  S-\-P  be  semi- 
completely  normal,  it  is  necessary  and  sufficient  that  S  have  the  same  property. 

Thus  a  semi-completely  normal  space  is  characterized  by  the  following 
property:  If  we  either  add  or  remove  a  finite  number  of  regular  points,  or  do 
both,  and  the  result  is  a  Hausdorff  space,  it  is  normal. 

Proof.  Let  Q  be  a  boundary  point  of  the  space  S-\-P.  Since  P  is  a  regular 
point,  by  Theorem  13.1  Q  and  P  do  not  intersect  relative  to  S-\-P;  by  Theo- 
rem 11.5  there  exist  in  S-\-P  mutually  exclusive  open  sets  U  and  V  which 
are  (54-P)-neighborhoods  of  Q  and  P,  respectively.  Let  £  be  a  point  ele- 
ment of  S-\-P  such  that  no  element  of  E  contains  P  and  that  E^Q;  then  E 
is  a  point  element  of  5.  Since  5  is  normal  and  U  is  also  an  5-neighborhood 
of  E,  it  follows  from  Theorem  13.2  that  there  exists  an  5-neighborhood  of  E, 
W,  such  that  UZ^W.  Since  the  closures  of  W^  in  5  and  in  5+P  are  identical, 
it  follows  that  ()  is  a  regular  boundary  point  of  S-\-P.  By  Theorem  13.2  S-\-P 
is  normal. 

Theorem  13.7.  Let  P  be  a  real,  a  frontier,  or  a  composition  point  which  is 
regular;  if  a{P)  is  a  non-isolated  point  of  S,  let  F(P)  be  the  aggregate  of  all  sets, 
Ds  —  a{P),  where  D  is  an  S-neighborhood  of  P;  otherwise,  let  F{P)  be  the  set  of 
all  the  Ds's.  Let  Q{P)  be  the  composition  point  of  which  F{P)  is  an  element. 
Then  (1)  a{P)=a{Q{P)),  P  <Q{P),  and  Q{P)  <P;  (2)  if  P  is  a  limit  point  of  a 
point  set,  then  so  is  Q{P);  and  conversely;  (3)  each  S-neighborhood  of  P  is  an 
S-neighborhood  of  Q{P) ;  if  D  is  an  S-neighborhood  of  Q{P),  either  D  or  D-\-a{P) 
is  an  S-neighborhood  of  P\  (4)  Q{P)  is  regular. 

Thus,  Q{P)  is  equivalent  to  P  both  from  the  point  of  view  of  order  and  of 
continuity.  The  topological  applications  of  our  theory  require  such  a  twofold 
equivalence;  we  discuss  this  in  the  introductions  to  Chapter  II  and  to  §§14 
and  15. 

Proof.  Let  P  be  a  composition  point  and  £  be  a  point  element  such  that 
£GP-  Since  each  element  of  F{P)  contains  an  element  of  £,  E<F{P)  (cf. 
D  4.6).  Let  H  be  a  point  element  which  does  not  intersect  £;  there  exist  eG£ 
and  h^H  such  that  e-h  is  vacuous.  Then  S  —  hZ^e;  by  Theorem  11.2  S  —  h 
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is  an  5-neighborhood  of  P.  By  D  13.1  there  exists  an  5-neighborhood  of  P, 
U,  such  that  a(P)-(-(5-//)DF5.  Then  Us-a{P)  or  Us  is  an  element  of  F{P), 
and  contains  no  point  of  /;.  By  D  4.4  F{P)  and  H  do  not  intersect.  (It  may 
readily  be  verified  by  D  4.1  that  F{P)  is  a  point  element.)  It  follows  that 
F{P)<E  (cf.  D  4.6).  Since  also  E<F{P),  it  follows  by  D  8.2  that  P <Q{P) 
and  Q{P)  <P;  thus,  P  =  Q{P). 

Next,  let  P  be  a  real  point  or  a  frontier  point.  Clearly,  F(P)  satisfies  the  con- 
ditions of  D  4.1  and  is  a  point  element.  LetX  be  a  composition  point  which  does 
not  intersect  P.  By  Theorem  11.5  P  and  X  can  be  separated  by  a  pair  of  their 
respective  5-neighborhoods,  U  and  V.  There  exists  an  5-neighborhood  of  P, 
IF,  such  that  C/DITs.Then  [/contains  an  element  of  P(P).  By  D  11.1  F con- 
tains elements  of  each  point  element  which  belongs  to  X;  by  D  4.4,  D  7.1, 
and  Theorem  8.1  Q{P)  and  X  do  not  intersect.  By  D  9.2  Q{P)<P.  Con- 
versely, let  X  be  an  ideal  point  which  does  not  intersect  Q{P)\  by  Theorem 
8.1,  if  G  is  a  point  element  belonging  to  X,  G  does  not  intersect  F{P).  By 
D  4.4  there  exist /GP(P)  and  gGG  such  that/g  is  vacuous.  There  exists  an 
5-neighborhood  ofP,!),  such  thateither/=  Ssor/=  S.s-P.  By  D4.1  S-Ds 
contains  g  and  is  an  5-neighborhood  of  G.  By  D  4.5  and  D  9.1  P  intersects 
neither  G  nor  X.  By  D  9.2  P<Q(P). 

Since  P  is  regular,  each  of  its  5-neighborhoods  contains  an  element  of 
P(P)  and  is  an  5-neighborhood  of  Q{P).  If  D  is  an  5-neighborhood  of  Q(,P), 
DDfGF{P)  (D  11.1  and  Theorem  11.2).  Then /+a(P)  =  ^Rs,  where  R  is  an 
5-neighborhood  of  P  and  of  QiP).  Then  D+a{Q{P))D RsZ)R,  and  QiP)  is 
regular;  since  a{Q{P))=a{P),  either  D-\-a{P)  or  D  is  an  open  set  containing 
R,  and  is  an  5-neighborhood  of  P. 

If  P  is  a  non-isolated  point  of  5,  the  conclusion  of  (2)  follows  from  (3),  (4), 
D  12.1,  and  Theorem  11.4.  For  the  other  cases,  P  and  Q{P)  have  the  same 
5-neighborhoods,  and  (2)  follows. 

14.  The  amalgamation  points.  Suppose  that  the  regular  space  T  is  an  im- 
mediate extension  of  5.  By  Theorem  13.7  we  can  replace  each  point  of  5  by 
an  equivalent  decomposition  point,  and  each  point  of  T  —  S  by  a  boundary 
point,  and  thus  obtain  a  space  Pi  of  composition  points  which  is  topologi- 
cally  equivalent  to  T.  We  now  introduce  the  amalgamation  points  in  order 
to  make  more  general  applications,  such  as  those  we  discuss  in  the  introduc- 
tions of  Chapter  II  and  of  §13.  These  applications  require  that  the  amalgama- 
tion points  include  the  composition  points  and  that  they  have  special  properties 
which  do  not  hold  for  all  ideal  points.  These  properties  are  similar  to  those  of 
closed  point  sets  in  perfectly  compact  Hausdorflf  spaces.  Thus,  in  Theorems 
14.3,  14.4,  and  14.5  we  establish  for  amalgamation  points  a  property  analo- 
gous to  the  Borel-Lebesgue  covering  property;  this  analogy  is  emphasized  in 
Theorem  15.3.  Theorem  14.11  corresponds  to  the  theorem  that  a  nonvacuous 
product  of  perfectly  compact  sets  is  perfectly  compact.  In  Theorems  14.6  and 
14.7  we  establish  a  condition  for  the  separation  of  non-intersecting  amalgama- 
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tion  points;  this  suggests  the  condition  for  the  separation  of  closed  sets,  which 
characterizes  the  normality  of  a  Hausdorff  space. 

In  Theorems  14.12  and  14.13  we  add  to  the  characterizations  of  the  nor- 
mal and  the  semi-completely  normal  spaces.  For  such  spaces  we  obtain  an 
extensive  knowledge  concerning  the  atomic  elements  of  the  developments  of 
§§15  and  16.  For  the  Hausdorff  spaces  in  general  such  a  completeness  is  at- 
tained in  Chapter  III  only  after  the  development  of  a  theory  of  multiplicative 
systems  and  lattices  of  regular  amalgamation  points.  Theorems  14.10  and 
14.11  afford  a  basic  technique  for  this  lattice  theory.  The  examples  at  the  end 
of  this  section  give  indications  of  the  extent  to  which  our  results  may  find 
applications  in  irregular  spaces. 

D  14.1.  An  5-portion,  P  which  satisfies  the  following  condition  is  called 
an  amalgamation  point:  If  EQ,P  and  X  is  a  point  element  which  is  a  limit 
element ('^)  of  E,  then  X  and  E  intersect.  In  the  first  chapter  we  defined  order 
in  terms  of  intersection.  Since  both  order  and  continuity  relations  are  used  in 
our  topological  applications  of  the  amalgamation  points,  it  may  be  noted  that 
the  definition  involves  both  order  and  continuity. 

D  14.2.  If  jV/is  a  collection  of  points,  P  is  an  amalgamation  point,  P<M, 
and  M<P,  we  say  that  P  is  the  amalgamation  of  the  elements  of  M.  That  is, 
the  summation  of  D  9.3  is  called  an  amalgamation  if  the  result  of  the  summa- 
tion process  is  an  amalgamation  point. 

Examples.  E  14.1.  Let  S  be  the  plane,  E  be  the  set  of  all  decomposition 
point  elements,  and  F  be  the  set  of  all  boundary  elements.  By  Theorems  13.7, 
13.1  and  5.2,  E  does  not  intersect  F.  Clearly,  each  element  of  /^  is  a  limit  ele- 
ment of  E.  Thus,  P(£)  is  not  an  amalgamation  point.  If  X^E,  there  e.xists 
an  5-neighborhood  of  X,  R,  whose  closure  is  perfectly  compact  in  itself;  by 
Theorems  10.3  and  11.3  S—R  is  an  5-neighborhood  of  each  boundary  ele- 
ment. Thus,  X  is  not  a  limit  element  of  F,  and  P{F)  is  an  amalgamation  point. 

E  14.2.  The  point  Q{F)  of  E  9.2  is  an  amalgamation  point;  it  is  the  amal- 
gamation of  all  ends  of  F. 

The  point  of  E  8.3  is  an  amalgamation  point  but  is  not  a  composition 
point.  The  point  P(£)  of  E  8.2  is  not  an  amalgamation  point;  here  F  is  a  limit 
element  of  E  but  does  not  intersect  E. 

Theorem  14.1.  An  S-portion  P  is  an  amalgamation  point  if  and  only  if  the 
following  condition  holds:  If  the  composition  point  X  is  a  limit  point  of  the  collec- 
tion of  composition  points  M  and  P<M<P,  then  X  intersects  M  and  P. 

It  may  be  proved  with  the  help  of  D  14.1  and  Theorems  11.2,  8.1,  and  9.1. 

Theorem  14.2.  A  composition  point  is  an  amalgamation  point. 

Proof.  Let  E  and  F  be  non-intersecting  point  elements;  by  D  4.4  there 


(")  Cf.  D  12. 1,  and  D  7.1. 
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exist  eG£  and /G^  such  that  efis  vacuous.  Then  R  =  S  —  eZ)f.  If  the  point 
element  G  belongs  to  an  element  of  F(E),  it  intersects  itself  and  E  (cf.  D  8.1 
and  Theorem  7.1).  If  gGG,  eg  is  nonvacuous,  R  does  not  contain  g,  and  R 
is  not  an  5-neighborhood  of  G.  Thus,  F  is  not  a  limit  element  of  any  element 
of  P{E).  By  D  14.1  P{E)  is  an  amalgamation  point. 

D  14.3.  If  M  is  a  point  set,  G  is  a  collection  of  open  sets  in  S,  and  for 
m^M  there  exists  gGG  such  that  g  is  an  5-neighborhood  of  m,  then  G  is 
said  to  cover  M  (relative  to  S). 

Theorem  14.3.  Let  M  be  an  amalgamable  collection  of  ideal  points  and  let  G 
cover  M  relative  to  S.  Then  there  exists  a  finite  subcollection  of  G  such  that  the 
sum  of  its  elements  is  an  S-neighborhood  of  M. 

Note  that  the  conclusion  does  not  state  that  the  finite  subcollection  covers 
M  relative  to  S.  The  latter  is  the  type  of  conclusion  one  has  where  the  Borel- 
Lebesgue  property  holds.  Theorem  14.3  is  used  in  establishing  the  Borel- 
Lebesgue  property  for  certain  decompositions  of  an  amalgamation  point  (cf. 
Theorems  14.4,  14.5,  and  15.3). 

Proof.  Suppose  that  the  conclusion  does  not  hold  for  G.  Let  N  be  the  ag- 
gregate of  all  atomic  ideal  points  which  are  portions  of  elements  of  M.  If  R 
is  an  open  set  of  S,  let  N{R)  denote  the  aggregate  of  all  elements  of  N  of  which 
R  is  an  5-neighborhood.  Let  //  be  the  collection  of  all  R's  such  that  N{R) 
is  covered  relative  to  5  by  a  finite  subcollection  of  G,  say  G{R).  Let  the  symbol 
L  denote  the  complement  in  5  of  an  element  of  H;  let  E  be  the  aggregate  of 
all  L's,  and  let  K  be  the  product  of  all  the  L's. 

It  follows  from  Theorems  8.1  and  9.1  that  if  an  ideal  point  intersects  an 
element  of  either  M  or  N,  then  it  intersects  an  element  of  the  other;  by 
D  9.2,  M<N  and  N <M;  by  Theorem  11.6  each  5-neighborhood  of  M  is  an 
5-neighborhood  of  N,  and  conversely.  Since  each  element  of  A'^  is  a  portion 
of  an  element  of  M,  it  follows  by  Theorem  11.6  that  G  covers  N\  if  R^G, 
then  R  covers  N{R)  relative  to  5;  thus  RE.II,  and  IIZ^G.  Suppose  that  Di 
is  the  sum  of  the  elements  of  a  finite  subcollection  of  H,  say  Hi,  and  Z>i  is  an 
5-neighborhood  of  ,1/;  then  Di  is  an  5-neighborhood  of  N;  by  Theorem  11.7 
Hi  covers  N  relative  to  5.  If  RiEHi,  G(/?.)  covers  N{Ri)  relative  to  5.  Since 
N  is  the  sum  of  the  finite  collection  of  NiRtYs,  N  is  covered  by  the  sum  of  the 
sets  G(Ri);  this  sum,  G*,  is  a  finite  subcollection  of  G.  If  D*  is  the  sum  of  the 
elements  of  G*,  D*  is  an  5-neighborhood  of  N  and  of  i/.  This  is  contrary  to 
our  supposition  concerning  G.  Thus,  Di  and  Hj  do  not  exist.  Thus,  the  hypoth- 
esis of  our  theorem  holds  for  each  of  G  and  //,  but  the  conclusion  holds  for 
neither. 

Suppose  that  an  element  of  E,  L,  were  vacuous;  then  S  —  L  =  S  would 
be  an  element  of  77;  then  N  =  N{S),  and  iV  is  covered  by  a  finite  subcollec- 
tion of  G,  G{S);  since  HZ)G  we  are  involved  in  a  contradiction  (cf.  the 
preceding  paragraph).  Thus,  L  does  not  exist.  If  Ri  and  i?2  are  elements 


19411  DECOiMPOSITION  AND  AMALGAMATION  POINTS  439 

of  H,  it  follows  from  Theorem  11.7  that  N {Rx-\- R2)  =  N {R{) ->r N {R.) .  Since 
S  —  {Ri-\- Ri)  =  {S  —  Ri)  ■  {S  —  Ri) ,  it  follows  that  the  product  of  two  elements 
of  E  is  an  element  of  E. 

Let  P^K.  Suppose  that  LiG-E  and  P  is  not  a  limit  point  of  L\.  There 
exists  an  open  set  in  S,  D,  which  contains  P  but  contains  no  element  of  Li~P. 
Then  S-LiDD-P and  N{S -Li)Z)N{D - P).Thus,  D-PEII and  N{D-P) 
is  covered  relative  to  5  by  a  finite  subcollection  of  G.  Since  P^KD,  S  —  D  is 
not  an  element  of  E,  D  is  not  an  element  of  H,  N{D)  is  not  covered  by  a  finite 
subcollection  of  G,  and  NiD)^^  N{D-P).  By  Theorem  11.4  if  P  were  non- 
isolated, we  should  have  N{D)=N{D  —  P);  thus,  P  is  isolated.  By  Theorem 
8.4  there  exists  one  atomic  ideal  point,  jS,  such  that  P  =  a(|8),  and  /3  is  degener- 
ate (cf.  D  12.2  and  Theorem  13.7).  Thus,  NiD)  is  either  N{D-P)  or 
^-\-N{D  —  P);  in  either  case  it  can  be  covered  by  a  finite  subcollection  of  G, 
and  D^H.  Therefore,  we  are  involved  in  a  contradiction,  and  Li  does  not 
exist. 

Let  P^K.  For  R  an  5-neighborhood  of  P  and  LG£  let  F{R,  L) 
=  {L—P)-  Rs,  and  let  F  be  the  aggregate  of  all  F{R,  Z,)'s.  Since  P  is  a  limit 
point  of  each  L,  the  product  of  two  R's  is  an  R,  and  the  product  of  two  L's 
is  an  L,  it  follows  that  the  elements  of  F  satisfy  conditions  (2)  and  (1)  of 
D  4.1 ;  if  they  also  satisfy  (4)  they  satisfy  (3),  and  F  is  a  decomposition  point 
element.  Suppose  that  (4)  is  not  satisfied,  and  that  U  is  a  definite  5-neighbor- 
hood  of  P  which  contains  no  element  of  F.  Let  T  be  the  aggregate  of  all  sets, 
(U-U)F{R,  L),  where  F{R,  L)^F,  and  U^R.  By  the  definition  of  U  no 
element  of  T  is  vacuous.  Since  the  product  of  two  elements  of  F  is  an  element 
of  F,  the  product  of  two  elements  of  T  is  an  element  of  T.  Let  Y^U  —  U; 
since  5  is  a  Hausdorff  space,  there  exist  in  it  mutually  exclusive  open  sets, 
Fand  W,  which  contain  Fand  P.UR=  U-  Wand  LEE,  then  (U-U)-  F{R,  L) 
does  not  contain  F;  thus,  the  product  of  the  elements  of  T  is  vacuous ;  by  D  4. 1 
r  is  a  boundary  element.  Similarly,  if  K  is  vacuous,  £  is  a  boundary  element. 
Let  2  denote  any  of  the  three  F,  T,  or  E  which  is  a  point  element;  we  have 
shown  that  at  least  one  of  them  satisfies  this  condition.  S  has  the  property 
that  if  £G-E  then  L  contains  an  element  of  2.  Let  /3  be  the  composition  point 
of  which  2  is  an  element. 

Let  X^N  and  let  F  be  a  point  element  which  is  an  element  of  A'  (cf. 
Theorem  8.2  and  D  8.4).  There  exists  gxE.G  such  that  gx  is  an  5-neighborhood 
of  X  (for,  G  covers  N  relative  to  S).  Since  IiZ)G,  S  —  gx^E,  S  —  gx  contains 
an  element  of  S,  and  gx  contains  an  element  of  F;  by  D  4.4  2  does  not  inter- 
sect F;  by  Theorem  8.1  0  does  not  intersect  X.  Since  N <M<N  and  M  is 
amalgamable  so  is  N.  By  Theorems  9.1  and  14.1  /?  is  not  a  limit  point  of  N. 
By  Theorem  12.2  there  exists  an  5-neighborhood  of  |8,  D,  which  is  an  5-neigh- 
borhood of  no  element  of  N.  There  exists  2iG2  such  that  D'Z)'^\.  Since  N{D) 
is  vacuous,  DE:H,  S-DGE,  and  5-Z)Z)2o,  where  SoG^.  Since  SiSa  is 
vacuous,  we  are  involved  in  a  contradiction. 
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Theorem  14.4.  An  amalgamable  collection  of  atomic  ideal  points  has  the 
Borel-Lebesgue  covering  property  and  is  perfectly  compact  in  itself. 

By  Theorems  14.3  and  11.7  the  set  has  the  covering  property.  It  is  per- 
fectly compact  in  itself;  cf.  Theorem  12.1  and  Kuratowski  and  Sierpinski, 
loc.  cit.,  Bibliography. 

Theorem  14.5.  The  aggregate  of  all  atomic  ideal  points  is  amalgamable  and 
is  perfectly  compact  in  itself.  The  amalgamation  of  this  collection  is  regular, 
and  it  is  the  maximal  ideal  point. 

Proof.  Let  M  be  the  collection.  By  Theorem  9.1  the  summation  of  the 
elements  of  M,  /3  exists.  If  P  and  Q  are  intersecting  ideal  points,  by  Theorem 
9.2  a{P)a{Q)  is  nonvacuous;  then  M1^a{P)a{Q);  by  Theorems  9.2  and  9.1 
Q  intersects (3  and  M;  by  D  9.2  P <M.  By  Theorem  14.1  /3  is  an  amalgamation 
point.  Clearly,  a(fi)  consists  of  all  points  of  5  (cf.  D  12.2  and  D  9.4).  By  D  13.1 
8  is  regular. 

Theorem  14.6.  Let  P  be  a  real  point,  Q  be  an  amalgamation  point,  and  M 
be  a  collection  of  composition  points  such  that  Q<M  <Q.  The  following  condi- 
tions are  equivalent:  (1)  P  and  Q  do  not  intersect;  (2)  no  element  of  M  intersects 
P;  (3)  P  and  Q  can  be  separated  by  S-neighborhoods . 

Proof.  Let  X^M and  E  be  a  point  element  which  belongs  to  some  element 
of  A'.  Since  X <Q,  by  Theorem  8.1  £  belongs  to  an  element  of  Q.  By  D  9.1 
if  A'  intersects  P,  then  so  does  Q;  thus  condition  (1)  implies  condition  (2). 
By  condition  (2)  and  Theorem  11.5  X  and  P  can  be  separated  by  a  pair  of 
their  respective  5-neighborhoods,  UiX)  and  V{X).  By  Theorem  14.3  there 
e.xists  a  finite  collection  of  the  [/(X)'s  such  that  the  sum  of  these,  U,  is  an 
5-neighborhood  of  M.  If  V  is  the  product  of  the  corresponding  F(X)'s,  V  is 
an  5-neighborhood  of  P,  and  [/■  T  is  vacuous.  By  Theorem  11.6  C/  is  an  S- 
neighborhood  of  (2.  Thus,  (2)  implies  (3).  By  D  11.1,  D  11.2,  D9.1  and  D  4.5, 
(3)  implies  (1). 

Theorem  14.7.  If  P  and  Q  are  amalgamation  points,  one  of  which  is  regular, 
the  following  are  equivalent :  (1 )  P  does  not  intersect  Q;  (2)  P  intersects  no  element 
of  a{Q) ;  (3)  P  and  Q  are  separated  by  S-neighborhoods. 

Proof.  By  D  11.1,  D  11.2,  D  7.1,  and  D  4.4,  and  Theorem  8.1,  (3)  implies 
(1).  By  Theorem  9.1,  (1)  and  (2)  are  equivalent;  to  establish  (3)  we  shall  con- 
sider the  case  of  Q  being  regular.  Let  XSa{P),  Y^a{Q),  and  E  and  F  be 
point  elements  such  that  ESX  and  FG  Y  (cf.  Theorem  8.2).  By  Theorem  8.1 
E  does  not  intersect  F;  there  exist  e{Y)E:E  and /G^  such  that/e(r)  is 
vacuous.  Then  by  D  4.1  D{Y)  =S  —  e(Y)sDf,  and  D{Y)  is  an  5-neighborhood 
of  Fand  of  Y.  By  Theorems  9.1  and  14.3  there  exist  Yi,  F2,  •  ■•  ,  Y„  such  that 
£)  =  D(Fi)-t-£»(r2)+  •  •  •  -!-£>(  F„)  is  an  5-neighborhood  of  a((3)  and  of  (2  (cf. 
Theorem  11.6).  By  D  13.1  there  exists  an  5-neighborhood  of  Q,  R,  such  that 
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D+a{Q)Z)Rs.  By  Theorem  9.1  Q<aiQ)<Q;  the  methods  of  the  proof  of 
Theorem  12.4  show  that  a{Q)  =a{a{Q)).  If  each  element  of  E  contained  points 
of  a{Q),  by  D  4.1,  D  11.1,  and  D  12.2  X  would  be  a  limit  point  of  aiQ);  hy 
Theorem  14.1  X  intersects  a{Q)  and  Q.  By  (1)  this  is  impossible,  and  there 
exists  eo  G -E  such  that  a (Q)  ■  eo  is  vacuous.  By  D  4. 1  there  exists  e G-E  such  that 
eo-e(Yi)e{Y2)  ■  ■  •  e(F„)Z)e.  Then  e- (Z)+a(^))  is  vacuous;  5— /?s  contains  c 
and  is  an  5-neighborhood  of  E  and  X;  X  and  Q  can  be  separated  by  5-neigh- 
borhoods.  The  conclusion  for  (3)  follows  by  methods  used  for  Theorem  14.6. 

Theorem  14.8.  A  regular  amalgamation  point  which  is  a  portion  of  either  a 
decomposition  point  or  of  a  collection  of  boundary  points  is  a  composition  point. 

Proof.  Let  P  be  the  amalgamation  point  and  Q  he  a  decomposition  point 
such  that  P<Q.  Let  EEP;  let  F  and  G  be  point  elements  such  that  F^Q 
and  G  belongs  to  E;  let  F{P)  and  <3(P)  be  defined  as  in  Theorem  13.7.  By 
Theorem  7.2  and  D  8.2  G<£<F.  By  D  7.1  G  intersects  F.  By  Theorems  5.1 
and  12.4,  and  D  12.2,  aiQ)  =a{F)=a{G)  =a(£)  =a{P).  If  R  is  an  5-neighbor- 
hood  of  a(P),  it  is  an  S-neighborhood  of  F,  Q,  and  P  (cf.  D  4.1,  D  11.1,  and 
Theorem  11.6).  Since  P  is  regular,  it  has  an  5-neighborhood  U  such  that 
R+a{P)DUs.  Then  Us  or  Fs-c(P)  is  an  element  of  F(P).  By  D  4.1  F{P) 
is  a  point  element,  and  a{P)  =a{F{P)). 

Consider  the  second  hypothesis  for  P.  Let  X^S,  R  =  S  —  X;  by  an  argu- 
ment similar  to  that  of  the  preceding  paragraph,  it  follows  that  a{P)  is  vacu- 
ous, and  F{P)  is  a  boundary  element. 

Since  each  element  of  F{P)  contains  an  5-neighborhood  of  P,  each  ele- 
ment of  F(P)  contains  elements  of  each  point  element  which  belongs  to  E. 
Thus,  E<F(P),  and  P<Q{P);ci.  Theorem  7.1  and  D  8.2.  Suppose  that  not 
Q{P)<P;  by  Theorem  9.2  there  exists  YGa{Q{P)) -a{P),  and  F  does  not 
intersect  P.  By  Theorem  14.7  P  and  Y  can  be  separated  by  5-neighborhoods 
Uand  V.  Since  For  U-a{P)  is  an  element  of  F{P),  and  F{P)GQ{P),  F{P) 
intersects  no  point  element  of  which  Fis  an  5-neighborhood.  By  Theorem  8.1 
Y  and  Q{P)  do  not  intersect.  Thus,  the  supposition  that  ^not  Q(P)  <P"  in- 
volves a  contradiction.  Since,  also,  P<Q{P),  P  =  Q{P). 

Theorem  14.9.  //  D  is  an  S-neighborhood  of  the  regular  amalgamation  point 
P,  then  the  set  (S  —  D)  aiP)  is  finite  or  vacuous. 

Proof.  Suppose  that  M=  {S-D)-a(P)  is  infinite.  By  Theorems  10.3,  10.4, 
and  12.3  there  exists  a  composition  point  13  which  is  an  end  and  a  limit  point 
of  M;  since  S-DDM,  /S  is  an  end  of  S-D  (cf.  D  10.2).  By  Theorems  10.2 
and  11.3  P  and  0  do  not  intersect.  By  Theorem  14.7  Pand  /3  can  be  separated 
by  5-neighborhoods  U  and  V.  Since  (3  is  a  limit  point  of  M,  V  contains  points 
of  Af  and  of  a(P);  by  Theorem  12.4  UZ)a{P).  Thus,  the  supposition  that  Af 
is  infinite  involves  a  contradiction. 
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Theorem  14.10.  (1)  A  perfectly  compact  set  of  regular  amalgamation  points 
is  amalgamable.  (2)  An  amalgamation  of  a  collection  of  regular  amalgamation 
points  is  regular. 

Proof.  By  Theorem  9.1,  if  N  is  the  set  of  (1),  then  iV  has  a  summation  P; 
N <P <a{P)<N.  If  the  composition  point  X  intersects  no  element  of  a{P), 
by  D  9.2  X  intersects  no  element  of  N.  By  Theorem  14.7  each  element  of  N 
can  be  separated  from  X  by  S-neighborhoods.  There  exists  a  finite  collec- 
tion H  of  open  sets  which  covers  N  relative  to  S,  and  an  5-neighborhood 
of  X,  U,  such  that  U  has  no  point  in  common  with  an  element  of  H  (cf.  the 
proof  of  Theorem  IX,  p.  89,  Alexandroff  and  Hopf).  Let  PFbe  the  sum  of  the 
elements  of  H\  it  is  an  5-neighborhood  of  N  and  of  a{P)  (cf.  Theorem  11.6). 
Thus,  X  is  not  a  limit  point  of  a{P).  By  Theorem  14.1  P  is  an  amalgamation 
point. 

Let  the  elements  of  N  be  regular,  and  let  D  be  an  5-neighborhood  of  P.  If 
X^N,  D  is  an  5-neighborhood  of  X  and  a{P)Z)a{X)  (cf.  Theorems  11.6  and 
12.4).  By  our  hypothesis  there  exists  an  5-neighborhood  of  X,  U{X),  such 
that  D+a(X)^U{X).  By  Theorems  14.3  and  11.6  there  exists  a  finite  collec- 
tion of  the  U{X)'s,  whose  sum  U  is  an  5-neighborhood  of  N  and  of  P.  Then 
D+aiP)DU. 

Theorem  14.11.  (1)  If  a  collection  H  of  amalgamation  points  has  a  lower 
bound,  its  greatest  lower  bound  is  an  amalgamation  point;  (2)  if  the  elements 
of  H  are  regular  and  one  of  them  is  the  amalgamation  of  a  set  of  regular  composi- 
tion points,  then  their  greatest  lower  bound  is  regular. 

Theorems  14.5,  14.10,  and  14.11  are  applied  in  Chapter  III  in  questions 
concerned  with  the  existence  and  the  properties  of  multiplicative  systems  and 
complete  lattices  of  regular  amalgamation  points.  Examples  may  be  given  to 
show  that  the  conclusion  of  (2)  does  not  hold  if  the  second  part  of  the  hy- 
pothesis be  omitted. 

Proof.  Let  Fbe  the  product  of  all  the  a{h)'s,  where  hEiH.  If  P  is  the  sum- 
mation of  the  elements  of  F,  by  Theorem  9.2  P  is  the  greatest  lower  bound 
of  the  h's.  Let  the  composition  point  Q  he  a  limit  point  of  F  which  does  not 
intersect  P.  Suppose  that  no  element  of  a{Q)  is  a  limit  point  of  F.  By  Theorem 
12.2,  if  l3^a{Q),  there  exists  an  5-ncighborhood  of  /3,  D{fi),  which  is  not  an 
5-neighborhood  of  any  element  of  F.  By  Theorems  14.2,  14.3,  and  11.6  there 
exists  an  5-neighborhood  of  Q,  D,  which  is  the  sum  of  a  finite  collection  of  the 
£)(/3)'s.  By  Theorem  11.7  Z)  is  not  an  5-neighborhoodof  any  element  of  F.  Thus, 
we  are  involved  in  a  contradiction,  and  there  exists  /3Ga((2)  such  that  /J  is  a 
limit  point  of  F.  If  h^H,  ot{h)Z)F,  and  jS  is  a  limit  point  of  a{h);  by  Theorem 
14.1  (3  intersects  an  element  of  a{h).  Since  /3  is  atomic,  0E.oc{h).  Thus,  0&F; 
by  Theorem  8.1  P  and  Q  intersect.  By  Theorem  14.1  P  is  an  amalgamation 
point. 
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We  shall  first  establish  (2)  for  the  case  where  the  number  of  elements  of  H 
is  the  positiv^e  integer  n.  Clearly  (2)  holds  for  w=l.  Suppose  that  (2)  holds 
for  each  collection  with  fewer  than  n  elements.  Let  A  be  an  element  of  H 
which  is  the  amalgamation  of  a  collection  T  of  regular  amalgamation  points; 
\^etB^H  —  A,  and  H'  =  H—B.  By  the  definition  of  w,  the  elements  of//'  have 
a  greatest  lower  bound  C,  which  is  a  regular  amalgamation  point.  Let  Z  be 
the  greatest  lower  bound  of  B  and  C.  By  Theorem  9.2  Z  is  the  greatest  lower 
bound  of  the  elements  of  H;  by  part  (1)  Z  is  an  amalgamation  point.  Let  D 
be  an  5-neighborhood  of  Z.  If  X  is  an  amalgamation  point,  let  D(X)  denote 
the  aggregate  of  all  elements  of  a(X)  of  which  D  is  not  an  ^-neighborhood. 
By  Theorem  14.4  a(X)  is  perfectly  compact  in  itself.  Since  D{X)  is  closed 
relative  to  a{X),  it  is  perfectly  compact  in  itself  (cf.  Frechet,  (I),  pp.  229— 
230).  By  Theorem  11.6  Z?  is  an  5-neighborhood  of  a(Z);  by  Theorem  9.2 
a{Z)=a{B)a{C);  it  follows  that  D{B)-D{C)  is  vacuous.  If  XGD{B),  by 
Theorem  8.1  X  does  not  intersect  C.  By  the  definition  of  n,  C  is  regular;  by 
Theorem  14.7  X  and  C  can  be  separated  by  5-neighborhoods.  By  Theorem 
11.6  each  element  of  D{B)  can  be  separated  from  each  element  of  D{C)  by 
5-neighborhoods.  Since  each  of  D{B)  and  D{C)  is  perfectly  compact  in  itself, 
they  can  be  separated  by  5-neighborhoods  Di  and  D2  (apply  an  argument 
similar  to  that  for  the  proof  of  Theorem  IX,  p.  89,  Alexandroff  and  Hopf). 
Then  D+Di  and  D+D2  are  5-neighborhoods,  respectively,  of  a(B)  and  of  B, 
and  of  a{C)  and  of  C,  respectively.  Since  B  and  C  are  regular,  there  exist 
5-neighborhoods  Ri  and  R2  of  B  and  C,  respectively,  such  that  Ei  =  D-j-Di 
+a(5)Dli,  and  £2  =  /?+A+a(C)D^2.  Since  Z<B  and  Z<C,  by  Theo- 
rem 12.1  /?  =  /?i-i?2  is  an  5-neighborhood  of  Z.  Let  Mi  =  D+Di,  and 
Ni  =  {S -  Ml) -aiB);  thus,  Mi+Ni  =  Ei.  Let  Mi  =  D+D2,  N2={S-M2)-a{C), 
and  K  =  Ml- N2  +  M2- Ni+Ni- N2.  By  Theorem  14.9  Ni,  N2,  and  K  are  finite 
or  vacuous.  Since  DiDi  is  vacuous.  Mi-  M2  =  D,  and  Ei-  £2=  (Mi  +  Ni) 
-{M2-\-N2)=D+K.  Thus,  D+KOR.  By  Theorem  12.4  R-2>a{,Z)  and 
a{B)-a{C)Z)a(Z).  Let  L  =  K  —  K-a{Z);  then  L  is  finite  or  vacuous.  Sup- 
pose that  there  exists  X^a{Z)  and  YG.L  such  that  X  intersects  Y.  Since 
X<Z<A,  XEoi(A).  Since  ^  <  T,  by  D  9.2  A'  intersects  an  element  of  T, 
say  Xi.  Let  the  point  elements  E  and  £1  be  elements  of  X  and  of  A'l,  respec- 
tively. By  Theorem  8.1  E  and  £1  intersect;  by  Theorem  5.1  a{E)=a(Ei);  by 
D  12.2  a(X)=a{Xi).  Since  X  <Z,  by  Theorem  12.4  a{Z)Z)aiX);  thus, 
a(Xi)7'^Y.  By  D  4.1  there  exists  eiG£i  such  that  ei  does  not  contain  Y. 
Then  5—  F  is  an  5-neighborhood  of  £1  and  of  Xi.  Since  Xi  is  regular,  there 
exists  an  5-neighborhood  of  Xi,  U,  such  that  5—  I'Dt/;  then  S—U  is  an 
5-neighborhood  of  Y.  Since  X  is  atomic  and  intersects  Xu  X  <Xi;  then  U 
is  an  5-neighborhood  of  X.  By  Theorem  11.5  A"  does  not  intersect  Y;  thus 
the  supposition  that  X  and  F exist  involves  a  contradiction.  By  Theorem  14.6 
Z  and  L  can  be  separated  by  a  pair  of  their  respective  5-neighborhoods,  U 
and  V.  Then  W=R-  U  is  an  5-neighborhood  of  Z,  R^W,  and  TT-L  is  vacu- 
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oiis;  since  D  +  KZ)R,  D+a{Z)::)D  +  {K-L)DW .  Thus,  Z  is  regular.  Thus, 
by  induction  we  establish  the  conclusion  of  (2)  for  any  case  where  H  is  finite. 
Consider  the  infinite  case.  Let  Z  be  the  lower  bound  of  the  elements  of  H; 
\etA,  D,  and  D{X)  be  defined  as  in  the  preceding  paragraph.  By  Theorem  9.2 
a{Z)  is  the  product  of  the  sets  a{h),  where  h^H;  by  Theorems  9.1  and  11.6 
D  is  an  5-neighborhood  of  a(Z) ;  hence,  the  sets  D{h)  have  a  vacuous  product. 
We  showed  in  the  preceding  paragraph  that  each  of  the  Z)(/i)'s  is  perfectly 
compact  in  itself;  it  follows  that  there  exists  a  finite  subcoUection  of  H, 
H'^ihulh,  ■  ■  -,/?„), such  thattheproductX  =  Z)(//i)I'(/;2)  •  •  .D(/?,.)  is  vacu- 
ous (cf.  Frechet,  (I),  p.  231).  We  shall  suppose  that  A  E.H' ;  this  is  permissible, 
for  if  the  product  X  is  vacuous,  the  product  of  all  the  elements  of  X  by  D{A) 
will  also  be  vacuous.  Let  J  be  the  product  a{hi)  ■  a{h-i)  ■  (x{hi)  ■  ■  ■  a{h„).  Let 
B  =  C  =  P{J);  by  the  results  of  the  preceding  paragraph  B  is  the  greatest 
lower  bound  of  the  elements  of  H',  and  it  is  a  regular  amalgamation  point. 
Clearly  D  is  an  5-neighborhood  of  each  element  of  J  and  of  J;  by  Theorem 
1 1 .6  £>  is  an  S-neighborhood  of  B.  Let  R  be  an  S-neighborhood  of  B  such  that 
D+aiB)DR;\etK={S-D)a{B)  and  L  =  K-Ka{Z).ThenD  +  KDR.By 
following  the  argument  of  the  later  portion  of  the  preceding  paragraph,  we 
see  that  Z  is  a  regular  amalgamation  point. 

Theorem  14.12.  (1)  A  Hausdorff  space  is  normal  if  and  only  if  all  its  atomic 
boundary  points  are  regular;  (2)  it  is  semi-completely  normal  if  and  only  if  all 
its  atomic  ideal  points  are  regular. 

Proof.  By  Theorems  13.2  and  13.3  the  conditions  are  necessary.  By  Theo- 
rem 14.2  each  composition  point  is  an  amalgamation  point.  If  the  conditions 
hold  it  follows  from  Theorems  14.10,  14.2,  and  9.1  that  each  of  the  composi- 
tion points  involved  in  the  conditions  of  Theorems  13.2  and  13.3  is  regular. 
Thus,  the  conditions  are  sufficient. 

Theorem  14.13.  All  the  amalgamation  points  of  a  semi-completely  normal 
space  are  regular,  and  each  of  them  can  be  decomposed  into  a  collection  of  regular 
atomic  composition  points. 

This  follows  from  Theorems  9.1,  14.12  and  14.10. 

Examples.  E  14.3.  Urysohn('^)  has  constructed  a  countable  space  R  such 
that  if  A'  and  Y  are  points  of  R  and  U  and  V  are  open  sets  containing  X 
and  F,  respectively,  then  U  •  V  is  nonvacuous;  because  of  this  condition  no 
point  of  R  is  isolated.  Let  P  be  an  amalgamation  point  which  is  distinct  from 
the  maximal  amalgamation  point  of  R;  ci.  D  9.4  and  Theorem  14.5.  Suppose 
that  P  is  regular.  By  D  9.2  and  Theorem  8.1  there  exists  a  composition  point 
Q  which  does  not  intersect  P.  By  Theorems  14.2  and  14.7  P  and  Q  can  be  sepa- 
rated by  a  pair  of  their  respective  i?-neighborhoods,  U  and  V.  There  exists  an 


('«)  Loc.cit.,  pp.  274-283. 


1941]  DECOMPOSITION  AND  AMALGAMATION  POINTS  445 

i?-neighborhood  of  P,  IF,  such  that  U+a{P)DW.  By  Theorem  14.9  there  ex- 
ist at  most  a  finite  number  of  points  in  (R—  U)-a{P),  say  Pi,  P^,  ■  ■  ■  ,  P„. 
Since  no  point  of  R  is  isolated  it  follows  from  Theorems  12.3,  11.3,  and  11.6 
that  each  of  P  and  ^  is  a  limit  point  of  R.  Thus,  there  exist  XG  l^and  Y^W. 
For  each  i  let  5,  and  X,  be  mutually  exclusive  open  sets  which  contain  P,  and 
X  respectively.  Let  X=  FXiXj  •  •  ■  X„.  Then  FDX,  U-  V  is  vacuous,  a{P)\ 
and  W  X  are  vacuous;  we  are  involved  in  a  contradicion.  To  summarize:  the 
maximal  ideal  point  is  a  regular  amalgamation  point  of  R  and  is  the  only  one; 
by  Theorem  14.2  no  composition  point  of  R  is  regular. 

15.  The  upper  semi-continuity  and  the  perfect  compactness  of  decomposi- 
tions. First  we  shall  recall  definitions  by  Moore  and  by  Alexandroff("),  and 
then  we  shall  introduce  extensions  of  these.  (I)  Let  P  be  a  space  H  Frechet, 
i<L  be  a  point  set  of  T,  and  M  be  a  collection  of  mutually  exclusive  subsets  of  K 
whose  sum  is  K;  M  is  called  a  decomposition  {Zerlegung)  of  K  (cf.  D  9.3). 
(II)  A  collection  M  of  mutually  exclusive  closed  point  sets  of  T  is  said  to  be 
upper  semi-continuous  (in  T)  provided  that  if  P^M  and  D  is  an  open  set  of 
T  which  contains  P,  there  exists  in  T  an  open  set  R  which  contains  P  such 
that  if  an  element  of  M  has  a  point  in  common  with  R  then  that  element  is 
a  subset  of  D{'^).  (Ill)  If  T^K  and  M  is  a  decomposition  of  K,  then  T{M), 
the  {weak)  space  of  the  decomposition,  is  defined  as  follows:  (1)  its  points  are 
the  elements  of  M;  (2)  if  U  is  an  open  point  set  in  T,  let  U{M)  be  the  aggre- 
gate of  all  elements  of  M  which  are  subsets  of  U\  the  U{M)'s,  are  the  neigh- 
borhoods for  P(j1/)('')  (cf.  Theorem  12.1).  (IV)  A  continuous  mapping  of  the 
space  X  on  the  space  Y  is  said  to  be  closed  if  the  image  of  each  closed  point 
set  in  X  is  a  closed  point  set  in  F(-*'). 

Examples.  E  15.1.  Let  X  be  the  subspace  of  the  plane  whose  points  are 
those  of  a  circle  and  its  interior.  Let  5  be  a  definite  diameter  of  the  circle; 
Let  Yi  be  the  decomposition  of  X  which  consists  of  5  and  all  chords  of  the 
circle  which  are  parallel  to  5;  let  Zi  be  the  decomposition  whose  elements  are 
the  points  of  6,  and  the  chords  that  are  parallel  to  6.  Let  Y  and  Z  be  the  spaces 
of  the  decompositions  Y\  and  Zi  respectively.  Let  the  relations  y=f{x)  and 
2  =  g(x)  mean,  respectively,  that  x^y  and  xGs.  The  collection  I'l  is  upper 
semi-continuous  in  X,  but  Zi  is  not.  The  spaces  X  and  Y  are  perfectly  com- 
pact, but  Z  is  not.  The  mapping  y=f(x)  of  X  on   Y  is  closed.  The  mapping 

C")  Cf.  Moore,  (III),  and  Alexandroff,  (I).  For  treatments  of  the  theorj-  see  Moore,  (I), 
chap.  5,  and  Ale.xandroflf  and  Hopf,  pp.  61-70  and  95-98. 

(")  Moore,  loc.  cit.;  Alexandroff  and  Hopf  call  M  a  continuous  decomposition  {stelige  Zer- 
legung) of  the  sum  of  the  elements  of  M  (loc.  cit.,  p.  67). 

(")  Alexandroff  and  Hopf,  p.  66,  call  T{M)  der  schwache  Zerlegungsraum  der  Zerlegung  M. 
If  M  is  upper  semi-continuous,  T(M)  is  their  Zerlegungsraum  floe,  cit.,  pp.  63  and  67).  We  deal 
mainly  with  the  latter. 

('")  Alexandroff  and  Hopf,  p.  95;  for  information  and  definitions  having  to  do  with  map- 
pings (Abbildungen)  see  pages  51,  52;  in  V,  page  54,  they  show  that  a  continuous  mapping  need 
not  be  closed. 
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z=g{x)  of  A'  on  Z  is  not  continuous.  The  mapping  3'=/(g~'(3))  of  ^  on  Y  is 
continuous  but  is  not  closed.  The  example  both  serves  to  illustrate  the  results 
of  Theorem  15.1  and  to  give  Gegenbeispiele.  If  we  amalgamate  the  elements 
of  Fi  and  Zi,  we  obtain  collections  of  amalgamation  points  which  may  be  used 
to  illustrate  Theorem  15.4. 

The  extensive  results  of  Alexandroff  and  Hopf  in  their  Theorem  VIII, 
p.  98,  may  be  amplified  by  the  following  theorem.  The  mapping  of  their  hypo- 
thesis is  continuous  rather  than  closed.  They  give  no  result  analogous  to  that 
of  the  Conditions  (I)  and  (III)  implying  (II);  the  transformation  y=f{g~^{2)) 
of  the  preceding  example  illustrates  the  fact  that  the  stronger  condition,  closed- 
ness,  is  essential  for  such  a  result. 

Theorem  15.1.  Let  X  and  Y  be  Hausdorff  spaces,  and  let  y  =  a(x)  define  a 
continuous  mapping  of  X  into  Y;  then  any  two  of  the  following  conditions  imply 
the  third:  (I)  Y is  perfectly  compact;  (II)  X  is  perfectly  compact;  (III)  the  map- 
ping y  =  a{x)  is  closed;  for  yG  Y  the  set  a~^{y)  is  perfectly  compact  in  itself. 

Proof.  By  Alexandroff  and  Hopf,  Theorem  VIII,  p.  98,  Conditions  (II) 
and  (III)  imply  (I).  By  this  theorem  and  their  Theorems  II  on  page  95, 
(I)  on  page  53,  and  IV  on  page  86  Conditions  (I)  and  (II)  imply  (III).  Let  H 
be  a  collection  of  open  sets  which  covers  X.  If  yG  F  let  H{y)  be  a  finite  sub- 
collection  of  H  which  covers  a~^{y)  (cf.  Condition  (III)  and  Kuratowski 
and  Sierpinski,  loc.  cit.).  Let  D{y)  be  the  sum  of  the  elements  of  H{y); 
then  X-D{Y)  is  closed  in  X.  By  (III)  a{X-D{y))  is  closed  in  Y;  and 
d(y)  =  Y—a{X  —  D(y))  is  open  in  Fand  contains  y.  By  (I)  there  exists  a  finite 
subcollection  of  the  5(>')'s  which  covers  F,  say  6{yi),  diyi),  •  •  •  ,  5(y„). 
Let  H*=H(yi)+H(y2)+  ■  ■  ■  +H(y„).  If  x^GX,  there  exists  j  such  that 
a{x(,)G.^(yi);  if  ^0  were  not  covered  by  Diy,),  it  would  belong  to  X  —  D{yj); 
then  a{xQ)Goi{X  —  D{y,))=  Y—biyj),  and  we  are  involved  in  a  contradiction. 
Thus  -To  is  covered  by  an  element  of  H{yj),  and  X  is  covered  by  //*.  Thus, 
(I)  and  (III)  imply  (II). 

D  15.1.  A  collection  M  of  points  is  said  to  be  upper  semi-continuous  {rela- 
tive to  S)  provided  that  if  PG^I  and  D  is  an  5-neighborhood  of  P,  there  exists 
an  5-neighborhood  of  P,  R,  such  that  if  Q  is  an  element  of  M  and  R  is  an 
5-neighborhood  of  a  portion  of  Q,  then  D  is  an  5-neighborhood  of  Q  (cf. 
Definition  (II)  above). 

Examples.  E  15.2.  Let  .1/  be  a  decomposition  of  the  perfectly  compact 
Hausdorff  space  5  into  closed  sets.  Let  N  be  the  collection  of  those  ideal  points 
which  are  amalgamations  of  elements  of  M.  Then  N  is  upper  semi-continuous 
relative  to  5  if  and  only  if  M  is  upper  semi-continuous  in  5.  Examples  of  both 
possibilities  are  given  by  Alexandroff  and  Hopf,  p.  67.  See  also  E  15.1. 

E  15.3.  A  collection  of  real  points,  or  of  atomic  ideal  points,  is  upper  semi- 
continuous  relative  to  5. 

If,  in  Theorem  15.1,  we  amalgamate  the  elements  of  the  sets  a~^{y),  for 
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y^  Y,  we  obtain  amalgamation  points  for  which  Theorem  15.4  applies.  This 
is  an  instance  of  the  analogy  we  have  noted  before  between  the  properties  of 
perfectly  compact  sets  and  of  amalgamation  points.  Similarly,  the  results  of 
Theorem  15.3  resemble  some  of  those  of  Alexandroff  and  Hopf.  These  analo- 
gies give  indications  of  some  rather  trivial  applications  of  our  theory.  In  gen- 
eral, our  procedure  is  to  define  mappings  in  terms  of  decompositions  or  of 
amalgamations;  these  processes  involve  mainly  order  relations.  This  proce- 
dure must  be  carried  out  in  such  a  manner  that  it  gives  conditions  which  assure 
the  continuity  of  the  mappings  and  permit  the  application  of  the  results  of 
Alexandroff  and  Hopf.  Such  conditions  are  given  in  Theorems  15.4,  15.5,  and 
15.6.  Thus,  we  have  on  the  one  hand  the  processes  of  amalgamation  of  points 
and  of  continuous  mappings,  and  on  the  other  those  of  decomposition  of 
points  and  of  the  inverse  of  a  continuous  mapping.  We  may  think  of  the  lat- 
ter as  giving  a  kind  of  representation  theory(-')  for  our  system  of  points,  in 
which  the  representation  of  a  point  is  a  decomposition  of  that  point  into  an 
upper  semi-continuous  collection  of  amalgamation  points.  Thus,  this  repre- 
sentation theory  involves  not  only  order,  but  also  continuity. 

Theorem  15.2.  //  N  is  an  upper  semi-continuous  collection  of  amalgamation 
points,  710  two  of  them  intersect. 

Suppose  that  X  and  Y  are  intersecting  elements  of  N.  By  D  15.1  X  and  Y 
have  the  same  ^-neighborhoods.  By  Theorem  9.2  if  not  X<Y  then  there 
exists  an  element  /3  of  a{X)-aiX)-ai  Y).  By  Theorem  12.2  if  \Ece{  Y)  there 
exists  an  5-neighborhood  of  X,  5(X),  which  is  not  an  5-neighborhood  of  /3.  By 
Theorem  14.3  there  exists  a  finite  collection  of  the  5(X)'s,  whose  sum  D  is  an 
5-neighborhood  of  Y.  By  Theorem  11.7  D  is  not  an  5-neighborhood  of  (3. 
Since  13<X  and  D  is  an  5-neighborhood  of  X,  we  are  involved  in  a  contradic- 
tion. Thus,  Z<  7.  Simi-larly,  Y<X.  Hence,  F  =  X. 

Theorem  15.3.  Let  Y  be  a  decom position {--)  \x\  of  the  ideal  point  X  into 
regular  amalgamation  points.  The  following  conditions  are  equivalent:  (1)  Y  is 
perfectly  compact  in  itself;  (2)  X  is  an  amalgamation  point  and  Yis  upper  semi- 
continuous  relative  to  5;  (3)  the  space{^^)  S{Y)  of  the  decomposition  Y  is  a  per- 
fectly compact  Hausdorff  space. 

The  following  is  a  point  set  analogue  of  this  theorem. 

Theorem  15. 3A.  //  Y  is  a  decomposition  of  the  Hausdorff  space  X  into  a 
collection  of  sets  which  are  perfectly  compact  in  themselves,  the  following  condi- 
tions are  equivalent:  (1)  The  space  X{Y)  of  the  decomposition  Y  is  perfectly 
compact;  (2)  X  is  perfectly  compact  and  Y  is  upper  semi-continuous  in  X. 


(")  Cf.  Birkhoff,  p.  76,  and  Stone,  loc.  cit. 

P)  Cf.  D  9.3. 

(")  Cf.  Theorem  12.1. 
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Consider  15. 3A.  By  Alexandroff  and  Hopf,  p.  98,  Theorem  VIII,  (2)  im- 
plies (1).  Let  (1)  hold  and  y=a{x)  mean  that  xEyEY  (XDy)-  If  U  is  an 
open  set  in  X,  U{Y)  means  the  set  of  all  elements  of  Y  that  are  subsets  of  U; 
and  U{Y)  is  an  open  set  in  X{Y)  (cf.  Definition  (III)).  Let  yEY,  and  R 
be  an  open  set  in  X  containing  y.  If  sE  Y-RiY),  there  exist  in  X  mutually 
exclusive  open  sets,  Vz  and  Wz,  which  contain,  respectively,  y  and  z  (cf.  proof. 
Theorem  IX,  p.  89,  Alexandroff  and  Hopf).  Since  Y-RiY)  is  a  closed  set 
in  the  perfectly  compact  space  X{Y),  it  has  the  Borel-Lebesgue  property; 
there  exist  Wz,{Y),  W^Y),  ■  ■  ■  ,  Wz^Y)  which  cover  Y-R{Y)  in  X{Y).  Let 
V=VzrVz,-  ■  ■  Vz„and  W=Wz,  +  W,,+  ■  ■  ■  +T^.„.  Then  Fand  PF  are  mu- 
tually exclusive  open  sets  in  X,  FDy,  and  W  contains  all  elements  of 
Y—RiY).  Since  V-  W  is  vacuous,  any  element  of  Y  that  has  a  point  in  com- 
mon with  V  is  a  subset  of  R.  Thus,  Y  is  upper  semi-continuous  in  X;  and  the 
mapping  y  =  a{x)  of  X  on  XiY)  is  continuous  (cf.  Alexandroff  and  Hopf, 
p.  67).  Let  F  be  a  closed  point  set  in  X,  and  D  =  X  —  F.  Then  D{Y)  is  open 
in  Xi  Y).  Since  D{  Y)=X{  Y)  -a{F),  a{F)  is  closed  in  X(  Y),  and  the  mapping 
is  closed.  By  Theorem  15.1  Condition  (1)  implies  (2). 

Proof  of  Theorem  15.3.  Let  (2)  hold  and  G  be  a  collection  of  open  sets  of  5 
that  covers  Y  relative  to  S.  If  xG  Y,  let  DGG  such  that  D  is  an  5-neighbor- 
hood  of  X.  Let  R{x,  D)  be  an  5-neighborhood  of  x  such  that  if  it  is  an  5-neigh- 
borhood  of  a  portion  of  an  element  of  Y,  then  D  is  an  5-neighborhood  of  that 
element.  By  Theorems  14.4,  11.6,  and  9.1  there  exists  a  finite  collection  of 
the  R's  which  covers  the  aggregate  of  atomic  portions  of  X;  say  R{xi,  Di), 
R{x2,  Di),  •  •  •  ,  R{xn,  Dn).  Let  G*  be  the  collection  Du  Dt,  ■  ■  ■  ,  D„.  If  x^  Y 
and /3  is  an  atomic  portion  oi  x,^<x<X,  and  there  exists  j  such  that  R(xj,  Dj) 
is  an  5-neighborhood  of  fi.  Then  Dj  is  an  5-neighborhood  of  x,  and  G*  covers  Y 
relative  to  5.  Since  Y  has  the  Borel-Lebesgue  covering  property,  it  is  per- 
fectly compact  in  itself  (cf.  Theorem  12.1  and  Kuratowski  and  Sierpinski, 
loc.  cit.).  Thus  (2)  implies  (1). 

Conversely,  let  Y  be  perfectly  compact  in  itself.  By  Theorem  14.10  A'  is 
an  amalgamation  point.  Let  xG  Y,  D  be  an  5-neighborhood  of  x,  and  L  be 
the  set  of  all  elements  of  Y  of  which  D  is  not  an  5-neighborhood.  By  D  12.1 
no  point  of  Y—L  is  a  limit  point  of  L,  and  L  is  a  closed  point  set  relative 
to  Y.  Since  Y  is  perfectly  compact  in  itself,  so  is  L.  By  Theorem  14.10  there 
exists  a  regular  amalgamation  point  j3,  such  that  j3<L</3.  By  D  9.3  x  inter- 
sects no  element  of  L;  and  thus  it  does  not  intersect  fi.  By  Theorem  14.7 
X  and  /3  can  be  separated  by  a  pair  of  their  respective  5-neighborhoods,  U 
and  W;  by  Theorem  11.6  W  \s  an  5-neighborhood  of  L.  Let  Xi  be  an  element 
of  Y  such  that  U  is  an  5-neighborhood  of  a  portion  X  of  Xi.  If  Xi  were  an  ele- 
ment of  £,  PF  would  be  an  5-neighborhood  of  Xi  and  of  X;  since  f/- IF  is  vacu- 
ous, this  involves  a  contradiction.  Since  XiGF— Z,,  D  is  an  5-neighborhood 
of  Xi.  Thus,  Fis  upper  semi-continuous,  and  (1)  implies  (2). 

If  xi  and  Xi  are  two  elements  of  Y,  by  Theorem  14.7  and  D  9.3  they  can 
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be  separated  by  5-neighborhoods.  By  Theorem  12.1  condition  (1)  implies  (3). 
The  converse  is  obvious. 

Theorem  15.4.  Given  that  P  is  an  amalgamation  point  and  Y  and  X  are 
decompositions  of  P  into  regular  amalgamation  points  such  that  if  yG.Y  there 
exists  a  subcollection  a~^{y)  of  X  which  is  a  decomposition  of  y,  then  any  two 
of  the  following  conditions  imply  the  third:  (1)  F  is  perfectly  compact  in  itself; 
(2)  X  is  perfectly  compact  in  itself;  (3)  the  mapping  y=a{x)  of  X  into  Y  is  a 
closed  mapping;  the  sets  a~'^{y)  for  yG  Y,  are  perfectly  compact  in  themselves. 

By  Theorem  15.3  the  conditions  (2)  and  (1)  are  equivalent,  respectively, 
to  the  upper  semi-continuity  of  A'  and  of  1'.  Cf.  E  15.1. 

The  close  resemblance  of  Theorems  15.1  and  15.4  fails  to  extend  to  the 
^explicit  assumption  of  the  continuity  of  the  mapping  y  =  a{x),  which  is  neces- 
sary for  the  former.  The  inherent  potentialities  for  the  continuity  of  y  =  a{x) 
for  Theorem  15.4  are  an  example  of  the  properties  of  this  mapping  which  fol- 
low from  the  way  it  is  defined:  For  y^Y,  y<a~^{y)<y;  XZ)a~Hy);  and  if 
xEiOi~^{y),  then  x<y  (cf.  D  9.3).  These  order  relations,  which  involve  X,  Y, 
and  the  mapping,  may  be  regarded  as  a  key  to  our  theory,  and  are  a  founda- 
tion for  the  applications  we  make  in  following  sections.  The  transformation 
expresses  the  fact  that  the  elements  of  y  are  obtained  by  amalgamations  of 
elements  of  X;  conversely,  the  elements  of  X  are  the  results  of  decompositions 
of  the  y's.  For  topological  applications  we  need  conditions  of  continuity  as 
well  as  those  for  order;  simultaneous  conditions  for  the  required  continuity 
and  order  are  given  in  Theorems  15.3  to  15.6. 

Proof.  By  Theorem  15.3  if  condition  (1)  or  (2)  holds,  then  For  X,  respec- 
tively, is  upper  semi-continuous  relative  to  S.  By  (1)  and  (2)  the  mapping 
y  =  a{x)  is  continuous  from  X  to  F  (cf .  argument  on  page  67,  and  Theorem  IV, 
p.  53,  Alexandroff  and  Hopf).  The  conclusion  follows  from  Theorem  15.1. 

Theorem  15.5.  Adopt  the  notation  of  Theorem  15.4,  and  let  X  be  upper  semi- 
continuous  {-^)  relative  to  S;  then  (A)  F  is  upper  semi-continuous  relative  to  S 
if  and  only  if  the  aggregate  F'=  [a^Hy)].  where  yGF,  is  an  upper  semi-con- 
tinuous collection  of  point  sets  in  X(-^).  (B)  Let  Y"  =  X{Y')  be  the  space{-')  of 
the  decomposition  of  X,  F',  and  let  y"=a"{x)  mean  that  xEiy"G  F";  then  the 
mapping  y=a{x)  of  X  on  Y  is  closed  if  and  only  if  the  mapping  y"  =a"{x) 
of  X  on  Y"  is  closed.  (C)  //  the  conditions  in  either  (A)  or  (B)  are  satisfied, 
then  those  in  each  of  Theorem  15.4,  (A)  and  (B),  are  satisfied,  and  the  mappings 
y=a{x)  and  y"  =a"{x)  are  equivalent  mappings  of  X {-''). 

(")  Or,  X  is  perfectly  compact  in  itself  (cf.  Theorem  15.3). 

(**)  Cf.  definition  (II).  Here  X  is  regarded  as  a  space  (cf.  Theorem  12.1). 

(2°)  Cf.  Definition  (III);  Y"  is  der  zur  Zerlegung  gehorende  schwacke  Zerlegungsraum  (cf. 
Alexandroff  and  Hopf,  p.  66).  The  points  of  Y"  are  the  elements  of  Y'. 

(")  That  is,  the  mapping,  y"  =  a"(.a~^{y)),  of  Y  on  Y"  is  a  homeomorphism  (cf.  Alexan- 
droff and  Hopf,  p.  61). 
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Proof.  By  Theorems  14.7  and  12.1  X  and  F  determine  Hausdorff  spaces. 
Let  two  of  the  conditions  of  Theorem  15.4  hold.  The  third  follows;  by  Theo- 
rems VIII  and  II,  pages  98  and  95,  Alexandroff  and  Hopf,  the  mappings  of 
(B)  are  equivalent  and  both  are  closed,  and  Y'  is  upper  semi-continuous  in  X. 

By  Theorem  15.3  our  hypothesis  that  X  is  upper  semi-continuous  relative 
to  5  is  equivalent  to  condition  (2)  of  Theorem  15.4.  If  y=a{x)  is  a  closed 
mapping,  condition  (3)  of  that  theorem  holds.  By  the  preceding  paragraph 
the  conditions  in  (A)  and  in  (B)  are  necessary.  Let  y"=a"{x)  be  a  closed 
mapping  from  X  to  Y".  Let  yG  F,  U  be  an  S-neighborhood  of  y,  and  U{X) 
and  U{Y)  denote  all  elements  of  X  and  of  Y,  respectively  of  which  U  is  an 
^-neighborhood ;  U{X)  is  open  relative  to  X,  and  U(X)^a-'{y)=y".  If  V 
is  the  set  of  all  elements  of  Y"  that  are  subsets  of  U{X),  then  V  is  an  open 
set  in  Y",  and  v"G  T'  (Definition  (III)).  Let  Hhe  the  sum  of  the  elements  of 
Y"—  ]'.  Then  v"  and  //  are  closed  point  sets  in  X  which  do  not  intersect 
(cf.  Theorem  I,  p.  53,  Alexandroff  and  Hopf).  Since  X  is  perfectly  compact, 
so  are  y"  and  //.  By  Theorems  14.10,  14.7,  and  11.6  y"  and  H  can  be  sepa- 
rated by  5-neighborhoods  D  and  R.  Since  y"  =a~^(y),  y  <  v"  <y;  by  Theorem 
11.6  Z)  is  an  .S-neighborhood  of  _v.  Let  D  be  an  S-neighborhood  of  a  portion  /3 
of  an  element  of  Y,  yi.  Suppose  that  jiGF—  U{Y)\  by  Theorem  11.6  there 
exists  Xi^a^^iyi)  such  that  U  is  not  an  5-neighborhood  of  Xi.  Then  a~'-{yi) 
=  a"(xi)G  Y"  —  V,  and  7/Da~'(yi).  By  Theorem  11.6  i?  is  an  5-neighborhood 
of  yi  and  of  /3.  Since  D  is  an  5-neighborhood  of  (3,  and  R- D  is  vacuous,  we  are 
involved  in  a  contradiction.  Thus,  F  is  upper  semi-continuous  relative  to  5. 
By  Theorems  15.3  and  15.4  the  condition  in  (B)  is  sufficient.  If  the  collection 
F'  is  upper  semi-continuous  in  X,  it  follows  from  Theorems  YIII  and  II  on 
pages  98  and  95,  Alexandroff  and  Hopf,  that  the  mapping^'"  =a:"(x)  is  closed 
from  X  to  F".  By  (B)  the  mapping  y  =  a(x)  is  closed.  By  the  first  paragraph 
the  condition  in  (A)  is  sufficient,  and  (C)  is  true. 

Theorem  15.6.  The  conclusions  of  Theorems  15.3,  15.4,  and  15.5  remain 
true  if  the  aggregate  consisting  of  P  and  of  the  elements  of  X  and  Y  include  regu- 
lar real  or  regular  frontier  points. 

This  follows  from  Theorems  12.1,  13.7,  and  14.2. 

16.  Applications  of  the  preceding  sections.  Applications  of  the  preceding 
section  require  the  decomposition  of  an  amalgamation  point  P  into  regular 
amalgamation  points.  In  problems  dealing  with  the  embedding  of  5  in  a  per- 
fectly compact  Hausdorff  space  we  have  the  case  where  P  is  the  maximal 
amalgamation  point  and  the  elements  of  the  decomposition  include  the  points 
of  5  (cf.  Theorem  16.1). 

We  supplement  the  results  of  §§13  and  14  for  the  regular,  the  normal,  and 
the  semi-completely  normal  spaces  by  giving  characterizations  of  the  com- 
pletely regular,  the  locally  perfectly  compact,  and  the  perfectly  compact 
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Hausdorff  spaces.  Some  of  these  give  our  interpretations  of  results  by  other 
authors,  and  demonstrate  the  generaUty  of  our  methods  (cf.  Theorems  16.1, 
16.2,  and  16.4).  In  order  to  utiHze  this  generality  fully,  we  devote  Chapter  III 
to  a  study  of  lattices  of  regular  points,  and  to  lattices  of  systems  of  decom- 
positions of  an  amalgamation  point  into  collections  of  regular  amalgamation 
points.  These  give  systematic  methods  for  classifying  our  results.  An  impor- 
tant part  of  Chapter  III  is  the  demonstration  of  the  existence  of  atomic  ele- 
ments of  systems  of  points  which  are  encountered  in  applications  of  our 
mapping  theory.  For  the  special  case  of  the  semi-completely  normal  space  the 
-equired  atomic  elements  are  the  atomic  ideal  points  (cf.  Theorem  16.5).  Simi- 
lar conclusions  hold  for  the  decompositions  of  boundary  points  of  normal 
spaces  (cf.  Theorem  16.1,  (3)). 

Theorem  16.1.  (1)  In  order  that  S  be  completely  regular{-^),  it  is  necessary 
and  sufficient  that  there  exist  a  collection  of  regular  boundary  points  M  such 
that  (a)  each  boundary  point  intersect  M,  and  (b)  the  collection  5+M  be  upper 
semi-continuous  relative  to  S.  (2)  This  condition  is  satisfied  if  and  only  if  S-\-M 
is  a  perfectly  compact  Hausdorff  space.  (3)  //  5  is  normal  and  M  is  the  set  of  its 
atomic  boundary  points,  this  condition  is  satisfied.  (4)  A  perfectly  compact,  im- 
mediate Hausdorff  extension  of  S  is  a  decomposition  of  the  maximal  ideal  point. 

The  result  in  (3)  is  similar  to  that  in  Lemma  12,  p.  119,  Wallman,  loc.  cit. 
If  Fis  any  perfectly  compact  Hausdorff  space  in  which  5  is  embedded  and  X 
is  the  space  S-\-M  oi  (3),  then  the  conclusion  of  Theorem  15.4  concerning  the 
mapping  y=a(x)  holds;  cf.  Stone,  loc.  cit.,  p.  476,  Theorem  88.  See  also  Theo- 
rem 20.2.  Cech,  also,  loc.  cit.,  has  considered  this  space. 

Proof.  Let  F  be  the  maximal  amalgamation  point  and  X  =  5-1-^1/.  Let  P 
be  a  real  point,  ^  be  a  boundary  point,  and  0  be  an  atomic  portion  of  Q.  By 
(la)  /3  intersects  PmE.M;  since  jS  is  atomic,  /3<^.i/.  Since  /Sm  is  regular,  P  and 
/3;U  do  not  intersect,  and  they  can  be  separated  by  5-neighborhoods  U  and  V 
(cf.  D  13.1  and  Theorem  11.5).  Since  /3</3.ir,  T^is  an  5-neighborhood  of  /3  and 
P  and  P  do  not  intersect  (Theorems  11.6  and  11.5).  By  Theorem  14.2  Q  is  an 
amalgamation  point.  By  Theorem  14.6  P  and  Q  do  not  intersect.  By  Theorem 
13.1  P  is  regular.  By  (la)  each  composition  point  intersects  either  S  or  M. 
By  D  9.2  F<M-l-5;  since  il/+5<F,  A'  =  5  +  il/ is  a  decomposition  of  F  (cf. 
Theorem  15.2).  By  Theorems  14.5,  15.6,  and  15.3  the  condition  in  (1)  is  suffi- 
cient and  that  of  (2)  is  necessary. 

Conversely,  let  the  perfectly  compact  Hausdorff  space  T  be  an  immediate 
extension  of  S;  then  all  points  of  T  are  regular.  Let  M  be  the  boundary  points 
of  5  which  are  equivalent  to  points  of  T  —  S.  By  Theorems  13.7  and  12.1, 


O  5  is  completely  regular  if  and  only  if  it  can  be  embedded  in  a  perfectly  compact  Haus- 
dorff space;  cf.  Tychonoff,  loc.  cit. 
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5+Mis  perfectly  compact.  By  Theorems  14.10  and  14.2  there  exists  an  amal- 
gamation Z  of  the  elements  of  S-\-M.  \i  Zj^  Y,  there  exists  an  atomic  bound- 
ary point  |3  which  intersects  Y  but  does  not  intersect  Z  (cf.  Theorem  9.2). 
By  Theorems  12.1  and  14.7  the  space  S-\-M-\-^  is  a  Hausdorff  space;  clearly, 
/3  is  a  limit  point  of  5.  Since  S-\-M  is  perfectly  compact,  we  are  involved  in 
a  contradiction;  cf.  Alexandroff  and  Hopf,  p.  91,  Theorem  XI.  Thus,  Y <Z, 
Z<  Y,  and  Z=  Y.  By  Theorems  15.6  and  15.3  the  condition  in  (1)  is  neces- 
sary, and  that  of  (2)  is  sufificient. 

For  Case  (3)  the  collection  X  =  S+il/ obviously  is  upper  semi-continuous. 
By  Theorems  5.5  and  14.12  J/ satisfies  condition  (la). 

Theorem  16.2.  (1)  7/5  is  regular  but  is  not  perfectly  compact,  then  in  order 
that  the  set  of  all  boundary  points  be  amalgamable  it  is  necessary  and  sufficient 
that  S  be  locally  perfectly  compact;  (2)  if  this  condition  is  satisfied  and  Q  is  the 
amalgamation  of  all  the  boundary  points,  then  S-\-Q  is  perfectly  compact. 

This  theorem  resembles  closely  one  due  to  Alexandroff;  cf.  Alexandroff 
and  Hopf,  p.  93,  Theorem  XIV. 

Proof.  If  the  condition  holds,  it  follows  from  AlexandrofT's  theorem  that 
there  exists  a  point  Q,  such  that  S  +  Q  is  a  perfectly  compact  Hausdorff  space 
in  which  5  is  embedded;  because  of  Theorems  13.7  and  12.1  we  may  suppose 
that  ()  is  a  boundary  point;  by  Theorem  14.2  Q  is  an  amalgamation  point. 
It  follows  from  Theorem  16.1  that  each  boundary  point  is  a  portion  of  Q. 
Thus,  the  condition  is  sufficient. 

Conversely,  let  Q  be  the  amalgamation  of  all  the  boundary  points.  By 
Theorems  13.1  and  14.6  Q  and  the  real  point  P  can  be  separated  by  5-neigh- 
borhoods  U  and  W,  respectively.  If  W  were  not  perfectly  compact,  by  Theo- 
rem 10.3  there  would  exist  a  boundary  point  (3  which  is  an  end  of  W .  Then  /3 
is  a  portion  of  Q,  and  U  is  an  .S-neighborhood  of  |8.  By  Theorem  12.3  (3  is  a 
limit  point  of  W,  and  W-  U  is  nonvacuous.  Thus,  we  are  involved  in  a  con- 
tradiction, and  the  condition  is  necessary. 

Theorem  16.3.  In  order  that  a  Hausdorff  space  be  perfectly  compact,  it  is 
necessary  and  sufficient  that  it  have  no  boundary  points. 

This  follows  from  Theorem  10.3. 

Theorem  16.4.  Let  X  be  a  perfectly  compact  Hausdorff  space  which  is  an 
immediate  extension  of  S,  P  be  the  maximal  S-porlion,  M  bea  decomposition  of  X 
into  closed  point  sets,  and  Y  be  the  aggregate  of  all  ideal  points.  y{m),  where  y{m) 
is  the  amalgamation  of  the  elements  of  m,  and  m^M.  Theorems  15.4  and  15.5 
are  applicable. 

Thus,  Y  is  upper  semi-continuous  relative  to  5  if  and  only  if  M  is  upper 
semi-continuous  in  X;  etc.  The  theorem  points  out  that  the  results  of  Alex- 
androff and  Hopf  are  special  cases  of  our's. 
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Theorem  16.5.  //  5  is  senii-completely  normal,  the  results  of  Theorems  15.4 
and  15.5  hold  true  for  the  case  that  X  is  the  decomposition  of  P  into  atomic  ideal 
points. 

An  interesting  case  is  the  one  where  P  is  the  maximal  ideal  point,  and  Y 
is  a  perfectly  compact  Hausdorff  space  in  which  S  is  embedded.  This  justifies 
our  regarding  X  as  a  universal  inverse  mapping  space. 

17.  Extensions  of  upper  semi-continuous  collections  of  point  sets  in  nor- 
mal spaces.  Stone  has  commented  on  the  "remarkable  properties"  of  a  space 
which  for  the  case  that  5  is  normal  is  a  homeomorph  of  5  plus  its  atomic 
boundary  points  (loc.  cit.,  p.  476,  lines  8  and  9).  The  results  of  this  section 
give  additional  grounds  for  this  comment.  Our  results  in  this  section  are  dis- 
tinguished by  the  fact  that  they  are  characteristic  of  normal  spaces.  Also,  cf. 
Cech,  loc.  cit. 

D  17.1.  If  5  is  a  subspace  of  T,  M  and  N  are  collections  of  mutually  ex- 
clusive closed  point  sets  of  S  and  of  T,  respectively,  and  M  is  the  collection  of 
all  sets  S-n,  where  n^N,  we  say  that  N  is  an  extension  of  M  (from  S  into  T). 

E  17.1.  Let  r  be  a  circle  plus  its  interior,  and  5  be  the  interior.  Let  N 
be  the  set  of  all  chords  parallel  to  a  given  diameter;  define  Af  as  in  D  17.1. 
N  contains  an  extension  of  M,  N  is  upper  semi-continuous  in  T,  but  Af  is  not 
upper  semi-continuous  in  5.  Thus,  T  cannot  take  the  place  of  the  space  X(S) 
of  Theorem  17.1. 

Let  E  and  F  be  two  chords  in  T  such  that  E  and  F  have  in  common  ex- 
actly one  point,  P,  which  belongs  to  T  —  S.  Let  K  be  the  collection  whose  ele- 
ments are  £-5,  FS,  and  the  points  of  S  —  S-(E  +  F).  Then  K  is  upper 
semi-continuous  in  5,  but  cannot  be  extended  to  T.  It  follows  that  T  does 
not  serve  as  a  Tk  (cf.  Theorem  17.2). 

Theorem  17.1.  Let  S  be  normal,  \{S)  be  the  space  of  S  and  its  atomic  bound- 
ary points,  AI  be  a  collection  of  mutually  exclusive  closed  point  sets  of  S,  N  be 
the  aggregate  of  the  closures  in  X(5)  of  the  elements  of  S,  and  K  be  the  aggregate 
of  the  amalgamations  of  the  elements  of  N.  (1)  The  following  conditions  are  equiv- 
alent: (a)  A'l  is  upper  semi-continuous  in  S;  (b)  N  is  upper  semi-continuous  in 
X(5);  (c)  K  is  upper  semi-continuous  relative  to  S.  (2)  //  these  conditions  are 
satisfied,  the  spaces  of  these  decompositions  are  homeomorphic(^^). 

Thus,  the  theory  of  upper  semi-continuous  collections  of  point  sets  in  a 
normal  space  may  be  regarded  as  a  part  of  the  theory  of  our  ideal  points  (this 
holds  true  even  if  the  elements  of  AI  are  not  perfectly  compact). 

Proof.  For  m^AI,  let  n{m)^N  such  that  m  =  S-n(m);  let  P{m)  be  the 
amalgamation  of  the  elements  of  n{m);  by  Theorems  16.1  and  14.10  P{m) 
exists.  If  U  is  an  open  set  in  5,  and  UZ^m^M,  let  \{U)  denote  all  points 
of  X(5)  of  which  U  is  an  5-neighborhood.  Suppose  that  I3^n{m)  —  m  and  not 

n  Cf.  Definition  (III),  §15,  and  Theorem  12.1. 
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/3GX(t^-  Then  by  Theorems  11.3  and  12.3  /3  is  an  end  of  5—  U  and  of  m.  By 
Theorem  11.3  neither  U  nor  S—m  is  an  5-neighborhood  of  0.  Since  S=U 
-\-{S  —  m)  and  5  is  an  5-neig;hborhood  of  /3,  by  Theorem  11.7  we  are  involved 
in  a  contradiction.  Thus,  U  is  an  5-neighborhood  of  n{m)  and  of  P{m)\  cf. 
Theorem  11.6.  Conversely,  if  W  is  an  open  set  in  \{S),  and  WZ^n{m),  then 
n{m)  and  \{S)  —  PFare  closed  in  X(5).  Thus,  w(w)  and  X(5)  —  PFare  perfectly 
compact  in  themselves  and  are  amalgamable  (cf.  Theorems  16.1  and  14.10); 
by  Theorems  14.7  and  11.6  they  can  be  separated  by  5-neighborhoods,  D  and 
R.  Then  WZ)MD)Z)n{m),  DZ)m,  and  D  is  an  5-neighborhood  of  P(m).  By 
Theorem  14.10  each  P{m)  is  regular.  The  conclusion  follows  from  these  rela- 
tions, the  definitions  of  upper  semi-continuity,  and  Theorem  IV,  p.  53,  Alex- 
androff  and  Hopf. 

Theorem  17.2.  (1)  In  order  that  it  be  possible  to  extend  each  M,  which  is 
an  upper  semi-continuous  decomposition  of  S  into  closed  point  sets,  to  a  subset 
of  a  similar  decomposition  of  some  immediate,  perfectly  compact,  Hausdorff  ex- 
tension of  S,  say  Til,  it  is  necessary  and  sufficient  that  S  be  normal.  (2)  (a)  //  S 
is  normal,  there  exists  a  Tm,  Y,  -which  is  independent  of  M;  (b)  such  a  Y  is 
homeomorphic  to  X  =\{S)  by  means  of  the  mapping  y=a{x)  of  Theorems  15.6 
and  15.4. 

In  particular,  the  conclusion  of  (2)  holds  for  Y  =  'K{S);  cf.  Theorem  17.1. 

Proof.  Let  E  and  F  be  mutually  exclusive  closed  sets  in  5.  Let  M  be 
the  aggregate  whose  elements  are  E,  F,  and  the  points  of  S—  {E-\-F).  Then  M 
is  an  upper  semi-continuous  decomposition  of  5.  If  a  T.if  exists,  there  exists 
an  upper  semi-continuous  extension  of  M  into  7".v.  Then  the  product  of  the 
closures  of  E  and  F  in  Tm  is  vacuous.  Since  T.v  is  perfectly  compact,  it  is 
normal  (cf.  Alexandrofif  and  Hopf,  p.  89).  There  exist  in  Tm  mutually  exclu- 
sive open  sets,  U  and  T',  which  contain  Et  and  Ft,  respectively.  Since 
U-SZ)E  and  V-SZ)F,  the  condition  in  (1)  is  necessary. 

Conversely,  let  5  be  normal  and  T  be  the  space  of  the  decomposition  M 
(cf.  Definition  (III),  §15).  K  tET and  sES,  let  the  relation /=/(5)  mean  that 
s&  (recall  that  the  points  of  T  are  the  elements  of  M).  Then  the  mapping 
of  5  on  T,  t=f(s),  is  continuous  and  T  is  normal  (cf.  Alexandroff  and  Hopf, 
pp.  67,  53,  and  70).  By  Theorem  16.1  there  exists  an  immediate,  perfectly 
compact,  Hausdorff  extension  of  T,  say  R.  There  exists  a  continuous  mapping 
from  X(5)  to  R,  say  r=F{s),  such  that  if  PGS,  then  f(P)  =  F{P)  (cf.  Theorem 
16.1  and  Stone,  loc.  cit..  Theorem  88,  p.  476). 

Let  A^  be  the  aggregate  [/^"'(O].  where  r  ranges  over /?.  By  Theorem  VIII, 
p.  98,  Alexandroff  and  Hopf,  A^  is  an  upper  semi-continuous  decomposition 
of  r=X(5)  into  closed  point  sets.  Thus,  we  have  established  (2a)  and  the 
sufficiency  of  the  condition  in  (1). 

Consider  any  Y  which  is  independent  of  .1/,  and  let  X  be  the  space  con- 
sisting of  S  and  those  boundary  points  which  are  equivalent  to  points  of  Y; 
the  mapping  of  the  conclusion  is  a  homeomorphism  of  X  and  Y  (cf.  Theorem 
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13.7).  Suppose  that  the  element  6  of  X  —  S  is  not  atomic;  then  there  exist  two 
atomic  boundary  points  which  are  portions  of  it,  say  a  and  (3.  By  Theorem 
14.12  a  and  (3  are  regular.  By  Theorem  14.7  there  exist  5-neighborhoods  of  a 
and  of  /S  whose  closures  in  5,  E  and  F  are  mutually  exclusive.  If  M  is  the  col- 
lection whose  elements  are  E,  F,  and  the  points  of  5—  (£  +  F),  it  is  an  upper 
semi-continuous  decomposition  of  5.  Clearly,  a  is  a  limit  point  of  E  and  ji  is 
a  limit  point  of  F;  by  Theorem  11.6  each  5-neighborhood  of  5  contains  points 
of  E  and  of  F,  and  5  is  a  limit  point  of  E  and  of  F.  Hence,  there  exist  no  mu- 
tually exclusive  closed  sets  in  1' which  contain  E  and  F,  respectively.  Since  Y 
contains  an  extension  of  Af,  we  are  involved  in  a  contradiction.  Thus,  5  does 
not  exist,  and  X  =  \{S). 

Chapter  III.  The  lattice-mapping  theory  of  systems  of  regular  points 

Let  P  be  a  regular  amalgamation  point,  and  let  X,  Y,  and  y  =  a{x)  be 
such  that  the  conditions  of  Theorem  15.4  are  satisfied.  Recall  that  for  y^Y, 
XDa^'Cy)  and  y  is  an  amalgamation  of  the  elements  of  a~^{y).  Since  the 
mapping  y=a{x)  deals  both  with  order  and  with  continuity,  we  may  think 
of  Y  as  a  mapping  space  or  an  amalgamation  space  for  X,  and  of  X  as  an  in- 
verse mapping  space  or  a  decomposition  space  for  Y.  If  S  is  semi-completely 
normal,  we  have  shown  in  Theorem  16.5  that  if  X*  is  the  decomposition  of  P 
into  atomic  ideal  points,  then  X*  serves  as  a  common  inverse  mapping  space 
for  all  the  F's  which  are  upper  semi-continuous,  or  perfectly  compact,  decom- 
positions of  P  into  regular  amalgamation  points.  That  is,  the  elements  of  X* 
may  be  said  to  be  atomic  from  the  point  of  view  of  our  mapping  theory.  By 
Theorem  14.12  for  spaces  other  than  the  semi-completely  normal  the  atomic 
mapping  points  will  not,  in  general,  be  the  atomic  ideal  points.  For  these  more 
general  spaces  there  is  thus  the  question  of  the  existence  of  such  atomic  ele- 
ments, and  that  of  the  existence  of  decomposition  spaces  or  of  inverse  map- 
ping spaces. 

In  §19  we  give  conditions  for  which  these  questions  have  answers  in  the 
affirmative.  Our  methods  involve  an  order  relation  X  <  Y,  where  X  and  Y 
are  decompositions  of  P  which  satisfy  the  conditions  of  Theorem  15.4.  The 
ordered  set  so  obtained  is  a  complete  lattice  and  its  zero  is  the  required  set 
of  atomic  mapping  points.  The  sublattices  of  this  lattice,  and  their  zeros  and 
units,  give  an  extensive  body  of  information  which  is  not  in  Chapter  II  for 
the  case  even  of  the  semi-completely  normal  space.  Important  sublattices  are 
considered  in  §20. 

Section  18  is  concerned  with  preliminary  methods  dealing  with  multiplica- 
tive systems  and  lattices  of  ideal  points,  and  with  the  generation  of  such  sys- 
tems from  collections  of  points.  The  zeros  of  the  sublattices  of  §19  are,  in  gen- 
eral, collections  of  atomic  elements  of  systems  of  ideal  points. 

In  Example  14.3  we  established  the  existence  of  a  space  for  which  the  only 
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regular  amalgamation  point  is  the  maximal  ideal  point  P;  for  it  P  =  X=  Y, 
and  the  application  of  Theorem  15.4  is  extremely  limited. 

18.  The  generation  of  multiplicative  systems  and  lattices  of  amalgama- 
tion points.  We  develop  methods  for  generating  such  systems  from  any  collec- 
tion of  amalgamation  points.  Most  of  these  do  not  require  a  hypothesis  of 
regularity.  In  Theorem  18.5  we  give  conditions  for  regularity.  In  Theorem 
18.4  we  give  conditions  which  make  the  generated  set  a  lattice. 

Note  that  if  A^  is  a  subsystem  of  M,  an  atomic  element  (^°)  of  N  need  not 
be  an  atomic  element  of  M  (for  instance,  A'^  might  consist  of  a  single  non- 
atomic  element  of  M).  The  term  atomic  regular  {amalgamation)  point  means 
an  atomic  element  of  the  system  of  all  regular  amalgamation  points;  it  should 
not  be  confused  with  the  term  regular  atomic  point  (of  S).  Theorems  14.2 
and  14.12  show  that  the  terms  are  synonymous  only  for  the  semi-completely 
normal  spaces. 

D  18.1.  The  set  of  points  M  is  said  to  be  almost-multiplicative  provided 
that  if  MZ)K  and  K  has  a  lower  bound  in  the  system  of  all  ideal  points,  then 
the  greatest  lower  bound  of  K  belongs  to  M.  The  following  are  examples  of 
almost-multiplicative  systems:  all  atomic  points;  all  composition  points;  all 
amalgamation  points;  all  regular  composition  points;  if  5  is  completely  regu- 
lar, all  regular  amalgamation  points  (cf.  Theorems  5.4,  14.2,  14.11,  and  20.1). 

D  18.2.  If  M  is  almost-multiplicative  but  is  not  completely  multiplica- 
tive("),  it  becomes  a  complete  multiplicative  system  M  +  O  by  the  addition 
of  a  zero  element  0;  if  M  is  completely  multiplicative,  let  M-\-0  denote  M, 
and  let  0  denote  its  zero. 

These  systems  find  applications,  among  others,  in  establishing  the  exist- 
ence of  atomic  elements.  If  M  is  the  system  of  all  regular  amalgamation  points 
of  the  space  of  Example  E  14.3,  it  has  one  element,  the  maximal  ideal  point 
of  the  space.  This  is  the  atomic  element  of  the  system.  This  example  shows 
how  far  the  atomic  regular  points  may  differ  from  the  atomic  points. 

Theorem  18.1.  Let  M  be  an  almost-multiplicative  system  of  amalgamation 
points.  (1)  If  P^M,  there  exists  an  atomic  element  of  M  which  is  a  portion 
of  P;  (2)  t7o  two  atomic  elements  of  M  intersect;  (3)  M  is  completely  multiplica- 
tive if  and  only  if  it  has  exactly  one  atomic  element  {its  zero). 

Proof.  By  Hausdorff,  (I),  pp.  140-141,  there  e.xists  a  system  of  elements 
of  M,  say  K,  which  contains  P,  is  monotonic,  and  is  not  a  proper  subset  of 
any  monotonic  subcollection  of  M.  For  k^K  the  set  a{k)  is  perfectly  compact 
in  itself  (cf.  Theorems  9.1  and  14.4).  By  Theorem  9.2  the  a{k)'s  are  the  ele- 
ments of  a  monotonic  collection  of  point  sets.  There  exists  an  atomic  point  5 
which  is  common  to  all  the  a{k)'s  (cf.  Kuratowski  and  Sierpinski,  and  Moore, 


(»»)  Cf.  D  3.3. 

(")  Cf.  D  3.7,  and  MacNeille,  loc.  cit.,  pp.  429,  442,  and  443. 


1941]  DECOMPOSITION  AND  AMALGAMATION  POINTS  457 

(II)).  It  follows  that  S  is  a  portion  of  each  element  of  K.  By  D  18.1  there 
exists  an  element  of  M,  fi,  which  is  the  greatest  lower  bound  of  the  elements 
ol  K.  LetX  be  an  element  of  jV  such  thatX<(3,  and  let  k^K.  Then  \<&<k. 
It  follows  that  K-\-\  is  monotonic;  because  of  the  definition  of  K,  \^K;  then 
/3<X;  since  X<|8,  X  =  /3,  and  /3  is  an  atomic  element  of  M.  Since  P^K,  0<P. 

Let  a  and  15  be  intersecting  atomic  elements  of  M.  By  Theorem  8.1  and 
D  18.1  there  e.xists  an  element  of  AI,  5,  which  is  a  lower  bound  of  a  and  /3. 
Since  8<0  and  /3  is  atomic,  ^<6,  and  /3=5;  similarly,  8=a.  The  conclusion 
of  (2)  and  the  necessity  of  the  condition  in  (3)  follow.  If  M  has  exactly  one 
atomic  element,  it  follows  by  (1)  that  this  element  is  a  lower  bound  of  each 
collection  of  elements  of  Af;  by  D  18.1  the  condition  in  (3)  is  sufficient. 

D  18.3.  If  K  and  AI(K)  are  collections  of  amalgamation  points,  AI{K)  is 
an  almost-multiplicative  system,  and  AI{K)  consists  of  those  amalgamation 
points  which  are  greatest  lower  bounds  of  subcollections  of  K,  we  say  that 
M{K)  is  generated  by  K;i(  A  (K)  is  the  aggregate  of  all  amalgamation  points 
P  such  that  P  is  the  amalgamation  of  the  elements  of  some  subcollection  of 
AI{K),  we  say  that  A  (K)  is  the  additive  system  generated  by  K.  If  xElK,  x  is  the 
lower  bound  of  the  pair  x  and  x;  thus  AI{K)'Z)K;s\m\\a.T\y  A{K)'2>AI{K).  UK 
is  either  the  set  of  all  composition  points,  or  of  all  atomic  ideal  points,  then 
K  =  M{K);  if  5  is  semi-completely  normal,  A{K)  is  the  set  of  all  amalgama- 
tion points. 

Theorem  18.2.  Each  collection  of  amalgamation  points  K  generates  an  ad- 
ditive system  A{K)  and  an  almost-multiplicative  system  AI{K).  A(K)  is  an  al- 
most-multiplicative system,  and  A  (K)  and  AI{K)  have  the  same  atomic  elements. 

Proof.  Let  AI(K)  and  A{K)  be  defined  as  in  D  18.3.  Let  Hhea  subcollec- 
tion of  M{K)  that  has  a  lower  bound.  Let  H  =  Hi-\-H2  such  that  KZ)Hi  and 
AIiK)-KZ)H2.  Let  Fhe  the  product  of  all  sets  a{h),  where  h^H  (cf.  D  8.5). 
For  h^Hi  let  H{h)  be  a  subcollection  of  K  such  that  h  is  the  greatest  lower 
bound  of  the  elements  of  H{h) ;  cf.  D  18.3.  Let  II3  be  the  sum  of  all  the  H{h)'s, 
for  h^Hi.  Let  G  =  //i+i/3,  and  let  E  be  the  product  of  all  the  a{g)'s,  where 
gGG.  Clearly,  EZ)F.  Suppose  that  0^E  —  F;  there  exists  hE:H  such  that  /3 
is  not  an  element  of  a{h).  Since  GZ)H\,  h^Ih;  by  Theorem  9.2  there  exists 
hi^IIih)  such  that  aihs)  does  not  contain  /3.  Since  hi^G,  we  are  involved  in 
a  contradiction,  and  (3  does  not  exist.  Thus,  E  =  F\  by  Theorem  9.2  P{F)  is 
the  greatest  lower  bound  of  the  elements  of  //and  of  G.  Since  KZ)G,  it  follows 
from  the  definition  of  AI{K)  that  P{F)^AI{K)  (by  Theorem  14.11  P{F)  is 
an  amalgamation  point).  Thus,  AI{K)  is  an  almost-multiplicative  system  of 
amalgamation  points,  and  is  generated  by  K. 

Next  let  //  be  a  subcollection  of  A  (K),  and  let  F  be  the  product  of  all  the 
sets  a{h),  for  h^II.  If  h^H,  there  exists  a  subcollection  of  AI{K),  Alh,  such 
that  h  is  the  amalgamation  of  the  elements  of  Alh  (cf.  D  18.3).  For  13^ F  and 
h^H,  let  x(/3,  h)  be  an  element  of  Alh  that  intersects  /3.  For  a  fixed  (3,  let  x(fi) 
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be  the  greatest  lower  bound  of  the  x(j3,  h)'s,  where  h  ranges  over  //;  by  the 
first  paragraph,  x{p)eMiK).  By  Theorem  9.2  F^a{x(^)),  x{fi)<PiF),  and 
P{F)  is  the  greatest  lower  bound  of  the  elements  of  H.  Let  X  be  the  aggregate 
of  all  the  .r(/3)'s,  for  pEF-  By  Theorems  8.1,  9.2,  and  D  9.2,  X<P{F),  and 
P{F)  <X.  By  Theorem  14.11  and  D  14.2  P{F)  is  an  amalgamation  of  the  ele- 
ments of  X.  Since  M{K)0>X,  it  follows  that  PiF)EA{K),  and  that  A (K)  is 
an  almost-multiplicative  system. 

Since  A{K)DM{K),  and  for  a^A{K)  there  exists  m^M(K)  such  that 
m  <a,  it  follows  that  the  two  systems  have  the  same  atomic  elements. 

Theorem  18.3.  Let  K  be  a  system  of  amalgamation  points,  and  M{K)  be  the 
almost-multiplicative  system  generated  by  it.  Then  K  and  M{K)  generate  the  same 
additive  system;  and,  if  K  is  almost-multiplicative,  M{K)  =  K. 

Theorem  18.4.  If  A(K)  is  the  additive  system  generated  by  the  collection  of 
amalgamation  points  K,  then  A  (K)  -\-0  is  a  complete  lattice  if  and  only  if  it  is 
possible  to  amalgamate  the  elements  of  K.  If  the  condition  is  satisfied,  the  unit 
of  the  lattice  is  the  amalgamation  of  the  elements  of  K. 

Proof.  Suppose  that  A{K)-]-0  is  a  complete  lattice;  then  it  has  a  unit,  I, 
which  is  an  element  of  AiK).  Since  A(K)Z)K,  for  kEK,  k<I;  by  D  9.2, 
K<I.  Since  IGA{K),  it  follows  from  D  18.3  and  D  14.2  that  there  exists  a 
subset  of  M{K),  say  M,  such  that  KM.  Let  X  be  an  ideal  point  that  inter- 
sects I;  by  D  9.2  X  intersects  an  element  of  M,  say  m.  By  the  definition  of 
M{K)  there  exists  k^K  such  that  m  <k.  Then  by  D  9.2  X  intersects  k,  and 
KK;  since  K<I,  it  follows  from  D  14.2  that  /  is  an  amalgamation  of  the 
elements  of  K. 

Conversely,  let  I  be  an  amalgamation  of  the  elements  of  K.  Since 
M{K)  DK,  lEA  (K).  Let  /SG^  (K) ;  then  there  exists  a  subcollection  of  MiK), 
M,  such  that  /3<M<(3.  For  m^M  there  exists  k^K  such  that  m<k;  by 
D  9.2  M<K;  then  I3<AI_<K<I.  Thus  I  is  the  unit  of  AiK).  By  Theorem 
18.2  and  D  18.2  A{K)-{-0  is  a  complete  multiplicative  system;  since  it  has  a 
unit,  it  is  a  complete  lattice  (cf.  MacNeille,  pp.  430-431). 

Theorem  18.5.  If  K  is  a  collection  of  regular  amalgamation  points,  and  each 
element  of  K  is  a  portion  of  some  collection  of  regular  composition  points,  then  the 
additive  and  the  multiplicative  systems  generated  by  K  consist  of  regular  points. 

Proof.  If  k^K  and  l3Q,a{k)  it  follows  from  the  hypothesis  and  Theorem 
9.2  that  /3  is  a  portion  of  some  regular  composition  point  X.  By  Theorems  9.2, 
14.2,  14.11,  and  14.8  the  greatest  lower  bound  of  ^  and  X  is  a  regular  composi- 
tion point  ^03),  and  fi<k(fi).  It  can  be  shown  with  the  help  of  Theorem  9.1 
that  k<a{k)  <L<k,  where  L  is  the  aggregate  of  all  k{fi)'s.  Thus,  k  is  an  amal- 
gamation of  a  collection  of  regular  composition  points.  The  conclusion  follows 
from  D  18.3  and  Theorems  14.11  and  14.10. 
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19.  Systems  of  upper  semi-continuous,  perfectly  compact  decompositions 
of  regular  amalgamation  points.  Let  us  consider  the  aggregate  D{R)  of  all  de- 
compositions of  the  perfectly  compact  Hausdorff  space  R  into  upper  semi- 
continuous  collections  of  closed  point  sets.  If  X  and  Fare  elements  of  D{R) 
and  each  element  of  X  is  a  subset  of  some  element  of  Y,  let  us  say  that  A'  <  F. 
This  relation  orders  D{R).  The  following  analogue  to  Theorem  19.1  holds: 
If  Fi  and  1^2  are  elements  of  D{R)  and  X  is  the  set  of  all  products  ^-i  •  y^,  where 
yiG  Fi  and  3'2G  F2,  then  X  is  the  greatest  lower  bound  of  Fi  and  F2  in  D{R). 
Then  X  is  upper  semi-continuous,  and  it  corresponds  to  the  aj,v(P)  of  Theorem 
19.1,  if  AI  is  the  pair  Fi  and  F2.  Such  analogies  may  be  extended  to  the  case 
of  arbitrary  subcollections  AT  of  D{R).  We  shall  now  e.xtend  these  ideas  to 
the  case  of  the  amalgamation  points. 

D  19.1.  If  P  is  a  regular  amalgamation  point,  let  5(P)  be  the  set  of  all  5's, 
where  8  is  an  upper  semi-continuous  decomposition (^-)  of  P  into  regular  amal- 
gamation points.  If  X  and  F  are  elements  of  6(P),  let  the  relation  A^<  F 
mean  that  each  element  of  F  is  decomposible  into  a  set  of  points  which  is  a 
subcollection  of  X;  let  6(P)  be  ordered  by  this  relation.  Let  L{P)  denote  the 
sum  of  the  elements  of  5(P),  and  w(P)  be  the  set  of  atomic  elements  of  L{P). 

Clearly  this  relation  partially  orders  5(P).  The  relation  A'<  F  is  merely 
the  requirement  that  X  and  F  satisfy  the  conditions  of  Theorem  15.4.  Thus, 
the  study  of  5(P)  and  its  sublattices  systematizes  our  information  about  the 
mappings  and  inverse  mappings  we  considered  in  §§15  and  16.  We  shall  show 
that  5(P)  is  a  complete  lattice  and  that  co(P)  is  its  zero.  Thus,  cij{P)  may  be 
mapped  on  any  element  of  3(P)  by  the  methods  of  Theorem  15.4;  the  ele- 
ments of  a)(P)  may  be  regarded  as  the  atomic  points  from  the  point  of  view  of 
these  mappings.  The  zero  of  a  sublattice  of  5(P)  has  an  analogous  relation  to 
the  elements  of  the  sublattice;  and  the  elements  of  this  zero  may  be  regarded 
as  the  atomic  points  of  the  mapping  theory  which  involves  the  elements  of 
this  sublattice. 

Example.  E  19.1.  Let  P  be  an  amalgamation  point  in  a  semi-completely 
normal  space  5  or  a  boundary  point  of  a  normal  space.  Then  L{P)  consists  of 
all  amalgamation  points  which  are  portions  of  P,  and  aj(P)  is  the  decomposi- 
tion of  P  into  atomic  points  (cf.  Theorems  16.1,  16.5,  and  14.13). 

D  19.2.  If  P  is  the  maximal  amalgamation  point,  let  5(S)  =  5(P)  and 
w(5)=co(P). 

The  preceding  example  suggests  questions  which  the  author  has  not  solved 
for  the  case  of  the  completely  regular  spaces.  (I)  If  A  and  B  are  regular  amal- 
gamation points  and  A  <B,  does  o3{B)^co{A)?  (II)  Does  a)(5)  consist  of  the 
atomic  regular  points?  An  affirmative  for  (II)  implies  one  for  (I).  A  negative 
for  (I)  would  imply  the  possibility  of  the  existence  of  "incommensurable 


(32)  By  Theorem  15.3  the  condition  of  the  upper  semi-eontinuity  of  d  is  equivalent  to  that 
of  its  perfect  compactness  (cf.  D  9.3). 
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points,"  A  and  B;  or  that  of  a  point  P  and  a  point  (3  such  that  /3Gw(P)  and 
w(j3)  consists  of  proper  portions  of  /S.  Theorem  14.12  shows  that  if  S  is  not 
semi-completely  normal,  some  of  its  atomic  points  are  too  fine  to  be  regular; 
the  preceding  discussion  suggests  that  for  more  general  spaces  5  some  of  the 
atomic  regular  points  may  be  too  fine  to  belong  to  co(5).  In  any  case  the  exist- 
ence of  w(P)  is  of  importance,  since  it  is  the  finest  decomposition  of  P  for 
which  the  methods  of  §15  are  applicable. 

Theorem  19.1.  Let  P  be  a  regular  amalgamation  point  which  is  a  portion  of 
a  collection  of  regular  composition  points;  let  M  be  a  subcollection  of  8{P);  let 
Lm{P)  be  the  additive  system  which  is  generated  by  the  sum  of  the  elements  of  M, 
and  ()}\i{P)  be  the  set  of  atomic  elements  of  Lm{P):  (1)  a)jw(-P)G5(P) ;  (2)  if 
fiE:(^M(P)  and  N^AI,  j3  intersects  exactly  one  element  of  N,  say  Ng;  and  ^  is 
the  greatest  lower  bound  of  all  the  N^'s;  (3)  Lm{P)  is  the  sum  of  all  the  Y's  such 
that  Y^5{P)  and  w.w(P)  <  F  in  5(P);  the  elements  of  AI  are  such  Y's; 
(4)  Lm{P)+0  is  a  complete  lattice  of  regular  amalgamation  points,  and  its 
unit  is  P. 

The  lattice  of  (4)  is  obtained  by  the  methods  of  the  preceding  section.  The 
set  of  its  atomic  elements,  aj.v(-P),  is  the  zero  of  a  certain  sublattice  of  d(P);  ■ 
this  lattice  is  suggested  in  condition  (3)  (of.  Theorem   19.3).  This  condition 
is  used  to  show  that  the  systems  in  the  following  two  theorems  are  complete 
multiplicative  systems. 

Proof.  Let  ^  be  an  atomic  portion  of  P;  it  intersects  e.xactly  one  element, 
Nfi,  of  each  element  iVof  M.  By  Theorem  9.2,  0<Ps,  the  greatest  lower  bound 
of  all  the  N^'s.  By  D  18.3  P^^Lm{P);  by  Theorem  18.5  P^  is  regular.  By 
Theorems  18.1  and  18.2  there  exists  an  atomic  element  of  Lm{P),  say  A, 
which  is  a  portion  of  P^;  and  there  exists  a  subcollection  of  the  sum  of  the 
elements  of  M,  say  A*,  such  that  A  is  the  greatest  lower  bound  of  A*.  Since 
A  <Pi,  ^  isa  lower  bound  of  the  elements  of  \Ng].  If  NQ.M,  no  two  elements 
of  N  intersect,  since  A'^  is  a  decomposition  of  P  into  amalgamation  points.  It 
follows  that  [Na]DA*;  by  Theorem  9.2  P^<A;  since  A  <P^,  A  =Pb;  thus 
we  have  established  (2).  Since  13  <PsQ,ui.M{P),  it  follows  with  the  help  of  Theo- 
rems 9.1  and  9.2  that  P<a{P)<UM{P)<P;  by  Theorem  18.1  no  two  ele- 
ments of  um(P)  intersect;  thus  w.i/(-P)  is  a  decomposition  of  P.  It  remains  to 
show  that  oj.v{P)  is  upper  semi-continuous. 

First  we  shall  establish  this  upper  semi-continuity  for  the  case  that  the 
number  X  of  elements  of  M  is  a  positive  integer.  Let  m  =  X  be  a  positive  integer 
such  that  the  conclusion  holds  for  each  collection  of  n  elements  of  d{P); 
clearly,  m=  1  is  such  an  integer.  Let  M  and  H  be  two  subcollections  of  5(P) 
which  have,  respectively,  w  +  1  and  n  elements,  and  are  such  that  M'DH. 
Let  J  =  coh{P),  K  be  the  element  of  M—H,  and  L  be  the  set  of  atomic  ele- 
ments of  the  additive  system  generated  by  J+K.  It  follows  from  part  (2) 
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and  Theorem  9.2  that  L=com{P).  Let  I3^L  and  let  D  be  an  5-neighborhood 
of  l3.  There  exist  elements  of  J  and  K,  say  j  and  k,  such  that  j3  is  the  greatest 
lower  bound  of  _;'  and  k.  By  an  argument  used  in  the  proof  of  Theorem  14.11 
there  exist  in  5  mutually  exclusive  open  sets  Di  and  D2  such  that  D-\-Di  and 
Z>+Z?2  are  5-neighborhoods,  respectively,  of  j  and  of  k.  Since  /  is  upper  semi- 
continuous,  there  exists  an  5-neighborhood  of  /,  Ri,  such  that  if  Ri  is  an 
5-neighborhood  of  a  portion  of  an  element  of  j,  then  D-\-Di  is  an  5-neighbor- 
hood of  that  element.  Similarly  define  R2  for  k  and  D-\-D2;  let  R  =  RiR2-  Let 
R  be  an  5-neighborhood  of  a  portion  of  an  element  of  L,  jSi,  which  is  the  great- 
est lower  bound  of  ji  and  ki.  Then  D+Di  and  D-\-D2  are  5-neighborhoods  of 
j'l  and  of  ki.  Since  D1D2  is  vacuous,  it  follows  from  Theorems  9.2  and  11.6 
that  D  is  an  5-neighborhood  of  a(fii)=a(ji)  o;(^i)  and  of  /3i.  Thus  L  is  upper 
semi-continuous,  and  our  conclusion  holds  for  any  finite  case. 

Let  M  be  infinite.  Again  let  |8Gw.i/(P)  and  D  be  an  5-neighborhood  of  /3. 
By  (2)  /3  is  the  greatest  lower  bound  of  the  elements  of  [A''^] ;  by  Theorem  9.2 
a((3)  is  the  product  of  the  setsa(A^^).  By  methods  used  in  the  proof  of  Theorem 
14.11  there  exist  a  finite  collection  of  the  N^'s,  11=  {Nxg,  N2S,  ■  ■  ■  ,  Ms)  such 
that  D  is  an  5-neighborhood  of  the  product  X  =a{Nig)-a{N2s)  ■  ■  ■  a{Nkg).  If 
/3fc  is  the  greatest  lower  bound  of  the  elements  of  //,  by  Theorems  9.2  and  11.6 
D  is  an  5-neighborhood  of  (3^.  Let  NisENiGM,  G=iNu  N2,  ■  ■  ■  ,  Nk),  and 
L  =  (j}a{P).  By  the  preceding  paragraph  LSb{K)  and  0kE:L.  Since  L  is  upper 
semi-continuous,  there  exists  an  5-neighborhood  of  /3a,  R,  such  that  if  R  is 
an  5-neighborhood  of  a  portion  of  an  element  of  L  then  D  is  an  5-neighbor- 
hood of  that  element.  By  Theorem  9.2  ^<&k;  by  Theorem  11.6  R  is  an 
5-neighborhood  of  (3.  By  condition  (2)  each  element  of  wj/(P)  is  a  portion 
of  an  element  of  L;  it  follows  that  a).i/(P)  is  upper  semi-continuous.  We  have 
established  (1). 

Let  Z  be  the  almost-multiplicative  system  which  is  generated  by  the  sum 
of  the  elements  of  M.  By  Theorem  18.2  a;.u(P)  is  the  set  of  atomic  elements 
of  Z.  Let  Fe5(P)  and  um{P)  <  F  in  8(P);  by  D  19.1  the  latter  means  that 
each  element  of  Y,  y,  is  an  amalgamation  of  a  subcollection  of  wa/(P).  Since 
ZZ)(^m{P),  Lm{P)DY  (cf.  D  18.3).  Thus,  if  2  is  the  sum  of  all  F's  that  satisfy 
the  condition  of  (3),  then  Lm{P)0'^-  Conversely,  let  AGLm{P)  and  let  // 
be  the  set  of  all  elements  of  w.u(P)  that  are  portions  of  A  ;  then  A  is  an  amal- 
gamation of  the  elements  of  //.  Let  L  be  the  set  which  consists  of  //  and  the 
elements  of  oim{P)—H;  let  Y  consist  of  A  and  the  elements  of  w.w(P)— H. 
Since  L,\t{P)  is  an  almost-multiplicative  system  and  its  atomic  elements  are 
the  elements  of  co,u(P),  no  element  of  uim{P)—II  intersects  A  (cf.  Theorems 
18.1  and  18.2).  By  Theorem  14.7  A  and  Hcan  be  separated  from  each  element 
of  (jOm{P)—H  by  5-neighborhoods,  and  none  of  these  elements  is  a  limit  point 
of  //.  Thus,  //  is  closed  relative  to  ww(P).  By  Theorem  15.3  w.w(P)  is  perfectly 
compact  in  itself.  Since  L  is  an  upper  semi-continuous  decomposition  of  ajA/(P) 
into  closed  point  sets,  it  follows  from  Theorem  15.5  that  Y  is  upper  semi-con- 
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tinuous  relative  to  5.  Then  YGHF)  and  w.,/(P)  <  Fin  6(P).  Thus,  ZDL.,/(P); 
since  Lm{P)D-^,Lm{P)  =  ^. 

The  conclusion  of  (4)  follows  from  Theorems  18.4  and  18.5. 

Theorem  19.2.  Let  P  be  the  point  of  Theorem  19.1.  If  M=h{P),  then 
L{P)=L.m{P)  and  oj{P)=o:m{P)-  Also,  5{P)  is  a  complete  lattice  with  unit  P 
and  zero  co{P). 

Proof.  If  M=  5(P),  by  Theorem  19.1  and  D  19.1  Lm{P)Z)L{P),  and  con- 
versely. Thus,  Lm{P)=L{P)  and  w,/(P)  =a;(P).  By  Theorem  19.1,  (3),  if 
Fe6(P),  then  w(P)  <  Y  in  5(P).  Thus,  w(P)  is  the  zero  of  5(P);  clearly  P 
is  the  unit  of  6(P). 

By  Theorem  19.1  if  5(P)D-1/  and  YGM,  then  co.,/(P)  <  F  in  5(P).  Let  X 
be  a  lower  bound  of  j1/  in  5(P).  If  xG^  and  N^M,  there  exists  one  element 
of  N,  iVx,  such  that  :*;  is  a  portion  of  N^  (cf.  D  19.1).  By  (2)  of  Theorem  19.1 
there  exists  an  element  of  w.«(P),  say  /3i,  which  is  the  greatest  lower  bound  of 
the  iVi's.  Thus,  x  is  a  portion  of  /Sj.  From  this  relation  and  the  fact  that  each 
of  X  and  w.v(P)  is  a  decomposition  of  P,  each  element  of  co.u(P)  can  be  de- 
composed into  a  subcollection  of  A''.  Thus,  X  <oim{P)  and  w.v(P)  is  the  great- 
est lower  bound  of  M  in  5(P).  Since  5(P)  has  a  unit,  it  is  a  complete  lattice 
(cf.  MacNeille,  pp.  430,  431,  and  BirkhofT,  p.  17). 

Theorem  19.3.  If  h{P)Z^M  and  P  satisfies  the  condition  of  Theorem  19.1, 
let  ui(,M,  P)  =w(P),  WiiM,  P)  =w.v/(P),  uii{M,  P)  be  the  least  upper  bound  of  M 
in  8{P),andcai{M,  P)  =P;if  l^i^j^i,  let  5,/(jlf,  P)  be  the  set  of  all  elements 
of  5(P),  X,  such  that  w,(M,  P)<X<cO;(J/,  P)  in  5(P).  Then  di,iM,  P)  is  a 
complete  sublattice  of  5(P)  and  its  zero  and  unit  are,  respectively,  Ui{M,  P)  and 
Uj{M,  P) ;  w.uCP)  is  the  greatest  lower  bound  of  M  in  5(P). 

Thus,  any  X  <UiiM,  P)  may  serve  as  a  common  inverse  mapping  space 
for  the  elements  of  M.  However,  X  =  co2{M,  P)  may  be  regarded  as  the  "most 
economical"  of  these  inverse  spaces.  For,  if  X^8n(M,  P)  and  I'l  and  Y->  are 
elements  of  M,  we  can  first  decompose  the  elements  of  Y\  into  points  of  X 
and  then  reamalgamate  these  into  points  of  Fa  by  the  methods  of  Theorem 
15.4.  Since  the  elements  of  X  =oii{M,  P)  are  "coarser"  than  those  of  any  other 
element  of  di2{M,  P),  the  initial  decomposition  need  not  be  extended  so- far 
if  this  X  is  used  for  an  inverse  space.  Similarly,  A'  =co(P)  is  the  "least  economi- 
cal" of  these  inverse  spaces,  but  it  serves  for  all  sets  in  6(P).  Analogous  inter- 
pretations hold  for  the  common  mapping  spaces  of  the  elements  of  .1/,  the 
elements  of  534(-l/,  P)-  Theorem  19.3  may  be  modified  by  replacing  6(P)  by 
any  of  its  complete  sublattices. 

20.  Applications  to  completely  regular  spaces.  If  we  order  all  the  perfectly 
compact  immediate  Hausdorft'  extensions  of  S  by  the  ordering  of  D  19.1,  we 
obtain  a  quasi-partially  ordered  system  (cf.  Theorems  13.7  and  16.1).  By 
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identifying(^^)  equivalent  elements  of  this  system,  we  obtain  a  complete  multi- 
plicative system  which  is  isomorphic  to  the  subsystem  of  S(S),  H(S),  which 
we  consider  in  D  20.1  and  Theorems  20.2  to  20.4.  The  zero  of  H{S),  X(5),  is 
equivalent  to  the  space  considered  by  Stone  in  his  Theorem  88,  p.  476.  In  §17 
we  considered  this  space  for  the  case  that  S  is  normal  (cf.  also,  Cech,  loc.  cit.) 

The  important  theorems  14.11,  18.5,  and  19.1  to  19.3  involve  hypotheses 
in  which  certain  points  satisfy  the  condition  of  being  the  amalgamation  of  a 
collection  of  regular  composition  points ('^).  This  condition  and  the  results  of 
the  preceding  section  enter  into  the  characterizations  of  completely  regular 
spaces  which  are  given  in  Theorem  20.1.  The  fact  that  the  atomic  mapping 
points  in  such  a  space  are  necessarily  regular  composition  points  gives  an 
analogy  to  the  results  of  Theorem  14.13. 

D  20.1.  Let  H{S)  be  the  subsystem  of  d{S)  which  consists  of  all  Y's  such 
that  each  point  of  Y  is  either  a  boundary  point  or  is  equivalent (^^)  to  a  point 
of  5.  Let  X(5)  be  the  zero  of  iJ(S)  (cf.  D  19.2). 

Theorem  20.1.  Any  of  the  following  is  a  necessary  and  sufficient  condition 
that  S  be  completely  regular:  (1)  At  least  one  element  of  8{S)  consists  of  com- 
position points;  (2)  the  elements  o/ co(5)  are  composition  points;  (3)  if  Q  is  a 
regular  amalgamation  point,  the  elements  ofw{Q)  are  regular  composition  points. 

Any  regular  amalgamation  point  in  a  completely  regular  space  is  the  amal- 
gamation of  some  collection  of  regular  composition  points  {^^). 

Proof.  By  Theorems  13.7  and  16.1  the  condition  in  (1)  is  necessary.  Let  Y 
be  an  element  of  5(5)  which  consists  of  regular  composition  points,  Q  he  a. 
regular  amalgamation  point,  and  K  be  the  aggregate  of  all  points  Qy,  where  Qy 
is  the  greatest  lower  bound  of  Q  and  the  element  y  of  Y.  By  Theorem  14.11 
if  y  intersects  Q,  then  Qy  is  a  regular  amalgamation  point.  Since  Y  is  a  de- 
composition of  the  maximal  amalgamation  point  P,  and  Q<P,  it  may  be 
shown  that  i<r  is  a  decomposition  of  Q.  We  may  regard  Q  as  an  upper  semi- 
continuous  collection  of  one  element;  since  Y  is  upper  semi-continuous,  we 
may  show  by  an  argument  like  that  used  for  the  finite  case  in  the  proof  of 
Theorem  19.1  that  K  is  upper  semi-continuous  relative  to  5.  By  D  19.1 
KE8{Q).  By  Theorem  19.1  if  l3Gco(Q),  there  exist  elements  of  K  and  of  F, 
respectively,  k^  and  yg,  such  that  ^<kg<ya-  Since  /3  is  a  regular  amalgama- 
tion point  and  yg  is  a  regular  composition  point,  it  follows  from  Theorem  14.8 
that  /3  is  a  composition  point.  Thus,  the  conditions  in  (2)  and  (3)  are  neces- 
sary. Since  aj((2)G5((3),  by  D  19.1,  D  14.2,  and  D  9.3  Q  is  an  amalgamation 
ofco((3). 


(")  Cf.  Birkhoff,  p.  7,  Theorem  1.2. 

(")  There  exist  examples  which  .show  that  such  an  hypothesis  is  essential  for  the  truth  of 
these  theorems. 

(»)  Cf.  D  3.2  and  Theorem  1.^.7. 
(»)  Cf.  Theorem  14.13. 
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Clearly,  each  of  (2)  and  (3)  implies  (1)  (cf.  Theorem  14.5).  Let  X  be  an 
element  of  5(5)  which  consists  of  regular  composition  points,  M  be  the  set 
of  those  elements  of  A'  which  are  boundary  points,  and  l'=5  +  J/.  By  Theo- 
rem 5.2  no  boundary  point  intersects  a  decomposition  point.  By  D  19.1, 
D  19.2,  and  D  9.2  each  boundary  point  intersects  M.  By  the  argument  used 
at  the  beginning  of  the  proof  of  Theorem  16.1  it  follows  that  the  points  of  5 
are  regular.  Since  no  two  elements  of  Y  intersect,  it  follows  from  Theorems 
14.6,  14.7,  and  12.1  that  F  is  a  Hausdorff  space.  Let  the  mapping  y=a{x)  be 
defined  as  in  Theoremsl5.4and  15.6.  Let  ^^  l^andPbean  5-neighborhoodof 
/3.  Since  ^  is  regular,  there  exists  an  5-neighborhood  of  /3,  R,  such  that  DD  Rs- 
Let  X  be  an  element  of  X  such  that  R  is  an  S-neighborhood  of  .v.  By  Theorem 
12.4  "RsDaix).  By  D  12.2  and  the  definition  of  the  mapping,  y  =  a{x),  either 
.r  =  a(.r)  or  a{x)=a{x)\  in  either  case  D  is  an  5-neighborhood  of  a{x).  Thus, 
our  mapping  is  continuous  from  A'  to  Y  (cf.  Ale.xandroff  and  Hopf,  p.  53, 
Theorem  IV).  By  Alexandroff  and  Hopf,  Theorem  VIH,  p.  98,  Y  is  perfectly 
compact.  By  Theorems  15.3  and  16.1  the  condition  in  (1)  is  sufficient. 

Theorem  20.2.  Let  S  be  completely  regular:  (1)  H{S)  is  a  complete  multi- 
plicative subsystem  of  d{S) ;  (2)  X(S)  consists  of  the  composition  points  which  are 
equivalent  to  the  points  of  S,  and  of  the  boundary  points  which  are  elements  of 
ca{S) ;  (3)  if  X  =X(5)  and  Y^H{S),  then  X  may  be  mapped  on  Yby  the  mapping 
y=a{x)  of  Theorem  15.4. 

Concerning  (3)  cf.  Stone,  loc.  cit.,  Theorem  88. 

Proof.  Let  //'  denote  the  set  of  composition  points  which  are  equivalent 
to  points  of  H  (cf.  Theorem  13.7  and  D  3.2).  Let  M  be  a  subcoUection  of 
H{S).  By  Theorem  19.3  co.i/(5)  is  the  greatest  lower  bound  of  M  in  5(S). 
Since  S'  is  a  subset  of  each  element  of  M,  and  the  remaining  points  of  each 
element  of  M  are  boundary  points,  by  Condition  (2)  of  Theorem  19.1 
oiM{S)Z)S',  and  wm{S)  —  S'  consists  of  boundary  points  (cf.  Theorem  14.8). 
Thus,  mi{S)eiI{S);  (1)  follows  by  D  3.7.  If  '.l/  =  //(5),  by  Theorem  19.3 
and  D  20.1  \{S)=w^f{S).  Let  K  be  the  set  of  all  boundary  points  which  be- 
long to  a)(S),  and  let  Y=S'-\-K.  By  an  argument  similar  to  that  used  in  the 
proof  of  the  sufficiency  of  the  condition  of  Theorem  20.1  it  follows  that 
F65(5);  hence,  76^(5).  Thus,  X(5)  <  Fin  H{S).  Since  u}{S)  <\{S)  in  5(5), 
it  follows  that  X(5)-5'  =  iS:,  and  that  \{S)=Y. 

D  20.2.  Let  the  symbol  H'  denote  the  set  of  all  composition  points  which 
are  equivalent  to  elements  of  H  (cf.  D  3.2  and  Theorem  13.7).  Let  B  be  the 
set  of  all  boundary  points  and  C  be  the  set  of  all  real  points  which  are 
limit  points  of  B.  Let  Q{S)  be  the  amalgamation  of  the  elements  of  B  +  C. 
LetI{S)  =  iS'-C')+QiS). 

Recall  that  H{S)  contains  the  topological  images  of  all  immediate,  per- 
fectly compact  Hausdorff  extensions  of  5.  Theorem  20.2  shows  that  X(5)  is  a 
universal  inverse  mapping  space  for  such  extensions,  and  is  one  of  them.  The 
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two  following  theorems  show  that  I{S)  is  the  least  common  mapping  space 
of  the  elements  of  H{S),  and  that  it  does  not  necessarily  belong  to  H(S).  The 
following  theorem  gives  the  structure  of  I{S).  In  particular,  if  5  is  not  locally 
perfectly  compact  at  any  of  its  points,  then  Q{S)  is  7(5)  and  is  the  maximal 
amalgamation  point.  Then  Q(S)  is  the  unit  of  5(5). 

Theorem  20.3.  Let  S  be  completely  regular.  (1)  7(5)  is  the  least  upper  bound 
o/ 77(5)  in  5(5);  (2)  I{S)—Q{S)  consists  of  those  composition  points  which  are 
equivalent  to  the  points  of  5  at  which  5  is  locally  perfectly  compact. 

Proof.  Let  M  be  the  set  of  all  boundary  points,  TV  be  the  set  of  real  points 
which  are  limit  points  of  M,  and  K  =  S  —  N.  If  X^K,  there  exists  an  5-neigh- 
borhood  of  X,  R,  which  is  not  an  5-neighborhood  of  any  element  of  M-\-N  (cf. 
Theorems  12.2  and  13.1).  Let  7)  be  an  5-neighborhood  of  A' such  that  7? D  7). 
If  D  were  not  perfectly  compact,  there  would  exist  a  boundary  point  /3  such 
that  (3  is  an  end  of  D  (Theorem  10.3).  Then,  since  RZ)  D,  it  may  be  shown  with 
the  help  of  Theorem  10.1  that  7?  is  an  5-neighborhood  of  P;  since  fi^AI,  we 
are  involved  in  a  contradiction.  It  follows  that  if  the  composition  point  5  is 
a  limit  point  of  M  +  N,  then  Xj^a(5)  (cf.  D  12.2).  Thus,  either  aid)EN,  or 
a(6)  is  vacuous,  and  5  is  a  boundary  point;  in  either  case  5  intersects  an  ele- 
ment of  M+N.  By  Theorems  14.1  and  13.7  Q{S)  is  an  amalgamation  point. 
Clearly,  no  two  elements  of  7(5)  intersect,  each  ideal  point  intersects  an  ele- 
ment of  7(5),  and  7(5)  is  upper  semi-continuous  relative  to  5  (cf.  D  15.1  and 
D  19.2).  Thus,  7(5)e6(5). 

Let  Fe77(5)  and  Z  be  an  upper  bound  of  77(5)  in  5(5).  Clearly,  r<7(5) 
in  5(5).  If  A  and  B  are  boundary  points  which  belong  to  elements  of  77(5), 
they  can  be  decomposed  into  subcollections  of  X(5),  77a  and  77^;  and  they  can 
be  amalgamated  into  a  point  C  such  that  C<Ha+Hb<C.  Let  7,  =  C+X(5) 
—  {Ha+Hb)-  Then  C  intersects  no  element  of  L  —  C;  since  X(5)  contains  7,  — C 
and  is  upper  semi-continuous,  it  follows  that  L  is  upper  semi-continuous;  also, 
7-  is  a  decomposition  of  the  maximal  amalgamation  point.  Thus,  L  is  an  ele- 
ment of  5(5)  and  of  H{S),  and  L<Z.  Let  6GZ  such  that  C  is  a  portion  of  5; 
since  A  and  B  are  arbitrary,  it  follows  that  5  is  independent  oi  A,  B,  and  C\ 
thus,  by  D  9.2  M  is  a  portion  of  5.  Since  the  elements  of  A^  are  limit  points 
of  M,  they  intersect  5  (cf.  Theorem  14.6).  Since  S'Z)N',  each  element  of  5' 
belongs  to  each  element  of  H{S),  and  no  two  elements  of  Z  intersect,  each 
element  of  A''  is  a  portion  of  some  element  of  Z;  that  is,  of  5.  By  D  9.2  Q(S)  is  a 
portion  of  5.  Since  the  elements  of  I{S)—Q{S)  belong  to  5',  it  follows  that 
I{S)<Z  in  5(5).  We  have  established  the  conclusion. 

Theorem  20.4.  (1)  In  order  that  H{S)  be  a  complete  sublatlice  of  5(5),  it  is 
necessary  and  sufficient  that  5  be  locally  perfectly  compact.  (2)  If  this  condition  is 
satisfied,  X(5)  and  7(5)  are  the  zero  and  the  unit  of  77(5) ;  and  Q{S)  is  the  amal- 
gamation of  all  the  boundary  points. 
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Here  7(5)  is  the  topological  image  of  the  space  we  considered  in  Theorem 
16.2.  Cf.  Alexandroff  and  Hopf,  p.  93. 
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Various  authors  have  considered  the  following  problem :  given  two  sets 
of  points,  M  and  M' ,  lying  in  planes  S  and  S'  respectively,  and  a  continuous 
(1-1)  correspondence t  T,  such  that  T{M)=M',  under  what  conditions  can 
the  correspondence  be  extended  to  the  planes?  That  is,  under  what  condi- 
tions does  there  exist  a  continuous  (1-1)  correspondence  U,  such  that 
U{S)  =S',  and  such  that  for  points  of  M,  U  is  identical  with  T? 

A.  Schoenfiiest  has  shown  that  in  case  M  is  a  simple  closed  curve  the 
correspondence  can  be  extended  to  the  planes,  without  any  conditions  being 
imposed. 

R.  L.  MooreS  has  shown  that  if  M  and  M'  are  subsets  of  arcs,  the  cor- 
respondence can  always  be  extended  to  the  planes.  If  we  consider  only 
the  case  where  M  is  a  connected  set,  Moore's  theorem  applies  only  to  the 
case  where  M  is  an  arc. 

Moore  and  Schoenflies,  then,  have  proved  that  if  M  is  an  arc  or  a  simple 
closed  curve,  the  correspondence  can  be  extended  to  the  planes,  without 
any  conditions  being  imposed  on  the  correspondence.  In  this  paper,  we 
show  that  if  M  is  any  plane  continuous  curve, ||   the  correspondence  can 


*  Presented  to  the  Society,  May  3,  1924,  and  February  28,  1925;  received  by  the  editors  in 
March,  1925. 

t  A  correspondence  T  which  sends  M  into  TiM)  is  said  to  be  continuous,  if  in  case  the  point  P 
of  M  is  a  limit  point  of  -V,  a  subset  of  M,  then  T(P)  is  a  limit  point  of  T{N).  See  R.  L.  Moore, 
Report  on  continuous  curves  from  the  vieu-point  of  analysis  situs,  Bulletin  of  the  American  Ma- 
thematical Society,  vol.  29  (1923),  p.  289.   We  shall  refer  to  this  paper  hereafter  as  "Report." 

t  A.  Schoen&ies, Beilrage  zur  Theorie  der  Punktmengen,  Ma  thematische  Annalen,  vol.  62 
(1906),  p.  324.  See  also  J.  R.  KUne,  yl  new  proof  of  a  theorem  due  to  Sciwenjiies,  Proceedings  of 
the  National  Academy  of  Sciences,  vol.  6  (1920),  p.  529.  A  simple  closed  curve  is  a  set  which  is 
in  continuous  (1-1)  correspondence  with  a  circle. 

§  R.  L.  Moore,  Conditions  under  which  one  of  two  given  closed  linear  point  sets  may  be  thrown 
into  the  other  one  by  a  continuous  transformation  of  a  plane  into  itself  .American  Journal  of  Mathe 
matics,  vol.  48  (1926),  p.  67.  An  arc  is  a  set  which  is  in  continuous  (l-l)  correspondence  with  an 
interval  of  a  straight  line. 

)|  For  the  various  definitions  of  a  continuous  curve  see  Report,  pp.  289-295. 
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be  extended  to  the  planes,  provided  that  we  impose  the  condition  that 
sides  of  arcs  be  preserved  under  the  correspondence.  Our  theorem  includes 
Schoenflies's  theorem  as  a  special  case,  since  our  condition  is  evidently 
satisfied  in  this  special  case. 

The  following  example  shows  the  necessity  for  imposing  some  condition 
on  the  correspondence  T.  The  continuous  curve  M  in  the  XY  plane  consists 
of  the  straight  line  intervals  from  (0,  0)  to  (3,  0),  from  (1,  0)  to  (1,  1)  and 
from  (2,  0)  to  (2,  1).  The  continuous  curve  M'  in  the  X'V  plane  is  given 
by  subjecting  the  points  of  M  to  the  following  transformation:  if  X9^2, 
x  =  x'  and  y  =  y' ;  if  x  =  2,  x  =  x'  and  y  =  —y'.  Here  T  is  a  continuous  (1-1) 
correspondence  and  T{M)=^M' ,  but  the  correspondence  evidently  cannot 
be  extended  to  the  entire  planes. 

Definition.  If  M  and  M'  are  continuous  curves  lying  in  planes  S  and  S' 
respectively,  and  T  is  a  continuous  (1-1)  correspondence  such  that  T{M)  = 
M' ,  we  say  that  sides  are  preserved  under  T,  if,  given  any  arc  AB  oi  M, 
and  any  simple  closed  curve  7  in  5  containing  ^5  as  a  subset,  then  there 
exists  a  simple  closed  curve  /'  in  S'  containing  T{AB)=A'B'  as  a  subset, 
and  such  that  if  N  designates  the  points  of  M  interior  to  /,  then  the  interior 
of  /'  contains  T{N)  =  N'  \  and  also,  if  given  any  simple  closed  curve  j[ 
in  S'  containing  A'B'  as  a  subset,  then  there  exists  a  simple  closed  curve 
/i  in  5  containing  .45  as  a  subset,  and  such  that  if  N[  designates  the  points 
of  M'  interior  to  J[,  then  the  interior  of  /i  contains  T-'^{N[)=Ni. 

In  the  following  we  shall  frequently  use  this  notation :  if  X  is  any  subset 
of  M,  we  shall  denote  T{X)  by  X' ;  if  Y'  is  any  subset  of  M',  we  shall  denote 
r-'(F')  by  Y. 

Theorem  I.  If  M  and  M'  are  continuous  curves  containing  no  simple 
closed  curve*  and  lying  in  planes  S  and  S'  respectively,  and  if  there  exists  a 
continuous  (1-1)  correspondence  T,  such  thai  T{M)—M',  and  such  that  sides 
are  preserved  under  T,  then  there  exists  a  continuous  (1-1)  correspondence  U, 
such  that  U{S)=S',  and  such  that  if,  for  any  point  P  of  M,  T{P)=P' ,  then 
U{P)=P'. 

Before  proceeding  with  the  proof  of  Theorem  I,  we  shall  discuss  the 
definition  of  "sides  preserved  under  T"  for  the  case  where  M  is  a  continuous 


*  For  a  discussion  of  this  ty-pe  of  continuous  curve,  see  S.  Mazurkiewicz,  Un  Ihiorcmc  stir  les 
lignes  de  Jordan,  Fundamenta  Mathematicae,  vol.  2  (1921),  p.  119;  R.  L.  Wilder,  abstracts  in 
the  Bulletin  of  the  American  Mathematical  Society,  vol.  29  (1923),  p.  118,  and  Concerning 
continuous  curves,  Fundamenta  Mathematicae,  vol.  7  (1925),  p.  340;  and  R.  L.  Moore,  Con- 
cerning the  cut-points  of  continuous  curves,  Proceedings  of  the  National  Academy  of  Sciences, 
vol.  9  (1923),  p.  101. 
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curve  containing  no  simple  closed  curve.    In  this  discussion  we  have  need 
of  the  following  lemma. 

Lemma  A.  If  Ii  and  1 2  are  two  simply  connected  domains,  whose  boundaries 
are  Bi  and  B2,  and  whose  outer  boundaries*  Ci  and  d  have  in  common  an 
arc  UV  such  that  no  point  of  UV\  is  a  limit  point  of  Bi+Bi—UV,  then  UV 
is  in  the  boundary  of  two  different  domains  com plemetttary  to  Bi-\-B2,  such 
that  either  (1)  one  domain  is  a  subset  of  Ii,  the  other  of  I2,  or  (2)  one  domain 
is  a  subset  of  both  7i  a>7d  1 2,  and  the  other  has  no  points  in  common  with  either 
1 1  or  1 2. 

Proof.  About  each  point  A'  of  UV ,  let  us  construct  a  circle  Cx  whose 
exterior  contains  B\-\-B2—UV .  Then  corresponding  to  each  point  X,  we 
can  construct  a  simple  closed  curve  Jx,  formed  of  an  arc  XxXXs  of  UV 
and  an  arc  A1A2A3  in  /i,  and  whose  interior  is  in  /i  and  the  interior  of  Cx-X 
The  sum  of  the  interiors  of  the  simple  closed  curves  Jx  is  a  domain  D,  be- 
cause if  the  boundaries  of  any  pair  have  an  arc  of  UV  in  common,  their 
interiors  have  a  point  in  common.  The  domain  D  contains  no  points  of 
Bi-\-B2  by  construction.  If  we  add  to  D  all  points  which  can  be  joined  to  a 
point  of  D  by  an  arc  having  no  points  in  common  with  Bi+Bi,  we  obtain 
a  domain  Di  complementary  to  BX+B2,  and  such  that  UV  forms  part  of 
the  boundary  of  Di.   Evidently  Di  is  a  subset  of  /i.  yf 

By  a  construction  similar  to  the  above,  but  taking  in  this  case  the  arc 
A^iA'2A'3  exterior  to  /i,  we  obtain  a  domain  D2  complementary  to  Bi-\-B2, 
whose  boundary  contains  UV ,  and  which  has  no  points  in  common  with  /;. 

Since  UV  is  part  of  the  boundary  of  I2,  either  Di  or  D2  contains  a  point 
of  1 2-  Since  a  point  of  1 2  cannot  be  joined  to  a  point  exterior  to  I2  by  an 
arc  having  no  points  in  common  with  Bi,  it  is  evident  that  either  Di  or  D2 
is  a  subset  of  I2,  and  the  other  has  no  points  in  common  with  I2.  We  have 
accordingly,  the  two  possibilities  mentioned  in  Lemma  A. 

We  shall  now  consider  some  consequences  of  the  definition  of  "sides  are 
preserved  under  T"  for  a  continuous  curve  M  containing  no  simple  closed 
curve.  Let  AB  be  a  maximal  arc§  in  M.  Let  /  be  a  simple  closed  curve  in 
the  plane  S,  containing  AB  assi  subset  and  containing  no  other  points  of  M. 


*  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrif  t,  vol. 
15  (1922),  p.  254. 

t  If  t/F  is  an  arc,  C/T  denotes  f/F-[7-F. 

X  R.  L.  Moore,  On  the  foundations  of  plane  analysis  situs, these  Transactions,  vol.  17  (1916) 
p.  131.  See  especially  Theorem  28. 

§  A  maximal  arc  in  a  set  M  is  an  arc  which  is  not  a  proper  subset  of  any  other  arc  in  M.  See 
S.  Mazurkiewicz,  loc.  cit.,  Lemma  13,  p.  129. 
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Let  N  be  the  points  of  M  interior  to  /.  Since  sides  are  preserved  under  T, 
there  exists  in  S'  a  simple  closed  curve  J',  containing  A'B'  as  a  subset, 
and  enclosing  A".  We  shall  now  show  that  in  case  /'  contains  or  encloses 
any  points  of  M'  —  (A'B'+N'),  J'  can  be  replaced  by  a  simple  closed  curve 
J"  which  contains  A'B'  as  a  subset,  and  which  encloses  N',  but  which 
neither  contains  nor  encloses  any  other  points  of  M'.  >i^ 

We  shall  first  show  that  A'  and  B'  are  on  the  boundary  of  the  same 
domain  of  (I' +M')  —  M',  where  /'  designates  the  interior  of  J'.  For,  if 
not,  there  is  an  arc  CD'  in  M',  such  that  (a)  C  is  on  J' -A'B';  (b)  D'  is 
on  A/B^' ;  (c)  C^D'  is  in  /'.  Since  N'  is  entirely  in  /',  C  is  not  a  point  of  N'. 
Since  N+AB  is  closed,  N'+A'B'  is  closed,  and  therefore  no  point  of  CD' 
can  be  in  the  set  N'. 

Now  let  /'  be  the  J[  of  the  definition.  The  curve  7'  encloses  N'  and  CD'. 
The  corresponding  simple  closed  curve  Ji  in  S  encloses  A"  and  CZ),  and  con- 
tains the  arc  AB  as  a.  subset.  The  simple  closed  curves  /  and  /i  in  5  have 
AB  in  common,  and  therefore  satisfy  the  conditions  of  Lemma  A.  Since 
their  interiors  have  A''  in  common,  and  since  limit  points  of  N  are  on  AB,  it 
follows  that  one  of  the  domains  (complementary  to  /+/i),  whose  boundary 
contains  AB^  consists  entirely  of  points  common  to  the  interiors  of  J  and  7i. 
Since  D  is  a,  point  of  AB,  and  since  CD  is  interior  to  /i,  it  follows  that  at 
least  part  of  CD  is  interior  to  /  and  therefore  in  the  set  A^.  In  that  case,  the 
corresponding  part  of  CD'  lies  in  A^',  contrary  to  a  previous  statement. 
Therefore  A'  and  B'  are  on  the  boundary  of  the  same  connected  domain 
oi{r+M')-M'.  W. 

The  points  A'  and  B'  can  therefore  be  connected  by  an  arc*  in  I'  —  M', 
which  forms  with  the  arc  A'B'  of  M'  a  simple  closed  curve  J".  The  arc 
J" —A'B'  separates  /'  into  two  parts,  and  the  part  enclosed  by  J"  contains 
all  of  N' .  The  supposition  that  /"  encloses  other  points  of  M'  in  addition 
to  N'  leads  to  a  contradiction  similar  to  that  obtained  above. 

Therefore  in  case  M  contains  no  simple  closed  curve,  and  yl.B  is  a  maximal 
arc  of  M,  and  /  contains  AB  but  no  other  points  of  M,  then  we  can  add  to 
our  definition  of  "sides  are  preserved  under  T,"  that  J'  contains  A  'B'  but  no 
other  points  of  M' ,  and  that  the  interior  of  J'  contains  A^'  and  no  other  points 
of  M' ;  and  similarly  for  J[  and  /i. 

Lemma  A  and  the  previous  discussion  show  also  that  if  any  two  simple 
closed  curves  have  a  maximal  arc  yl5  of  M  in  common  and  contain  no  other 
points  of  M,  then  either  their  interiors  contain  the  same  subset  of  M ,  or 


*  Report,  pp.  290-291. 
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their  interiors  have  no  points  of  M  in  common,  in  which  case,  since  M  —  A—B 
is  connected,  they  contain  all  of  M,  save  the  arc  AB. 

Definition.  If  M  is  a  continuous  curve  containing  no  simple  closed 
curve,  and  N  is  a  closed  and  connected  subset  of  M,  we  shall  call  a  maximal 
connected  subset  of  M  — iV  a  tree  with  respect  to  N,  or  a  tree  inM  —  N.  A  tree 
has  one  and  only  one  limit  point  in  N,  which  point  we  shall  call  the  foot 
of  the  tree.  A  tree  plus  its  foot  forms  a  closed  set. 

R.  L.  Wilder*  has  proved  that  the  number  of  trees  is  countable,  and 
that  given  any  positive  number  e,  there  are  at  most  a  finite  number  of  trees 
of  diameter  greater  than  e. 

Proof  of  Theorem  I.  Since  M  and  M'  are  bounded  we  can  construct  in 
the  plane  5  a  circle  C  containing  M  in  its  interior  7,  and  in  the  plane  S' 
a  circle  C  containing  M'  in  its  interior  /'.  If  yl 5  is  a  maximal  arc  of  M, 
we  can  join  A  to  any  point  D  of  C  by  an  arc  in  (I  —  M)  +A  +D,  and  we  can 
join  B  to  any  other  point  £  of  C  by  an  arc  in  {I —  M)+B+E  —  AD.  The 
arc  A'B'  in  M'  is  also  a  maximal  arc,  and  if  we  select  any  arbitrary  points 
D'  and  £'  of  C,  we  can  join  A'  to  D'  and  B'  to  E'  by  arcs  in  (/'-M') 
+A'+D'  and  {I' -M')+B'+E' -A'D',  respectively. 

If  X  and  Y  are  points  of  C  separating  D  and  E,  the  arcs  EXD  (of  C), 
DA,  AB  (of  M),  and  BE  form  a  simple  closed  curve  /,  and  the  arcs  EYD 
(of  C),  DA,  AB  and  BE  form  a  simple  closed  curve  7i.  The  interiors  of 
/  and  /i  have  no  points  in  common,  and  the  sum  of  their  interiors  contains 
all  points  of  M  save  AB. 

If  A"  and  Y'  are  any  two  points  of  C  separating  D'  and  E',  there  exist 
likewise  in  S'  two  simple  closed  curves  J'  =  E'X'D'A'B'E'  and  /,'  = 
E'Y'D'A'B'E',  whose  interiors  have  no  points  in  common,  and  the  sum 
of  whose  interiors  contains  all  points  of  M'  save  A'B'. 

In  our  previous  discussion  of  "sides  are  preserved  under  T,"  we  have 
shown  that  under  the  above  conditions,  one  of  the  simple  closed  curves 
J'  or  j[  (suppose  the  former)  will  enclose  all  the  points  of  M'  which  cor- 
respond under  T  to  the  points  of  M  which  J  encloses,  and  the  other,  Ji, 
will  enclose  the  points  of  M'  which  correspond  to  the  points  of  M  which 
Ji  encloses. 

Let  us  select  an  arbitrary  positive  number  e.  Suppose  either  M  —  AB 
or  M'  —  A'B'  contains  a  tree  of  diameter  greater  than  ^e.  Let  T  be  a  tree 
in  M  —  AB  which  is  interior  to  /,  and  let  T'  be  the  corresponding  tree  in 
M'  —  A'B'  which  is  interior  to  J',  these  trees  being  such  that  the  diameter 
of  either  T  or  T'  is  greater  than  ^e.   Let  the  foot  of  T  be  F,  and  let  FG  be 


i 


•  R.  L.  Wilder,  loc.  cit.,  first  paper,  Theorem  II. 
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a  maximal  arc  of  (T+F)  such  that  the  diameter  of  either  FG  or  F'G'  is 
greater  than  ^€.  If  H  is  any  point  of  DXE^  H  can  be  joined  to  G  by  an  arc 
interior  to  J ,  save  for  H,  and  having  only  G  in  common  with  M.  If  H' 
is  any  point  of  D  X  E  a  similar  arc  H'G'  can  be  drawn.  The  arc  FGH 
separates  the  interior  of  /  into  two  domains,  and  the  arc  F'G'H'  similarly 
separates  the  interior  of  /'.  It  is  evident  that  the  points  of  M  interior  to 
the  simple  closed  curve  FGHDAF  have  their  corresponding  points  in  M' 
interior  to  the  simple  closed  curve  F'G'H'D'A'F' .  Similarly  for  points 
interior  to  FGHEBF. 

If  M-{AB-\-FG)  or  M' -{A'B' ^-F'G')  contains  a  tree  of  diameter 
greater  than  ^e,  the  simple  closed  curves  enclosing  it  and  the  corresponding 
tree  in  the  other  set  can  both  be  separated  by  arcs  in  the  manner  indicated 
above.  After  a  finite  number  of  steps  M  —  {AB+FG-\-  •  ■  •  )  and 
M'  —  {A'B' +F'G'  +  ■  ■  •  )  will  contain  no  trees  of  diameter  greater  than 
■g-6,  otherwise  a  theorem*  due  to  R.  L.  Wilder  is  contradicted.  At  this  stage, 
this  state  of  affairs  exists:  the  interior  of  the  circle  C  is  divided  into  a  finite 
number  of  domains  plus  boundary  points  of  these  domains,  where  the  do- 
mains are  such  that  they  are  bounded  by  simple  closed  curves,  each  of  which 
consists  of  a  single  maximal  arc  of  M,  and  a  single  arc  having  no  points  in 
common  with  M  save  its  end  points ;  the  interior  of  C  is  divided  into  the 
same  number  of  domains  plus  boundary  points,  where  the  domains  are 
bounded  by  simple  closed  curves,  each  of  which  consists  of  a  single  maximal 
arc  of  M'  and  a  single  arc  having  no  points  in  common  with  M'  save  its 
end  points ;  if  N  represents  the  set  of  points  of  M  contained  and  enclosed 
by  one  of  the  simple  closed  curves  in  the  plane  S,  the  set  T{N)  =N'  will  be 
contained  and  enclosed  by  one  of  the  simple  closed  curves  in  the  plane  S', 
and  this  simple  closed  curve  will  contain  or  enclose  no  points  of  M'  which 
are  not  in  N' ;  no  tree  in  N  (or  iV')  with  respect  to  the  maximal  arc  of  M 
(or  M')  belonging  to  the  simple  closed  curve  which  contains  and  encloses 
N  (or  N'),  is  of  diameter  greater  than  ^e. 

Let  K  be  any  one  of  the  simple  closed  curves  in  S ;  PQ  the  maximal 
arc  of  M  on  A' ;  N  the  subset  of  M  contained  and  enclosed  by  A".  Let  K' 
denote  the  corresponding  simple  closed  curve  in  S'.  We  can  select  a  finite 
set  of  points  Pi,Pi,  ■  ■  ■  ,  Pn,  and  P[,  P'2,  ■  ■  ■  ,  P'n,  such  that  (a)  Pi  =  P 
and  P[=P';  (b)  P„  =  Q  and  P„'  =  Q';  (c)  P.-  precedes  P.+i  on  PQ,  and  P\ 
precedes  Pj+i  on  P'Q',  for  f  =  1,  2,  •  •  •  ,  w  — 1 ;  (d)  the  diameter  of  each  of 
the  arcs  P<Pi+i  and  P,'P,'+i  is  less  than  ^e  ;  (e)  no  tree  in  A^  -PQ  or  N'-P'Q' 
has  its  foot  at  any  of  the  points  P<  or  P\;  (f)  T{Pi)=P\.    Let  the  set  Ki 


'  R.  L.  Wilder,  loc.  cit.,  second  paper,  Theorem  II. 
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(i  =  l,  2,  •  •  •  ,  «-l)  be  PiPi+i  plus  all  trees  in  N-PQ  with  feet  on  PiPi+i; 
and  let  ^^be  P[P'i+i  plus  all  trees  in  N'-P'Q'  with  feet  on  PiP,'+,.  Evidently 
TiKi)=K'„  and  the  diameter  of  each  of  the  sets  Ki,  A'2,  ■  •  •  ,  K„^i, 
K[,  A'2,  •  •  •  ,  K'„_i  is  less  than  -^e. 

The  point  Pi  can  be  joined  to  Pi  by  an  arc  in  the  interior  of  K,  having 
only  its  end  points  in  common  with  M.  We  shall  show  that  under  our  given 
conditions  Pi  can  be  joined  to  P2  by  such  an  arc  whose  diameter  is  less 
than  f  €.  Suppose  an  arc  P1RP2  has  been  constructed  whose  diameter  is 
greater  than  f «.  This  arc  forms  with  P1P2  a  simple  closed  curve  H  which 
encloses  K1  —  P1P2,  but  encloses  no  other  points  of  M.  There  also  exists  a 
simple  closed  curve  L,  enclosing  A'l,  and  such  that  every  point  of  L  plus 
its  interior  is  at  a  distance  less  than  3^6  from  A'l,*  and  therefore  such  that 
the  diameter  of  L  is  less  than  Je.  Since  the  diameter  of  the  arc  P1RP2  is 
greater  than  fe,  it  must  contain  points  exterior  to  L.  The  simple  closed 
curves  H  and  L  satisfy  the  conditions  f  under  which  there  exists  a  simple 
closed  curve  Q  which  is  a  subset  of  H+L,  contains  the  arc  P1P2  of  M, 
and  every  point  of  whose  interior  is  interior  to  both  H  and  L.  The  arc 
from  Pi  to  P2  in  Q  which  has  only  its  end  points  in  common  with  M,  has 
no  points  exterior  to  L,  and  is  therefore  of  diameter  less  than  f « ;  it  has  no 
points  exterior  to  H  and  except  for  its  end  points,  has  no  points  in  common 
with  A'l,  and  therefore  has  no  points  in  common  with  M,  and  lies  entirely 
in  the  interior  of  A'.   This  is  an  arc  satisfying  the  conditions  stated. 

The  point  Pi  can  therefore  be  joined  to  P2  by  an  arc  P1W1P2  in  the  in- 
terior of  K  which  forms  mth  the  arc  P1P2  of  M  a  simple  closed  curve  Ci, 
enclosing  A'l— P1P2  but  no  other  points  of  M,  and  containing  P1P2  but 
no  other  points  of  M,  and  such  that  the  diameter  of  Ci  is  less  than  e.  In 
the  same  way  an  arc  P2W2P3  can  be  constructed  in  the  interior  of  A  (save 
for  P2  and  Pz)  and  exterior  to  Ci  (save  for  P2),  which  forms  with  P2P3 
of  M  a  simple  closed  curve  C2,  enclosing  and  containing  the  set  A2  and  no 
other  points  of  M  and  such  that  the  diameter  of  C2  is  less  than  e.  In  this 
way  we  construct  the  simple  closed  curves  Ci,  C2,  •  ■  •  ,  Cn_i,  all  of  diameter 
less  than  e.  In  the  same  way  we  construct  in  S'  the  simple  closed  curves 
C'l,  C'2,  •  •  •  ,  C„'..i,  all  of  diameter  less  than  e. 

Note  that  if  from  the  interior  of  K  we  remove  the  simple  closed  curves 
C1+C2+  •  •  •  +C„_i  and  their  interiors,  there  remains  a  domain  whose 


*  R.  L.  Moore,  Concerning  the  separation  oj  point-sets  by  curves.  Proceedings  of  the  Na- 
tional Academy  of  Sciences,  vol.  1 1  (1925),  p.  469. 

t  R.  L.  Moore,  On  the  Lie-Riemann-HelmhoUz-Eilbert  problem  of  the  foundations  of  geometry, 
American  Journal  of  Mathematics,  vol.  41  (1919),  p.  299.  See  especially  Theorem  26. 
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boundary  is  the  simple  closed  curve  consisting  of  the  arcs  K  —  PiP„,  P1W1P2, 
P2W2PZ,  ■  ■  ■  ,  Pn-iWn-iPn ',  similarly  for  A". 

If  the  interior  of  any  of  the  simple  closed  curves  Ci,  •  •  •  ,  C„_i  contains 
points  of  M,  we  shall  separate  its  interior  as  we  have  separated  the  interiors 
of  /  and  /'  into  a  finite  set  of  domains  free  from  points  of  M,  plus  a  finite 
set  of  simple  closed  curves  (such  as  d)  of  diameter  less  than  ^e,  the  same 
being  true  of  M'.  We  shall  then  continue  this  process  with  such  of  these 
simple  closed  curves  as  enclose  points  of  M. 

We  shall  now  define  a  continuous  (1-1)  correspondence  U,  such  that 
U(S)=S',  and  we  shall  show  that  if,  for  any  point  P  of  M,  T{P)=P', 
then  UiP)=P'. 

For  points  of  the  circles  C  and  C,  U  is  any  continuous  (1-1)  corres- 
pondence between  C  and  C  subject  only  to  these  conditions  :  (1)  1/(0)  =D' ; 
U(E)=E' ;  (2)  if  P  is  a  point  of  EXP,  U{P)  is  on  E'X'D' ;  (3)  if  P  is  a  point 
olEY_D,  UiP)  is  on  E'Y'D' ■,  (4)  U{H)=H';  and  similarly  for  points  of  C 
other  than  H  that  were  joined  by  arcs  to  points  on  trees  of  M  of  diameter 
greater  than  ^e,  or  such  that  the  corresponding  trees  in  M'  were  of  diameter 
greater  than  ^e. 

Having  defined  U  for  points  of  the  circles  C  and  C,  we  define  U  for 
points  exterior  to  these  circles,  as  being  any  continuous  (1-1)  correspondence 
between  S  and  S'  subject  only  to  the  condition  that  for  points  of  C  and  C 
the  correspondence  be  the  one  defined  in  the  preceding  paragraph.  That  such 
a  correspondence  exists,  follows  from  Schoenflies's  theorem. 

For  points  interior  to  C,  and  on  one  of  the  simple  closed  curves  K,  consist- 
ing of  an  arc  PQ  of  M,  an  arc  QX  interior  to  C  save  for  X,  an  arc  XY  on  C, 
and  an  arc  YP  interior  to  C  save  for  Y,  we  define  U  as  being  any  continuous 
(1-1)  correspondence  between  A'  and  A'  subject  only  to  the  following  condi- 
tions :  (1)  for  points  of  PQ,  U  is  identical  with  P;  (2)  for  points  of  XY, 
U  is  identical  with  the  correspondence  previously  defined  for  points  of  C. 

For  points  interior  to  one  of  the  simple  closed  curves  A",  and  on  the  arc 
PiWiPiWnPz  ■  ■  P^-iWn-iPn,  wc  define  U  as  being  any  continuous  (1-1) 
correspondence  between  PiWi  ■  ■  Pn  and  P'lW'i  ■  ■  P^  subject  only  to  the 
following  conditions  :  U{Pi)  =P[  ■  ■  ■  ,  Z7(P„)  =Pj;  and  if  d  encloses  points 
of  M,  the  correspondence  between  PWiPj^i  and  P/lF/P(+i  must  be  such 
that  U{Hi)  =H[,  where  Hi  is  a  point  of  PjWiPj^i  which  was  joined,  by  an 
arc  interior  to  C,-,  to  a  point  of  a  tree,  in  M  — P,P,+i,  of  diameter  greater 
than  T^e. 

For  points  interior  to  the  simple  closed  curve  formed  by  K  —  PiPn, 
and  PxWiPi,  ■  ■  ■  ,  Pn-iW„-iPn,  U  is  defined  as  being  any  continuous  (1-1) 


260  H.   M.   GERMAN  [April 

correspondence  between  5  and  S'  subject  only  to  the  condition  that  for 
points  of  the  simple  closed  curves,  the  correspondence  be  the  one  defined 
in  the  preceding  paragraphs. 

If  the  interior  of  any  of  the  simple  closed  curves  d,  C2,  •  •  •  ,  C„,  say  Ci, 
is  free  from  points  of  M,  U  is  defined  for  points  of  the  interior  of  Ci  as  being 
any  continuous  (1-1)  correspondence  between  S  and  S'  subject  only  to  the 
condition  that  for  points  of  Ci  and  C[  the  correspondence  be  the  one  already 
defined  for  points  of  Ci  and  Cj. 

In  case  the  interior  of  any  of  the  simple  closed  curves  Ci,  •  •  •  ,  C„ 
contains  points  of  M,  we  have  already  indicated  the  method  of  separation 
of  its  interior  into  a  finite  number  of  domains,  and  we  have  indicated  above 
how  U  is  defined  for  every  point  of  S,  save  for  points  interior  to  simple  closed 
curves  of  diameter  less  than  e,  enclosing  points  of  M.  We  shall  now  show 
that  by  a  continuation  of  the  above  process,  U  is  defined  for  such  points. 

If  F  is  any  point  of  S  —  M,  there  is  some  value  of  k  such  that  e/2'  is  less 
than  the  distance  from  P  to  a  point  of  M.  Therefore  at  the  step  where  the 
diameters  of  the  simple  closed  curves  enclosing  points  of  M  are  less  than 
e/2*,  F  will  not  lie  in  the  interior  of  such  a  simple  closed  curve,  and  hence 
U  will  have  been  defined  for  the  point  F.  Similarly  for  any  point  in  S'  —  M' . 

If  P  is  a  point  of  M,  and  if  U  has  not  already  been  defined  for  F,  then 
F  lies  at  each  step  in  the  interior  of  a  simple  closed  curve,  consisting  of  an 
arc  of  M  and  an  arc  in  5  —  M.  Let  the  sequence  of  simple  closed  curves  be 
Di,  Z>2,  •  •  •  ,  where  Z),+i  lies  in  Di  plus  its  interior ;  let  the  diameter  of  Di 
be  less  than  e/2' ;  and  let  the  arc  of  M  on  Di  be  X,Fj.  Evidently  F  is  the 
only  limit  point  of  this  sequence.  The  corresponding  simple  closed  curves 
in  S'  are  D[,  Do,  ■  ■  ■  ,  and  jD,'+i  lies  in  the  interior  of  !>■,  the  diameter  of  Z),' 
is  less  than  e/2',  and  the  arc  of  M  on  D\  is  X^F-,  where  X[=T{Xi),  and 
Y't=T{Yi).  The  sequence  D[,  Dj,  •  ■  •  approaches  a  single  point  F'  as  a 
sequential  limit  point,  and  we  define  U{F)  as  F'. 

It  remains  to  be  shown  that  T{F)  is  the  point  U{F)=F'.  The  points 
Xi,  Xi,  •  ■  ■  oi  M  approach  P  as  a  sequential  limit.  Since  T  is  continuous, 
the  point  in  M'  approached  by  X[,  Xl,  •  •  •  is  T{F),  and  we  have  called  this 
point  U{F)  =P'.    Therefore  U  is  identical  with  T  for  all  points  of  M. 

The  correspondence  U  as  defined  above  satisfies  the  conditions  of 
Theorem  I. 

Definition.  If  M  and  M'  are  continuous  curves  l>ang  in  planes  S 
and  S'  respectively,  and  J  is  a  continuous  (1-1)  correspondence  such  that 
T{M)=M',  we  say  that  interiors  are  preserved  under  T  if,  given  any  simple 
closed  curves  J  of  M  and  /'  of  M',  such  that  T{J)  =  J',  and  if  N  is  the  set 
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of  points  of  M  interior  to  /,  and  A^'  is  the  set  of  points  of  M'  interior  to  /', 
then  T{N)  =  N'. 

Lemma  B.   //  sides  are  preserved  under  T,  interiors  are  preserved  under  T. 

Proof.  Given  T{M)=M'  and  sides  are  preserved  under  T.  Suppose  P, 
a  point  of  M  interior  to  /,  is  such  that  T{P)  =/*'  is  exterior  to  J' .  We  shall 
show  that  this  leads  to  a  contradiction. 

Let  PQ  be  an  arc  in  M,  having  only  Q  in  common  with  /,  and  therefore 
interior  to  /,  save  for  Q.   Then  P'Q'  will  be  exterior  to  /',  save  for  Q' . 

Let  A  and  B  be  two  points  of  /,  At^Qt^B,  and  let  Z)  be  a  point  of  /, 
such  that  D  and  Q  separate  A  and  B.  In  the  exterior  of  /  we  shall  construct 
an  arc  AXB^  such  that  BQA  (of  /)  plus  AXB  forms  a  simple  closed  curve  C 
containing  in  its  interior  the  interior  of  /,  and  therefore  ADB  and  QP-'rP. 

Since  sides  are  preserved  under  T,  there  exists  a  simple  closed  curve 
C  in  S'  containing  B'Q'A'  and  whose  interior  contains  ADB'  and 
Q^'^-P'.  The  curve  C  is  composed  of  the  arcs  B'Q'A'  of  /',~and  B'X'A' 
in  the  exterior  of  J' .  The  interior  of  C  therefore  contains  the  interior  of  /', 
in  fact  A'D'B'  divides  the  interior  of  C  into  two  parts,  the  interior  of 
J'  =  A'D'B'Q'A'  and  the  interior  of  A'D'B'X'A'.  Since  Q^'+P'  is  ex- 
terior to  J'  and  interior  to  C ,  it  must  lie  within  A'D'B'X'A' .  Since  T  is 
continuous,  the  limit  point  Q'  of  £/"+/"  must  lie  on  or  within  A  'D' B'X'A ', 
whereas  the  arc  B'Q'A '  is  exterior  to  A'D'B'X'A'.  This  is  the  desired 
contradiction. 

Theorem  II.  //  M  and  M'  are  continuous  curves  lying  in  planes  S  and  S' 
respectively,  and  if  there  exists  a  continuous  (1-1)  correspondence  T,  such 
that  T{M)'=M',  and  such  that  sides  are  preserved  wider  T,  then  there  exists 
a  conlimious  (1-1)  correspondence  U,  such  that  U{S)=S',  and  such  that  if, 
for  any  point  P  of  M,  r{P)=P',  then  U{P)=P'. 

Proof.  Since  we  have  considered  in  Theorem  I  the  case  where  M  contains 
no  simple  closed  curve,  we  shall  assume  here  that  M  contains  at  least  one 
simple  closed  curve.  The  proof  of  Theorem  II  follows,  in  the  main,  that 
of  Theorem  I.  We  shall  go  into  detail  only  when  the  proof  differs  from  that 
of  Theorem  I. 

By  Schoenfiies's  definition  of  a  continuous  curve,*  S  —  M  consists  of  one 
unbounded  domain  and  a  countable  set  of  bounded  domains,  the  same 
being  true  for  S'  —  M'.  The  outer  boundary  of  each  bounded  domain  is  a 
simple  closed  curve  /  whose  interior  contains  a  countable  set  of  maximal 


•  Report,  p.  290  and  p.  295. 
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connected  subsets  oi  M  —  J  (which  we  shall  call  "trees"),  each  having  one 
and  only  one  limit  point  on  the  simple  closed  curve. 

If  M  is  a  continuous  curve,  and  iV  is  a  closed  and  connected  subset  of  M, 
we  shall  call  a  maximal  connected  subset  oi  M  —  N  which  has  one  and  only- 
one  limit  point  in  iV  a  tree  with  respect  to  N  or  &  tree  in  M  —  N.  The  limit 
point  in  N  is  called  the  foot  of  the  tree.  The  number  of  trees  is  countable, 
and  if  N  is  the  outer  boundary  of  a  domain  complementary  to  M,  then 
not  more  than  a  finite  number  of  trees  can  be  of  diameter  greater  than  any 
given  positive  number.  In  case  M  contains  no  simple  closed  curve  this 
definition  is  equivalent  to  the  one  given  previously. 

If  a  is  the  boundary  of  Z?i,  the  unbounded  domain  in  5  — il/,  then  T{a)  =a' 
is  the  boundary  of  Z),',  the  unbounded  domain  in  S'  —  M'.  For  suppose  it 
were  possible  that  for  some  point  P  of  a,  T{P)  =P'  is  not  in  |S',  the  boundary 
of  D[.  Then  P'  is  separated  from  any  point  Q'  in  D[  by  jS',  and  P'  and  Q' 
are  therefore  separated  by  some  simple  closed  curve  /'  which  is  a  subset 
of  0'.*  The  point  Q'  is  not  interior  to  7';  therefore  P'  is  interior  to  7'. 
But  P  is  in  a  and  is  therefore  not  interior  to  T~^(J')  =/  or  any  other  simple 
closed  curve  in  M,  and  in  this  case  interiors  (and,  therefore,  sides)  have  not 
been  preserved  under  T,  contrary  to  hypothesis.  A  similar  contradiction 
is  arrived  at  if  we  suppose  that  for  some  point  P'  of  /3',  T~^{P')  =P  is  not 
a  point  of  a.   Therefore /3'  =  a'. 

We  shall  next  show  that  if  a  is  the  boundary  of  Di,  a  bounded  domain 
in  S  —  M,  then  T{a)=a'  is  the  boundary  of  a  bounded  domain  in  S'  —  M', 
which  we  may  call  Dj.  The  boundary  a  contains  a  simple  closed  curve  J, 
and  a'  contains  /'.  If  N  denotes  the  points  of  M  interior  to  J,  N  consists 
of  a  countable  set  of  trees.  Since  N'  is  identical  with  the  points  of  M' 
interior  to  J',  any  maximal  connected  subset  of  N'  is  a  tree  with  respect  to 
J',  otherwise  T  is  not  (1-1)  and  continuous,  and  therefore  N'  also  consists 
of  a  countable  set  of  trees.  Let  these  be  N\,  iVj,  ^L  •  •  •  Let  L'f  be  Nl  plus 
its  foot  on  /'  plus  any  points  oi  S'  —  M'  lying  in  a  complementary  domain 
of  M'  whose  boundary  is  in  Nl  The  sets  L[,  L^,  L'^,  ■  ■  ■  are  closed  and  con- 
nected and  have  no  points  in  common.  Furthermore,  only  a  finite  number 
of  these  sets  can  be  of  diameter  greater  than  any  given  positive  number. 
Under  these  conditions,  L[-'rL'2-]-L'^+  •  •  •  is  not  connected.!  Therefore 
not  every  point  of  the  interior  of  J'  lies  in  Zi-f-Z-2+  "  '  •  Let  P'  be  a  point 
of  the  interior  of  J'  not  in  L[+L2+  ■  ■  ■  ,  and  let  Z?^  be  the  domain  in  S'  —  M' 


*  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  loc.  cit..  Theorem  V. 
t  See   abstract   by   J.    R.    Kline,    Bulletin  of  the  American   Mathematical 
Society,  vol.  31  (1925),  p.  300. 
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containing  P' .  The  outer  boundary  of  D'^  is  a  simple  closed  curve  K' . 
If  K'  were  entirely  interior  to  J'  or  had  one  point  in  common  with  /',  then 
K' ,  D2,  and  P'  would  be  points  of  one  of  the  sets  i,,  contrary  to  our  selection 
of  P'.  If  A"'  had  an  arc  in  common  with  /',  but  were  not  identical  with 
/',  K'  would  contain  an  arc  interior  to  J'  joining  two  points  of  /' ,  and  such 
an  arc  cannot  exist  in  any  of  the  trees  A'^i,  N2,  ■  •  ■  .  Therefore,  A''  is  iden- 
tical with  J'.  If  we  suppose  that  any  point  P  of  a  is  such  that  P'  is  not  in 
the  boundary  of  D2,  or  that  any  point  Q'  of  the  boundary  of  D2  is  such  that 
Q  is  not  in  a,  we  obtain  a  contradiction  by  the  same  argument  as  that  used 
in  the  case  of  the  boundary  of  the  unbounded  domain.  Therefore  the  boun- 
dary of  Z?2  is  a'. 

We  shall  next  discuss  the  definition  of  "sides  are  preserved  under  T" 
for  the  case  where  M  is  any  continuous  curve. 

Let  D  be  any  domain  in  5  — M,  and  A  and  B  two  points  on  its  boundary 
j8;then  any  arc  AXB  such  that  AXE  is  in  D,  divides  D  into  two  domains, 
Di  and  Di,  such  that  D^Dj  +  D^+AXB.  The  boundary  of  £><  {i  =  l,  2) 
is  composed  of  AXB  and  0i,  a  subset  of  S.  Evidently,  |(3=i3i+/32.  Suppose 
that  A  and  B  are  two  points  such  that  ^i  and  I3i  are  the  same  for  any  choice 
of  the  arc  AXB.  This  will  be  the  case  if  each  of  the  points  A  and  5  is  a 
non-cut  point  of  13,  i.  e.,  a  point  whose  removal  does  not  disconnect  13. 
If  in  0i{i  =  l,  2)  we  draw  the  arc  AYB  (there  is  only  one  such  arc),  and 
draw  in  D  an  arc  AXB  forming  a  simple  closed  curve  /  with  AYB,  then 
the  discussion  under  Theorem  I  of  "sides  are  preserved  under  T"  holds  with 
slight  modifications.  Therefore,  under  the  above  conditions,  we  can  add 
to  our  definition  of  "sides  are  preserved  under  T"  that  /'  contains  A'B' 
but  no  other  points  of  M',  that  J'  —  A'B'  lies  in  D'  (where  D'  is  the  domain 
in  S'  —  M'  whose  boundary  is  r(/3)  =|(3'),  and  that  the  interior  of  /'  contains 
N'  and  no  other  points  of  M'. 

As  in  the  proof  of  Theorem  I,  we  can  construct  a  circle  C  containing 
M  in  its  interior  /,  and  a  circle  C  containing  M'  in  its  interior  /'.  Let  a 
denote  the  boundary  of  the  unbounded  domain  in  5  — M.  Since  a  is  a  non- 
dense  continuous  curve  separating  the  plane,  a  contains  a  simple  closed 
curve  /.*  Let  A  and  B  be  two  points  of  /  which  are  not  feet  of  trees  in 
a  — J.  We  can  join  A  to  D,  any  point  of  C,  by  an  arc  in  {I  —  M)+A+D, 
and  we  can  join  B  to  any  other  point  £  of  C  by  an  arc  in(I  —  M)+B+E  —  AD. 
If  D'  and  E'  are  arbitrary  points  on  C  we  can  draw  similar  arcs  A'D' 
and  B'E'.  Each  of  the  arcs  AB  oi  J  forms  with  AD,  BE,  and  the  proper 
one  of  the  arcs  DE  of  C  a  simple  closed  curve,  and  these  two  simple  closed 

•  Report,  pp.  295-296. 
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curves  Ci  and  d  contain  and  enclose  all  points  of  a.  Similarly  in  5'  are  two 
simple  closed  curves  C,  and  Cj  such  that  the  points  contained  and  enclosed 
by  C'i  (i  =  1,  2)  are  the  points  corresponding  to  those  contained  and  enclosed 
byC 

Let  us  select  an  arbitrary  positive  number  e.  Let  Di,  Do,  •  ■  ■  ,  D„he  a, 
finite  set  of  domains  complementary  to  M,  and  Z),,  D2,  ■  ■  ■  ,  D„  a.  set  of 
domains  complementary  to  M',  such  that  (1)  if  ai  is  the  boundary  of  Dt 
(j  =  1,  2,  •  •  •  ,  w),  then  T{ai)  =a\  is  the  boundary  of  D\  and  (2)  all  domains 
complementary  to  either  M  or  M'  and  of  diameter  greater  than  e  occur 
in  one  set  or  the  other.  In  each  of  the  bounded  domains,  such  as  D2,  select 
two  points  A  and  B  on  the  outer  boundary  J2,  which  are  not  feet  of  trees 
in  02  —  72,  and  join  ^  to  5  by  an  arc  in  D2  save  for  its  end  points.  If  we 
join  A'  to  B'  by  an  arc  in  Dj  save  for  its  end  points,  this  arc  divides  the 
interior  of  J2  into  the  interiors  of  two  simple  closed  curves,  such  that  the 
points  of  M'  contained  and  enclosed  by  either  one  of  them  are  the  points 
corresponding  to  those  contained  and  enclosed  by  the  corresponding  one 
of  the  simple  closed  curves  in  5  which  AB  forms  with  Jo. 

Let  us  now  consider  any  one  of  the  above  simple  closed  curves  K  formed 
by  an  arc  AXB  in  M  and  A  YB  in  5  —  M,  and  its  corresponding  simple  closed 
curve  K'  =A'X'B'Y'A '  in  the  plane  S'.  Let  the  points  of  M  contained  and 
enclosed  by  A'  be  denoted  by  A'^.  Then  T(N)  =  N'  is  the  set  contained  and 
enclosed  by  A*'.  Suppose  either  N—AXB  or  N'  —  A'X'B'  contains  a  tree 
of  diameter  greater  than  ^e,  and  let  this  tree  and  its  corresponding  one 
be  denoted  by  T  and  T'.  For  definiteness  let  us  suppose  that  the  diameter 
of  T  is  greater  than  ^6.  Let  the  foot  of  T  be  F.  Let  d  denote  some  point 
of  T  which  belongs  to  a,  the  boundary  of  the  complementary  domain  of  M 
in  which  AYE  was  drawn,  and  such  that  an  arc  FGi  of  a  is  of  diameter 
greater  than  ^e.  If «  — d  is  connected,  we  shall  denote  d  by  G.  lia  —  Gi 
is  not  connected,  it  consists  of  a  countable  set  of  trees.  Let  W  denote  the 
one  which  contains  F.  The  set  a  —  W  is  closed  and  connected.  It  has 
therefore  a  non-cut  point  G  distinct  from  d.  The  sets  (a- IF- G)  and 
(W+Gi)  are  connected  and  have  d  in  common.  Therefore  their  sum, 
a  —  G,  is  connected,  and  G  is  a  non-cut  point  of  a.  Moreover,  any  arc  in 
a  from  F  to  G  passes  through  d  and  therefore  a  contains  an  arc  FG  of  diam- 
eter greater  than  ^e. 

If  H  is  any  point  of  AYB,  H  can  be  joined  to  G  by  an  arc  interior  to  A, 
save  for  H,  and  having  only  G  in  common  with  M.  In  S',  a  similar  arc 
E'G'  can  be  drawn.  The  points  of  M  on  and  interior  to  GFAHG  will  have 
their  corresponding  points  on  and  interior  to  G'F'A'H'G'.  Continuing  this 
process  a  finite  number  of  times  we  eventually  arrive  at  the  point  where  none 
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of  the  simple  closed  curves  A'  and  K'  contain  a  tree  of  diameter  greater 
than  ^€. 

The  choice  of  sets  A'l,  A'2,  ■  •  •  ,  A„_„  and  the  simple  closed  curves 
Ci,  C2,  •  •  •  ,  C^_i  is  made  as  in  Theorem  I  without  any  modifications.  The 
correspondence  U  is  defmed  as  in  Theorem  I  for  all  points  of  5  —  M  and  for 
all  points  which  are  boundary  points  of  domains  complementary  to  M. 
If  there  are  any  other  points  in  M,  we  shall  define  U  as  being  identical  with  T. 

The  correspondence  U  defined  in  this  way  is  evidently  (1-1),  and  for 
points  of  M ,  U  and  T  are  identical.  It  remains  to  be  shown  that  U  is  con- 
tinuous, i.  e.,  if  Pi,  Pi,  •■  ■  is  a  set  of  points  of  5  approaching  P  as  a  se- 
quential Hmit,  then  P[,  Pj,  "  '  ■  approach  T{P)=P'  as  a  sequential  limit. 
In  case  P  is  a  point  of  S  —  M,  all  except  a  finite  number  of  the  points  of 
P1+P2+  •  •  •  He  in  the  same  domain  as  does  P,  and  we  have  defined  U 
for  the  complementary  domains  in  such  a  way  that  P[,  P'^,  ■  ■  ■  will  approach 
P'.  In  casePisapointof  Mandaniniinite  number  of  pointsofPi+P2+  •  •  • 
lie  in  M,  then  P'  is  a  limit  point  of  P,+P2+  •  •  ■  because  U  is  identical 
with  T  for  points  of  M,  and  T  is  continuous.  In  case  P  is  a  point  of  M, 
and  an  infinite  number  of  points  of  Pi+P2-f  •  •  •  lie  in  a  single  domain 
of  S  —  M,  then  P  is  a  boundary  point  of  that  domain,  and  again  U  has 
been  defined  in  such  a  way  that  Pi,  Pj,  •  •  ■  have  P'  as  a  limit  point.  In 
case,  finally,  P  is  a  point  of  M,  and  only  a  tmite  number  of  points  of  Pi 
+P2+  •  •  •  lie  in  M  or  in  any  single  domain  of  S  —  M,  then  we  can  pick 
out  an  infinite  subsequence  Qi,  Qi,  •  ■  ■  ,  such  that  each  Qi  is  a  point  of 
S  —  M,  and  no  two  points  Qi,  Qj  lie  in  the  same  domain.  Let  us  associate 
with  each  Qi  a  point  A;  of  the  boundary  of  the  domain  in  which  Qi  lies. 
For  any  given  e  only  a  finite  number  of  the  points  A,  can  be  selected  in  such 
a  way  that  the  distance  between  Qi  and  A,  is  greater  than  e.  Therefore  the 
set  of  points  Ai,  A2,  •  •  •  also  approach  P  as  a  sequential  limit.  Similarly 
in  the  plane  5',  the  two  sequences  Q[,  Q',,  ■  ■  ■  and  A,,  Aj',  ■  ■  ■  approach 
the  same  Hmit.  Since  A,',  Aj'  •  •  •  are  points  of  M',  their  limit  is  P'.  There- 
fore in  each  case,  U  is  continuous. 

The  author  wishes  to  express  his  thanks  to  Professor  John  Robert  Kline 
for  suggesting  this  problem  and  for  aiding  in  its  solution. 
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ON   EXTENDING   A   CONTINUOUS   (1-1) 
CORRESPONDENCE  (SECOND  PAPER)* 

BY 

HARRY  MERRILL  GERMAN 

I.  Introduction 

In  a  previous  paperf  we  have  given  a  condition  which  is  necessary  and 
sufficient  in  order  that  it  be  possible  to  extend  a  continuous  (1-1)  correspon- 
dence of  two  plane  continuous  curves  to  a  correspondence  of  their  planes. 
In  the  present  paper,  we  shall  give  a  similar  condition  for  the  case  of  two 
plane  point  sets  of  a  more  general  type.  Theorem  2  of  this  paper  includes 
as  special  cases  the  two  theorems  of  our  First  paper. 

Definition.  By  an  E-set,  we  shall  mean  a  closed  and  bounded  plane 
point  set,  each  componenti  of  which  is  a  continuous  curve,  not  more  than 
a  finite  number  of  them  being  of  diameter  greater  than  any  given  positive 
number. 

II.  Some  properties  of  an  £-set  and  of  the  domains  complementary 

TO  AN  £-SET 

1.  If  M  is  an  £-set,  we  can  let  M  =  mo+Mi+M2+  ■  •  •  ,  where  nto  is 
totally  disconnected  and  consists  of  all  those  components  of  M  which  consist 
of  a  single  point,  and  for  each  value  of  i,  Mi  is  a  component  of  M.  Note  that 
Wo  may  consist  of  an  uncountable  infinity  of  components  of  M,  but  M  —  mo 
consists  of  at  most  a  countable  infinity  of  components  of  M. 

2.  Of  the  domains  complementary  to  an  £-set  M  lying  in  a  plane  5,  one 
is  unbounded  and  the  remainder  are  bounded.  Let  D  denote  the  unbounded 
domain  oi  S  —  M,  and  for  each  component  M^  of  M,  let  D^  denote  the  un- 
bounded domain  of  5  — Afi.  The  set  D  is  a.  subset  of  each  of  the  sets  Dx,  and 
hence  is  a  subset  of  their  common  part. 

Let  N  be  the  point  set  consisting  of  the  sum  of  the  sets  5  — Di  correspond- 
ing to  all  the  components  M^  of  M.   The  set  N  is  an  £-set,  each  component 


*  Presented  to  the  Society,  October  29,  1927;  received  by  the  editors  in  December,  1928. 

t  H.  M.  Gehman,  On  extending  a  continuous  (1-1)  correspondence  of  two  plane  continuous  curves 
to  a  correspondence  of  their  planes,  these  Transactions,  vol.  28  (1926),  pp.  252-265.  We  shall  refer  to 
this  paper  as  First  paper. 

X  A  component  or  maximal  connected  subset  of  a  point  set  M  is  a  connected  subset  of  M  which  is 
not  a  proper  subset  of  any  other  connected  subset  of  M. 
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of  which  has  just  one  complementary  domain.  The  set  N  therefore  has  just 
one  complementary  domain,*  which  is  the  same  as  the  common  part  of  all 
the  sets  Di.  Now  since  AI  is  a  subset  of  N,  the  set  5  — iV  is  a  subset  oi  S  —  M, 
and  since  S  —  N  is  unbounded,  it  must  be  a  subset  of  D.  As  we  have  shown 
above  that  Z)  is  a  subset  of  5  —  A'^  (the  common  part  of  the  sets  D^),  it  follows 
thsit  D  =  S-N. 

The  boundary  of  D  is  the  sum  of  the  boundaries  of  the  domains  Dz 
corresponding  to  those  components  Mx  of  M  which  do  not  lie  in  a  bounded 
complementary  domain  of  any  other  component  of  M. 

3.  Let  d  denote  a  bounded  domain  of  S  —  M.  If  M^  is  any  component 
of  M,  the  domain  (f  is  a  subset  of  some  domain  of  5  —  Mi.  li  dis  a.  subset  of  a 
bounded  domain  of  5  — Mx,  then  the  diameter  of  M^  is  greater  than  or  equal 
to  the  diameter  of  d.  Hence  it  follows  from  the  definition  of  an  £-set,  that 
in  the  case  of  a  finite  number  of  components  of  M,  dis  a.  subset  of  a  bounded 
complementary  domain;  in  the  case  of  the  remaining  components  of  M,  d 
is  a  subset  of  the  unbounded  complementary  domain. 

Let  Ml,  M2,  ■  ■  ■  ,  Mn  denote  the  components  of  M  such  that  for  each 
component  Mi,  there  exists  a  bounded  domain  J,  of  S  —  M i  which  contains  d. 
Each  domain  di  has  an  outer  boundary!  consisting  of  a  simple  closed  curve 
/,-.  The  curves  /i,  Ji,  •  ■  •  ,  J ^  are  mutually  exclusive  since  they  belong  to 
different  components  of  M ,  and  since  each  of  them  encloses  d,  it  follows  that 
of  any  pair  of  them,  one  encloses  the  other.  Hence  one  of  them,  say  /*, 
is  interior  to  each  of  the  other  simple  closed  curves  of  the  set. 

It  follows  by  §2,  after  an  inversion  of  the  plane  about  a  circle  lying  in  d, 
that  the  outer  boundary  of  d  is  the  simple  closed  curve  Ju,  and  that  the 
entire  boundary  of  d  consists  of  the  boundary  of  dy.  and  the  boundary  of  each 
of  the  unbounded  domains  D^  complementary  to  a  component  M x  of  M  which 
lies  in  di  and  does  not  lie  in  a  bounded  complementary  domain  of  any  other 
component  of  M  which  lies  in  </«... 

4.  We  have  shown  in  §3  that  corresponding  uniquely  to  each  bounded 
domain  d  oi  S  —  M  is  z.  bounded  domain  </*  complementary  to  a  component 
Mk  of  M ,  such  that  dk  contains  d  and  has  the  same  outer  boundary.  Given 
any  positive  number  e,  not  more  than  a  finite  number  of  components  of  M 
are  of  diameter  greater  than  «,  and  each  of  these  has  not  more  than  a  finite 
number  of  bounded  complementary  domains  of  diameter  greater  than  «. 


*  H.  M.  Gehman,  Concerning  acyclic  continuous  curves,  these  Transactions,  vol.  29  (1927), 
pp.  553-568.  See  Lemma  F,  p.  558. 

t  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  15 
(1922),  pp.  254-260. 
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Hence  there  are  not  more  than  a  finite  number  of  domains  oi  S  —  M  which 
are  of  diameter  greater  the  e. 

5.  By  the  methods  used  in  §2  and  the  Lemma  referred  to  there,  and  by 
means  of  an  inversion  of  the  plane  in  the  case  of  a  bounded  domain,  it 
follows  that  if  P  is  a  point  of  M  which  is  a  boundary  point  of  a  domain  of 
S  —  M,  then  P  is  accessible  from  that  domain.  That  is,  if  Q  is  any  point  of 
the  domain,  there  exists  an  arc  QP  every  point  of  which  except  P  is  a  point 
of  the  domain. 

III.  Interior-preserving  correspondences 

Definition.*  Let  M  and  M'  be  £-sets  lying  in  planes  S  and  S'  respec- 
tively, and  let  T  be  a  continuous  (1-1)  correspondence  such  that  T{M)  =  M'. 
Then  we  shall  say  that  T  preserves  interiors  if  given  any  two  simple  closed 
curves  J  oi  M  and  /'  of  M'  which  are  such  that  T(J)  =J'  and  which  enclose 
respectively  the  subset  K  oi  M  and  the  subset  K'  of  M',  then  T(K)  =K'. 

Theorem  1.  If  M  and  M'  are  E-sets  lying  in  planes  S  and  S'  respectively, 
and  if  T  is  a  continuous  (1-1)  correspondence  suck  that  T{M)=M'  and  such 
that  T  preserves  interiors,  then  if  B  is  the  boundary  of  a  domain  D  of  S  —  M, 
the  set  T{B)  is  the  boundary  of  a  domain  D'  of  S'  —  M' . 

In  the  case  of  the  unbounded  domain  of  S  —  M,  the  proof  given  in  First 
paper,  page  262,  second  paragraph,  holds  without  change. 

In  the  case  of  a  bounded  domain  oi  S  —  M,  the  proof  given  in  First  paper, 
page  262,  third  paragraph,  holds  with  the  following  changes:  N  consists  of 
a  countable  set  of  trees  and  a  (possibly  uncountable)  collection  of  components 
of  M.  Using  the  notation  of  §1  of  Part  II,  we  can  denote  this  collection  by 
mo  +  Mi  +  M2-\-  ■  ■  ■  .  li  Di  is  the  unbounded  domain  of  S  —  Mi,  let  Ki 
denote  S  —  Di]  and  if  Di  is  the  unbounded  domain  of  S'  —  Mi ,  let  A'/  denote 
S'-Di.  Each  component  of  the  set  H  =  {Li-\-U+  ■  ■  ■  )+mQ-\-{Ki+K2 
-(-•■•)  is  either  one  of  the  sets  Z,,,  a  point  of  m^,  or  one  of  the  sets  /C,; 
similarly,  each  component  of  i7'=(/,i' -1-1,2 -I-  ■  •  •  )-\-mi  +{Ki  +Ki  +  ■  ■  ■) 
is  one  of  the  sets  Li ,  a  point  of  mi ,  or  one  of  the  sets  Ki .  Furthermore  since 
T  preserves  interiors,  if  a  component  oi  H  isa.  set  La,  a  point  P  of  mo,  or  a  set 
Ki,  then  one  component  of  .0^'  is  the  set  Z„' ,  the  point  T(P)  =P'  oi  mi  ,ox  the 
set  A'i,' ,  and  conversely.  Hence,  as  in  First  paper,  not  every  point  of  /' 
(the  interior  of  J')  is  a  point  of  H' ,  and  it  follows  that  I'—H'  consists  of  a 
single  component,  which  is  the  required  domain  of  S'  —  M'. 


*  First  pnpcr,  p.  260. 
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IV.  Correspondences  which  preserve  sides  of  arcs  in  the  same  sense 

Definitions.  Let  M  and  M'  be  £-sets  lying  in  planes  5  and  S'  respec- 
tively, and  let  T  be  a  continuous  (1-1)  correspondence  such  that  T{M)  =M'. 
We  shall  say  that  T  preserves  sides  of  arcs,  if  given  any  simple  closed  curve  / 
in  5  containing  an  arc  AB  of  M,  then  there  exists  a  simple  closed  curve  J' 
in  S'  containing  T(AB)  =A'B'  and  such  that  if  /  encloses  the  subset  K  of  M, 
then  /'  encloses  T{K)='K' ;  and  also  if  given  any  simple  closed  curve  J' 
in  S'  containing  an  arc  A'B'  of  M',  then  there  exists  a  simple  closed  curve 
7  in  5  containing  T^'  {A'B')  =AB  and  such  that  if  J'  encloses  the  subset 
K'  of  M' ,  then  /  encloses  T"'  (A'')  =  A'.*  We  shall  say  that  T  preserves  sides 
of  arcs  in  the  same  sense,  if  T  preserves  sides  of  arcs,  and  if  given  any  two 
simple  closed  curves  Ji  and  J 2  in  S  containing  arcs  AiBi  and  ^2-82  of  M 
respectively,  then  the  corresponding  simple  closed  curves  //  and  Ji  in  S' 
can  be  constructed  in  such  a  way  that  if  Xi,  Yi,  Zi  are  three  points  of  AiBi 
and  ^^2,  F2,  Z2  are  three  points  of  ^2-82,  such  that  the  sensef  X^Y^Zi  on  Ji 
is  the  same  as  the  sense  A^2l^2.^2  on  J2,  then  the  sense  T{Xi}T{Yi)T{Zi) 
on  Ji  is  the  same  as  the  sense  T{X2)T(Y2)T{Z2)  on  Ji  ;  and  similarly  for 
any  two  simple  closed  curves  in  S'  containing  arcs  of  M'. 

Theorem  2.  //  M  and  M'  are  E-sets  lying  in  planes  S  and  S'  respectively, 
and  if  T  is  a  continuous  (1-1)  correspondence  such  that  T{M)  =M'  and  such 
that  T  preserves  interiors  and  preserves  sides  of  arcs  in  the  same  sense,  then  T 
can  be  extended  to  a  correspondence  between  the  planes  S  and  S' ,  i.e.,  there  exists 
a  continuous  (1-1)  correspondence  U,  such  that  U{S)=S',  and  such  that  for 
each  point  P  of  M,  U{P)  =  T{P). 

1.  If  every  component  of  M  is  an  arc  or  a  point,  and  no  interior  point  of 
an  arc  XY  of  Af  is  a  hmit  point  of  M—XY,  then  an  arc  in  the  plane  5  may 
be  passed  through  M,  and  an  arc  in  S'  may  be  passed  through  M'.|  If  M 
and  M'  are  subsets  of  arcs,  it  has  been  proved§  that  any  continuous  (1-1) 
correspondence  of  M  and  M'  can  be  extended  to  a  correspondence  of  the 


*  In  First  paper,  p.  253,  we  said  that  sides  are  preserved  under  T,  if  T  has  the  above  property. 
It  seemed  better  to  say  here  that  sides  of  arcs  are  preserved.  See  Part  V  of  this  paper. 

t  J.  R.  Kline,  A  definition  of  sense  on  closed  curves  in  non-metrical  plane  analysis  situs,  Annals 
of  Mathematics,  vol.  19  (1918),  pp.  185-200,  and  J.  R.  Kline,  Concerning  sense  on  closed  curves  in 
non-metrical  plane  analysis  situs,  Annals  of  Mathematics,  vol.  21  (1919),  pp.  113-119. 

i  R.  L.  Moore  and  J.  R.  Kline,  On  the  most  general  plane  closed  point  set  through  which  it  is  possible 
to  pass  a  simple  continuous  arc,  Annals  of  Mathematics,  vol.  20  (1919),  pp.  218-223. 

§  R.  L.  Aloore,  Conditions  under  which  one  of  two  given  closed  linear  point  sets  may  be  thrown 
into  the  other  one  by  a  continuous  transformation  of  a  plane  into  itself,  American  Journal  of  Mathematics, 
vol.  48  (1926),  pp.  67-72. 
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planes,  which  proves  Theorem  2  for  sets  of  this  type.  The  theorem  just  cited 
is  a  special  case  of  Theorem  2,  because  if  the  £-sets  M  and  M'  are  subsets  of 
arcs,  any  continuous  (1-1)  correspondence  of  M  and  M'  preserves  interiors 
(vacuously)  and  preserves  sides  of  arcs  in  the  same  sense. 

2.  In  all  other  cases,  we  shall  define,  for  convenience,  a  positive  and  a 
negative  sense  for  points  on  simple  closed  curves  in  the  planes  5  and  S'. 

If  M  contains  any  simple  closed  curves,  we  shall  select  an  arbitrary  simple 
closed  curve  /i  of  M  and  three  arbitrary  points  A,  B,  C  oi  Ji  and  shall  say 
that  the  sense  XYZ  on  the  simple  closed  curve  /  in  the  plane  5  is  positive, 
if  and  only  if  it  is  the  same  as  the  sense  ABC  on  Ji;  otherwise  the  sense  XYZ 
on  /  is  negative.  In  the  same  way,  in  the  plane  S'  we  shall  say  that  the  sense 
X'Y'Z'  on  the  simple  closed  curve  /'  is  positive,  if  and  only  if  it  is  the  same 
as  the  sense  T{A)T{B)T{C)  on  T{J,). 

If  M  contains  no  simple  closed  curve,  but  contains  an  arc  AB  such  that  an 
interior  point  P  of  AB  is  a  limit  point  of  M —AB,  then  we  shall  construct  an 
arbitrary  simple  closed  curve  /i  containing  the  arc  AB  oi  M,  and  enclosing  a 
subset  A'  of  M  —  AB  which  has  P  for  a  limit  point.  Then  we  shall  say  that 
the  sense  XYZ  on  the  simple  closed  curve  J  in  the  plane  S  is  positive,  if  and 
only  if  it  is  the  same  as  the  sense  APB  on  Ji.  Since  T  preserves  sides  of  arcs, 
there  exists  a  simple  closed  curve  JI  in  S'  containing  the  arc  T{AB)  and  en- 
closing T{K),  and  we  shall  define  the  sense  X'Y'Z'  on  the  simple  closed  curve 
/'  in  the  plane  S'  as  positive,  if  and  only  if  it  is  the  same  as  the 
sense  T{A)T{P)T{B)  on  Ji.  With  the  help  of  Lemma  A  of  First  paper 
and  Kline's  definition  of  sense,  it  is  easily  seen  that  the  positive  sense  in  S' 
as  defined  thus  is  independent  of  the  particular  selection  of  the  simple 
closed  curve  // . 

If  in  every  application  of  the  condition  that  T  preserves  sides  of  arcs  in 
the  same  sense,  we  let  /i  be  the  fixed  curve  ./i  defined  above,  it  follows  that 
if  three  points  of  an  arc  of  M  which  is  a  subset  of  the  simple  closed  curve  Ji, 
are  in  a  certain  sense  (either  positive  or  negative)  on  J^,  then  the  three  points 
corresponding  under  T  to  the  given  points  are  in  the  same  sense  on  the 
simple  closed  curve  Ji ,  regardless  of  the  particular  selection  of  Ji  . 

3.  By  Theorem  1,  there  exists  a  (1-1)  correspondence  between  the  do- 
mains oi  S  —  M  and  those  of  S'  —  M'.  We  shall  now  show  how  to  define  the 
correspondence  U  for  points  of  a  pair  of  corresponding  domains  and  their 
boundaries,  this  being  done  in  such  a  way  that  for  each  point  P  of  M, 
U{P)  =  T{P). 

For  simplicity,  we  shall  define  U  for  points  of  the  unbounded  domains  of 
S  —  M  and  S'  —  M',  which  we  shall  denote  by  D  and  D'  respectively.    A 
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similar  method  sufBces  for  a  pair  of  corresponding  bounded  domains,  after 
an  inversion  of  the  plane. 

4.  Asin§2ofPartII,letA^  =  5-Z)andletA''=5'-Z)'.  If  each  compon- 
ent of  A'^  is  considered  as  an  element  and  each  point  of  5  — A^  is  considered  as 
an  element,  the  set  of  all  such  elements  is  topologically  equivalent  to  the  set 
of  all  points  in  a  plane  2.*  The  set  of  points  in  i;  corresponding  to  the 
components  of  A''  is  a  closed  and  totally  disconnected  set  T.  Similarly,  if  the 
components  of  A'^'  and  the  points  of  S'  —  N'  are  considered  as  elements,  the 
set  of  all  such  elements  is  equivalent  to  the  set  of  all  points  of  a  plane  2', 
and  the  points  of  2'  corresponding  to  the  components  of  A'^'  form  a  closed 
and  totally  disconnected  set  T'. 

Since  T  preserves  interiors,  there  exists  a  (1-1)  correspondence  V  between 
the  components  of  A'^  and  the  components  of  A^^'  such  that  a  point  P  of  M  lies 
in  a  component  N^  of  A''  if  and  only  if  T(F)  lies  in  the  component  V{Ni) 
of  A'^'.  The  correspondence  V  considered  as  a  correspondence  between  the 
points  of  r  and  the  points  of  F'  is  continuous  and  (1-1).  We  have  shown 
above  that  a  continuous  (1-1)  correspondence  between  two  closed  and 
totally  disconnected  sets  such  as  F  and  F',  can  be  extended  to  their  planes; 
that  is,  there  exists  a  continuous  (1-1)  correspondence  W  such  that  IF(2) 
=  2',  and  such  that  for  each  point  P  of  F,  W{P)  =  V{P). 

The  correspondence  W,  considered  as  a  correspondence  between  5  and 
S',  is  a  continuous  (1-1)  correspondence  between  the  points  oi  S  —  N  and 
the  points  of  S'  —  N'.  Furthermore  W  is  such  that  if  J  is  any  simple  closed 
curve  in  S  —  N,  then  /  encloses  the  component  N^  of  N  if  and  only  if  the 
simple  closed  curve  W(J)  lying  in  S'  —  N'  encloses  the  component  V{Nx) 
of  A'^'.  This  is  equivalent  to  the  statement  that  J  encloses  the  point  P  oi  M 
if  and  only  if  W(J)  encloses  the  point  T{P)  of  M'. 

5.  For  any  given  positive  number  e,  we  can  enclosef  each  component 
Ni  of  A^  by  a  simple  closed  curve  Jx  which  has  no  points  in  common  with  A'^ 
and  which  is  such  that  every  point  of  Jx  and  every  point  which  is  interior 
to  Jx  is  at  a  distance  less  than  e  from  a  point  of  Nx.  Since  A^  has  the  Heine- 
Borel  property,  some  finite  subset  of  this  collection  of  simple  closed  curves 
encloses  all  points  of  A'^.  Hencef  there  exists  a  finite  set  of  simple  closed 
curves  Ji,  J2,  ■•  •  ,  Jk  enclosing  all  points  of  A^,  each  curve  being  exterior  to 


*  See  Theorem  2S,  p.  427,  of  the  paper  by  R.  L.  Moore,  Concerning  upper  semi-continuous 
collections  of  continua,  these  Transactions,  vol.  27  (1925),  pp.  416-428.  See  also  H.  M.  Gehman, 
Concerning  acyclic  continuous  curves,  loc.  cit.,  pp.  558-559. 

t  R.  L.  Moore,  Concerning  the  separation  of  point  sets  by  cumes,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  11  (1925),  pp.  469-476. 

t  R.  L.  Moore  and  J.  R.  Kline,  loc.  cit..  Lemma  1,  p.  219. 
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every  other  one  of  the  set,  and  every  point  lying  on  or  interior  to  any  one 
of  the  curves  being  at  a  distance  less  than  e  from  some  point  of  N. 

Under  the  correspondence  W,  these  simple  closed  curves  correspond  in  S' 
to  a  set  of  simple  closed  curves  J( ,  Ji ,  ■  ■  ■  ,  J l  which  enclose  all  points  of 
iV'  and  are  mutually  exterior.  If  it  happens  that  the  distance  from  some 
point  lying  on  or  interior  to  one  of  these  curves  to  any  point  of  A'^'  is  greater 
that  or  equal  to  e,  we  can  construct  in  5'  a  finite  set  of  simple  closed  curves 
C{ ,  a ,  ■■  ■  ,  Ch  which  enclose  all  points  of  N',  are  mutually  exterior,  are 
such  that  every  point  lying  on  or  interior  to  one  of  the  curves  is  at  a  distance 
less  than  e  from  some  point  of  N',  and  are  such  that  each  of  the  curves  is 
interior  to  one  of  the  curves  // .  On  account  of  this  last  condition,  the  set  of 
simple  closed  curves  Ci,  C2,  •  •  •  ,  C*  in  S,  where  Ci  =  W~'^  (C'),  has  all  the 
properties  of  the  set  /j,  J2,  ■  ■  ■  ,  Jk- 

6.  We  shall  now  define  the  correspondence  U  for  points  of  S  which  are 
not  interior  to  any  of  the  curves  Ci,  C2,  ■  •  •  ,  Ca  as  any  continuous  (1-1) 
correspondence  such  that  U{S)=S',  U(Ci)=Ci'  for  i=l,  2,  ■  ■  ■  ,  h,  and  if 
XiYiZi  are  three  points  of  one  of  the  curves  C,-,  then  the  sense  XiYiZi 
on  Ci  is  the  same  as  the  sense  U{X^)U{Y,)U{Z,)  on  d,  sense  being  positive 
or  negative  as  defined  in  §2.  Note  that  the  correspondence  W  can  always  be 
defined  so  as  to  have  this  last  property,  in  which  case  we  can  let  U{P)  =  W{P) 
for  all  points  P  of  5  which  are  not  interior  to  any  of  the  curves  d. 

We  shall  next  define  U  for  points  of  D  and  of  the  boundary  of  D  which 
are  interior  to  the  simple  closed  curve  C,  where  C  denotes  any  one  of  the 
curves  Ci,  C2,  •  •  •  ,  Ch- 

7.  If  each  component  of  M  interior  to  C  is  either  an  arc  or  a  point,  and 
if  no  interior  point  of  an  arc  XY  of  Af  is  a  limit  point  of  M—XY,  then  just 
as  in  §1,  we  can  construct  an  arc  interior  to  C  which  contains  all  points  of  M 
which  are  interior  to  C,  and  hence  there  exists  a  continuous  (1-1)  correspon- 
dence Ui  such  that  (1)  Ui{S)  =S',  (2)  for  each  point  P  of  C,  U,{P)  =  U{P), 
and  (3)  for  each  point  P  of  M  interior  to  C,  Ui(P)  =  T{P).  We  shall  then  let 
U{P)  =  UiiP)  for  all  points  of  5  interior  to  C. 

8.  If  the  subset  of  M  interior  to  C  is  not  of  the  above  type,  let  Mi  be  a 
component  of  M  which  is  interior  to  C  and  which  either  contains  an  arc  AT 
such  that  some  interior  point  of  XF  is  a  limit  point  of  M  —  XY,  or  contains  a 
simple  closed  curve.  If  Mi  contains  no  simple  closed  curves,  let  A  and  B  be 
the  end  points  of  the  maximal  arc  of  Mi  that  contains  the  arc  XY.  If  Mi 
contains  a  simple  closed  curve,  the  component  of  the  boundary  of  D  which  is 
a  subset  of  Mi  contains  a  simple  closed  curve  Ji.    In  this  case,  let  A  and  B 
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be  two  points  of  Ji  which  are  not  feet  of  trees*  with  respect  to  Ji  of  the  com- 
ponent of  the  boundary  of  D  which  contains  7i. 

In  either  case,  let  E  and  F  be  two  poirtts  of  C.  We  can  construct  two  non- 
intersecting  arcs  AE  and  BE  in  S-C-M-\-A+B+E+F.\  Let  E'  =  U{E), 
F'  =  U{F),  A'  =  T{A),  a.ndB'  =  T{B),  and  in  S' -C -M'+A'-^B'+E' -\-F' 
we  can  construct  two  non-intersecting  arcs  A'E'  and  B'F'. 

Let  G  and  H  be  two  points  which  separate  E  and  F  on  C  and  let  G'  =  U{G) 
and  H'  =  U{H).  There  are  two  and  only  two  domains  of  S—{C+AE+BF 
+M)  which  are  interior  to  C  and  have  boundary  points  on  C.  The  boundary 
of  one  of  these  domains  Ri  consists  of  the  arc  EGF  of  C,  the  arcs  AE  and  BF, 
and  a  subset  of  Mi  containing  an  arc  A  KB  which  with  the  other  three  arcs 
forms  a  simple  closed  curve  which  is  the  outer  boundary  of  the  domain  i?i. 
The  other  domain  R2  is  bounded  by  the  arc  EHF  of  C,  the  arcs  AE  and  BF, 
and  a  subset  of  Mi  containing  an  arc  ALB  which  with  the  other  three  arcs 
forms  a  simple  closed  curve  which  is  the  outer  boundary  of  the  domain  R^. 
We  have  chosen  A  and  B  in  such  a  way  that  either  A  KB  and  ALB  are  iden- 
tical, or  AKB  and  ALB  have  no  interior  points  in  common.  It  is  also  true 
that  the  boundary  of  Ri  (and  that  of  R2)  contains  the  same  points  of  Mi 
regardless  of  how  the  arcs  AE  and  BF  are  constructed. 

Similarly  in  S',  there  are  two  and  only  two  domains  of  S'  —{C'+A'E' 
-\-B'F' -\-M')  which  are  interior  to  C  and  have  boundary  points  on  C' . 
If  the  domain  whose  boundary  contains  G'  is  denoted  by  RI ,  then  the  outer 
boundary  of  R[  consists  of  A  'E'+E'G'F'+B'F'  and  one  of  the  arcs  A  'K'B', 
A'L'B';  the  outer  boundary  of  the  other  domain  R2  consistsoi  A'E' +E'H'F' 
+B'F'  and  the  other  one  of  the  arcs  A' K'B',  A'L'B'.  The  arcs  A' K'B', 
A'L'B'  either  are  identical  or  have  no  interior  points  in  common.  In  the 
latter  case,  since  the  arcs  A' K'B'  and  A'L'B'  form  a  simple  closed  curve, 
it  follows  that  the  outer  boundary  of  RI  contains  A  'K'B'  because  the  follow- 
ing senses  are  either  all  positive  or  all  negative:  AKB  on  AKBLA,  EGF  on 
C,  EGF  on  EGFBKAE,  A' K'B'  on  A'K'B'L'A',  and  E'G'F'  on  C.  It  is 
also  true  that  the  subset  of  Mi  that  lies  in  the  boundary  of  R{  (and  that  of 
Ri)  is  the  same,  regardless  of  how  the  arcs  A'E'  and  B'F'  are  constructed. 
Since  T  preserves  interiors  and  preserves  sides  of  arcs  in  the  same  sense,  it 
follows  that  a  point  P  of  Mi  is  a  point  of  the  boundary  of  Ri  (1=  1,  2),  if  and 
only  if  T{P)  is  a  point  of  the  boundary  of  R' . 

However  it  may  happen  that  for  a  particular  choice  of  the  arcs  AE, 
BF,  A'E',  B'F',  a  component  M2  of  M  Hes  in  Ri,  while  TiM^)  =Mi  lies  in 


*  First  paper,  p.  262. 
t  Part  II,  §5. 
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Ri  .  We  shall  now  show  how,  keeping  A'E'  and  B'F'  fixed,  a  new  pair 
of  arcs  AE  and  BF  may  be  constructed  so  that  a  component  Mi  of  M  lies 
in  Ri  if  and  only  if  M2  lies  in  Rl . 

9.  Let  us  suppose  that  the  arcs  AE,  BF,  A'E',  B'F'  have  been  con- 
structed. Let  Ni  (i  =  1,  2)  denote  the  set  consisting  of  all  components  of  M' 
that  he  in  i?/,  and  let  Ni  =  T-'^  (Ni).  Each  of  the  sets  Mi+Ni,  M1+N2, 
Ml  +Ni ,  Mi  +N{  is  closed. 

We  shall  now  show  that  if  we  denote  by  Nn  (i=  1,  2)  the  subset  of  Ni 
that  lies  in  i?„  then  Nn-\-A-\-B  is  closed.  Since  the  set  Mi-|-iVi  =  Mi-l-A/^ii 
+  A'^i2  is  closed,  and  no  point  of  iVu  is  a  limit  point  of  A''i2,  it  follows  that 
Mi-|-A^i2  is  closed.  Since  A'^12  is  a  subset  of  Ri  and  TiNn)  is  a  subset  of  Ri , 
it  follows  that  any  point  P  of  Mi  which  is  a  limit  point  of  A'^12  must  be  a 
boundary  point  of  R2,  such  that  T(P)  is  a  boundary  point  of  Ri .  If  AKB 
and  ALB  have  no  interior  points  in  common,  A  and  B  are  the  only  points  of 
Ml  which  have  this  property.  If  AKB  =  ALB,  every  point  of  the  arc  has  this 
property,  but  if  an  interior  point  of  the  arc  AB  of  Mi  were  a  limit  point  of 
A'^12,  the  correspondence  T  would  not  preserve  sides  of  arcs  in  the  same  sense. 
Hence  in  both  cases  N12+A  +B  is  closed. 

Let  us  join  H  to  Lhy  an  arc  in  Rn+H+L.  This  arc  divides  Ri  into  two 
domains  R3  and  R4  whose  boundaries  contain  the  points  A  and  B  respectively. 
If  we  let  A'^i,  {i  =  3,  4)  denote  the  subset  of  Nn  which  lies  in  Ri,  then  the  sets 
A^i3+^  and  Nu+B  are  closed. 

Since  ^  is  a  component  of  the  closed  set  A'^u +.4,  we  can  (by  using  Zoretti's 
theorem)  let  A^i3  =  /Li-|-iir2+  •  •  ■  ,  where  (1)  Ki  and  Kj  have  no  points  in 
common,  if  It^j,  (2)  Ki  and  Nn  —  Ki  are  closed,  (3)  Ki+  ■  ■  ■  +Ki  contains 
all  components  of  Nn  which  contain  points  at  a  distance  from  A  greater 
than  1/2'.  Note  that  since  T  preserves  interiors,  Nu  contains  all  components 
of  M  which  lie  in  a  bounded  complementary  domain  of  a  component  of  N13. 
Hence  we  can  assume  that  the  sets  Ki,  Ki,  ■  ■  ■  also  satisfy  condition  (4) : 
if  a  component  M^  of  M  lies  in  a  bounded  complementary  domain  of  a 
component  of  Ki,  then  Mz  is  a  component  of  Ki. 

For  each  value  of  i,  the  sets  Ki  and  M  —  Ki  are  closed,  and  we  can  there- 
fore, as  in  §5,  enclose  Ki  by  a  finite  number  of  mutually  exterior  simple 
closed  curves  J n,  Ja,  ■  ■  ■  ,  Jin^,  lying  in  Rz,  of  diameter  less  than  1/2'"^, 
such  that  the  exterior  of  each  one  contains  M —Ki+Jii+  ■  ■  ■  -|-/in,+/2i 
-h  •  •  ■  +/i-i,n,_,.  For  simplicity,  we  shall  denote  each  of  the  curves  /a* 
just  defined,  by  /,,  where  i  =  ni+ni+  ■  ■  ■  +n),-i+k.  The  point  set  con- 
sisting of  A+Ji+J2+  ■is  closed;  in  fact  it  is  an  £-set.  Also  the  set 
consisting  of  M,  the  simple  closed  curve  C,  the  arcs  AE,  BF,  HL,  all  the 
curves  Ji,  and  any  finite  number  of  arcs,  forms  an  £-set. 
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Let  US  next  select  for  each  value  of  i,  a  point  Qi  of  the  curve  /,,  and  a 
point  Pi  whose  distance  from  A  is  less  than  1/2*,  which  is  an  interior  point 
of  the  arc  EA,  and  which  is  (for  i>\)  an  interior  point  of  the  arc  P.-iA. 
We  can  then  construct  an  arcP^Qi  \nPi+Qi+Ri-{PiQi-\-  ■  ■  ■  +Pi-iQi-x) 
—  (/1+/2+  •  •  •  )  of  diameter  less  than  1/2''"^,  where  h  is  determined  by  the 
equation  i  =  ni+  •  ■  ■  +«a-i+^  given  above.  The  set  consisting  of  A  and 
all  the  arcsPiQi  also  forms  an  E-set. 

No  point  of  a  given  arc  PiQi  is  a  limit  point  of  M  or  of  any  subset 
of  ei  =  (/i+  ■  ■  •  +/i_i+/i+i+  •  ■  •  )  +  (PiQi+  ■  ■  •  +Pi-iQi-i+Pi+iQi+i 
+  •••).  We  can  therefore  enclose  P,Qi  by  a  simple  closed  curve  C,  in 
R1+R3  whose  exterior  contains  M+di+Ci+  ■  ■  ■  +C,_i  and  which  is  of 
diameter  less  than  1/2*"^,  the  relation  between  i  and  h  being  given  above. 
The  curve  d  contains  two  arcs  PiiQa,PiiQii  such  that  (1)  Pn  andP^s  are  in- 
terior points  of  the  arc  EA  lying  between  Pi_i  and  Pi  and  between  P,-  and  Pi+i 
respectively,  (2)  Qn  and  Qii  are  points  of  /,  such  that  the  sense  QiiQ,Qi2  on  /,■ 
is  the  same  as  the  sense  EGF  on  EGFBKAE,  (3)  the  interior  of  the  simple 
closed  curve  formed  by  these  two  arcs  and  the  arcs  P,iPi2  ol  AE  and  QnQiQa 
is  a  subset  of  R3  —  M  and  contains  no  points  interior  to  /,-. 

The     set     consisting    of    ^£-(P„Pi2+P2iP22+  •  •  •  )+PnQn+PnQ2i 

+    ■    ■    ■    +Pl2Ql2+P2,Q22+    ■    ■    ■    +(Jl-QuQlQl2)  +  {J2-Q2iQ2Q22)+    '    "    "   is  an 

arc*  from  A  to  E  which  we  may  denote  by  (AE)i.  By  our  method  of  construc- 
tion, the  domain  i?i  determined  by  using  iAE)i  in  place  of  AE,  contains 
Nn+Ni3,  while  the  distribution  of  points  of  N2  between  the  domains  i?i  and 
Ro  has  not  been  changed.  In  the  same  way  a  new  arc  from  B  to  F,  which  we 
may  denote  by  {BF)i,  can  be  constructed  so  that  the  domain  Ri  determined 
by  iAE)i  and  (BF)i  contains  Nn  +  Ni3  +  Nu  =  Ni.  If  any  points  of  N2  lie 
in  the  domain  Ri  determined  by  {AE)i  and  (BF)i,  we  can  in  the  same  way 
determine  new  arcs  {AE)^  and  {BF)^,  such  that  the  domain  Ri  determined 
by  them  contains  A^,  and  the  domain  R2  contains  A''2. 

10.  Then  as  in  First  paper,  pp.  264-265  and  pp.  256-258,  we  can  obtain 
a  finite  set  of  points  Gi  =  E,  G2,  ■  ■  ■  ,  Gm  =  F,  ■  ■  ■  ,  G„  lying  in  the  order 
G1G2  •  ■•  Gm  ■  ■  ■  G„Gi  on  the  simple  closed  curve  C,  and  a  set  of  points 
Hi  =  A,H2,  ■  ■  ■  ,H„=B,  ■  ■  ■  ,  Hnoi  Ml,  Bind  asetoi  arcsGiHi,  ■  ■  ■  ,G„Hn, 
such  that  (1)  the  arc  GiHi  has  no  interior  points  in  common  with  C+M, 
(2)  the  simple  closed  curve  C,  formed  by  the  arcs  GiHi,  Gi+iHi+i,  the  arc 
GiGi+i  of  C  that  contains  none  of  the  points  Gi,  ■  ■  ■  ,  G,_i,  C+2,  •  •  •  ,  G„, 
and  an  arc  HiH i+i  of  the  boundary  of  D,  encloses  no  tree  of  Mi  —  HiHi+i 


*  This  may  be  established  with  the  aid  of  Theorem  2  of  H.  M.  Gehman,  Some  conditions  under 
which  a  continuum  is  a  continuous  cime,  .'\nnals  of  Mathematics,  vol.  27  (1926),  pp.  381-384. 
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which  is  of  diameter  greater  than  «/9,  or  whose  corresponding  set  under  T 
is  of  diameter  greater  than  «/9,  and  (3)  a  point  P  of  M  is  interior  to  d  if 
and  only  if  T{P)  is  interior  to  the  simple  closed  curve  C/  formed  by  the  arcs 
U{GiGi+i)=G:G!+i  of  C,  the  arc  T{HiHi+i)=H(nUi  of  Mi,  and  arcs 
G^ni,Gl+,H<+,  lying  in  S'-C'-M'+G<  +Ei  +G/+i+^/+i. 

Then  by  using  the  method  of  §5  and  the  method  of  First  paper,  p.  265  and 
pp.  258-259,  we  can  express  the  points  of  D  and  its  boundary  which  are  in- 
terior to  C  as  the  sum  of  a  finite  number  of  domains  containing  no  points  of 
M ,  a  finite  number  of  domains  of  diameter  less  than  e,  and  the  boundaries 
of  these  domains,  the  same  being  true  for  points  of  D'  and  its  boundary  which 
are  interior  to  C .  By  the  method  of  §9,  a  point  P  of  M  lies  in  a  domain  in  S, 
if  and  only  if  T{P)  lies  in  the  corresponding  domain  in  S' .  The  correspon- 
dence U  is  then  defined  as  in  First  paper,  p.  265  and  pp.  259-260,  so  as 
to  satisfy  the  conclusion  of  Theorem  2. 

V.  Logical  relations  between  various  kinds  of  correspondences 

Definitions.  Let  M  and  M'  be  -E-sets  lying  in  planes  5  and  S'  respec- 
tively, and  let  T  be  a  continuous  (1-1)  correspondence  such  that  T{M)  =M'. 
We  shall  say  that  T  preserves  sides,  if  given  any  simple  closed  curve  /  in  5 
containing  a  connected*  subset  L  of  M,  then  there  exists  a  simple  closed  curve 
J'  in  S'  containing  T(L)  =L'  and  such  that  if  J  encloses  the  subset  K  of  M, 
then  J'  encloses  T{K)  =K' ;  and  similarly  for  any  simple  closed  curve  /'  in  S' 
containing  a  connected  subset  L'  of  M' .  We  shall  say  that  T  preserves  sides 
in  the  same  sense,  if  T  preserves  sides,  and  if  given  any  two  simple  closed 
curves  Ji  and  /j  in  S  containing  connected  subsets  Li  and  L2  of  M  respec- 
tively, then  the  corresponding  simple  closed  curves  //  and  Ji  in  S'  can  be 
constructed  in  such  a  way  that  if  A'l,  Fi,  Zi  are  three  points  of  Lx  and  X2, 
Yi,  Zi  are  three  points  of  Z2,  such  that  the  sense  XiYiZi  on  /i  is  the  same  as 
the  sense  X2Y2Z2  on  J2,  then  the  sense  T(Xi)T{Yi)T(Zi)  on  Ji  is  the  same  as 
the  sense  T(X2)T(Y2)T(Z2)  on  JI ;  and  similarly  for  any  two  simple  closed 
curves  in  S'  containing  connected  subsets  of  M'. 

1.  The  following  seven  theorems,  which  follow  from  the  definitions, 
give  the  complete  set  of  logical  relations  connecting  the  five  kinds  of  cor- 
respondences which  have  been^defined  in  this  paper. 

Theorem  3.   If  T  preserves  sides  in  the  same  sense,  then  T  preserves  sides. 

Theorem  4.  //  T  preserves  sides  of  arcs  in  the  same  sense,  then  T  preserves 
sides  of  arcs. 


Since  M  is  closed,  L  is  necessarily  either  an  arc  or  the  curve  J . 
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Theorem  S.IfT  preserves  sides,  then  T  preserves  sides  of  arcs. 

Theorem  6.  //  T  preserves  sides  in  the  same  sense,  then  T  preserves  sides 
of  arcs  in  the  same  sense. 

Theorem  7.  IfT  preserves  sides,  then  T  preserves  interiors. 

Theorem  8.  If  T  preserves  interiors  and  preserves  sides  of  arcs,  then  T 
preserves  sides. 

Theorem  9.  //  T  preserves  interiors  and  preserves  sides  of  arcs  in  the  same 
sense,  then  T  preserves  sides  in  the  same  sense. 

2.  On  account  of  Theorems  3,  6,  7,  and  9,  we  can  make  a  purely  formal 
change  in  the  statement  of  Theorem  2  by  replacing  "T  preserves  interiors 
and  preserves  sides  of  arcs  in  the  same  sense"  by  "  T  preserves  sides  in  the 
same  sense."  However  the  conclusion  of  Theorem  2  no  longer  remains 
true  if  we  replace  this  phrase  by  either  "T  preserves  sides"  or  "T  preserves 
sides  of  arcs  in  the  same  sense." 

3.  If  the  jE-set  M  is  connected,  i.e.,  if  M  is  a  continuous  curve,  then  it 
follows  from  the  theorems  of  First  paper,  that  the  conditions  (1)  T  preserves 
sides  in  the  same  sense,  (2)  T  preserves  sides  of  arcs  in  the  same  sense, 
(3)  T  preserves  sides,  (4)  T  preserves  sides  of  arcs,  are  logically  equivalent. 
Each  of  them  implies  that  T  preserves  interiors  but  not  conversely.* 


•  First  paper,  Lemma  B,  p.  261.   Using  the  definitions  of  the  present  paper,  Lemma  B  is  If  M 
is  connected  and  T  preserves  sides  of  arcs,  then  T  preserves  interiors. 

Yale  UNrvERsrxY, 

New  Haven,  Conn. 


CONCERNING  THE  CUT  POINTS  OF  CONTINUA* 

BY 

GORDON  T.  WHA'BURN 

In  this  paper  propositions  will  be  established  concerning  the  collection 
of  all  the  cut  points  of  a  given  planet  continuum.  It  will  be  shown  that  there 
does  not  exist  an  uncountable  collection  of  mutually  exclusive  subcontinua 
of  a  given  continuum  M  each  of  which  contains  at  least  one  cut  point  of  M. 
With  the  aid  of  this  fundamental  theorem  it  is  shown,  among  other  things, 
that  the  set  of  all  the  cut  points  of  a  continuum  M  which  are  irregular  points 
of  M  is  necessarily  countable  and,  indeed,  that  all  save  a  countable  number 
of  the  cut  points  of  any  continuum  M  are  points  of  Menger  order  two  of  M . 

1.  Preliminary  notions.    Intervals  and  segments  of  a  continuum 

Definitions.  The  points,  or  point  sets,  A  and  5  of  a  continuum  M  are 
said  to  be  separated  in  M  by  the  point  X  of  M  provided  that  M —X  is  the 
sum  of  two  mutually  separated  point  sets  Ma{X)  and  Mt,{X)  containing  A 
and  B  respectively.  The  notation  K{A,  B)  will  be  used  to  denote  the  set  of 
all  points  of  M  which  separate  A  and  B  in  M. 

Let  A  and  B  be  any  two  points  of  a  continuum  M  and  X  and  Y  any  two 
distinct  points  of  K{A ,  B).  Then  .Y  will  be  said  to  precede  F  on  if  in  the  order 
from  A  to  B  provided  that  X  belongs  to  the  set  Ma{Y);  X  will  be  said  to 
follow  Y  provided  that  X  belongs  to  the  set  Mh{Y).  It  is  easily  seen  that 
if  X  precedes  Y,  then  Y  follows  X.  If  X  precedes  Y,  then  by  the  interval 
of  M  from  X  to  Y  (or  from  Y  to  X),  or  the  interval  XY  (or  YX)  of  M,  will 
be  meant  the  set  of  points  [Mh{X)+X]-  [Ma{Y)-\-Y],  and  by  the  segment 
of  M  from  X  to  F  wDl  be  meant  the  set  of  points  M^{X)-Ma{Y).  If  X 
follows  F,  then  since  F  precedes  A^,  by  the  interval  XY  of  M  is  meant  the 
set  of  points  [Mi,{Y)  +  Y]  ■  [Af<.(Z)+X],  and  the  segment  ZF  (or  YX) 
of  M  means  the  set  of  points  Ma{X)  -MbiY).  The  notation  I{X,  Y)  for  the 
interval  of  M  from  X  to  F  and  S{X,  Y)  for  the  segment  of  M  from  X  to  F 
will  be  used  in  this  paper.   Clearly  S{X,  Y)  =I(X,  Y)-(X+Y). 

The  following  two  propositions  can  be  proved  with  little  difficulty  from 
the  above  definitions. 

*  Presented  to  the  Society,  September  9,  1927;  received  by  the  editors  in  September,  1927. 

t  Quite  recently  I  have  established  some  very  general  results  on  the  cuttings  of  continua,  as 
a  consequence  of  which  it  follows  that  all  the  theorems  in  this  paper  hold  true  in  a  euclidean  space  of 
«  dimensions,  and  nearly  all  of  them  hold  in  any  separable  metric  space  which  is  locally  compact. 
See  my  forthcoming  paper  Concerning  collections  of  cuttings  of  connected  point  sets. 
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Theorem  1.  Let  A  and  B  be  any  two  points  of  a  continuum  M,  and  let 
X  and  V  be  any  two  distinct  points  of  K(A,  B),  where  X  precedes  Y.  Then 
M  is  the  sum  of  three  continua  Ma  {X)+X,  I{X,  Y),  and  Mb{Y)  +  Y,  where 
[Ma{X)+X]-I{X,  F)=X,  [M,(F)  +  F]-/(Z,  Y)  =  Y,  and  [M„(X)+Z] 
■[M,{Y)  +  Y]=0. 

Theorem  2.  Using  the  same  notation  as  in  Theorem  1,  suppose  that  each 
of  the  sets  Ma{X),  Mb{X),  Ma{Y),  and  Mi{Y)  is  connected.  Then  if  S{X,  Y) 
contains  a  point  of  K{A,  B),  S{X,  Y)  is  connected. 

2.  The  principal  results 

Theorem  3.  //  H  is  any  uncountable  subset  of  the  set  G  of  all  the  cut 
points  of  a  continuum  M,  then  there  exist  two  points  A  and  B  of  H  which  are 
separated  in  M  by  uncountably  many  of  the  points  of  H.* 

There  exists  a  countable  subset  D  of  M  such  that  every  point  of  If  is  a 
limit  point  of  D.  Let  F  be  the  collection  of  all  possible  pairs  of  points  of  D. 
Then  F  is  countable.  For  each  pair  of  points  u,  v  of  F,  let  Kh(u,  v)  denote  the 
set  of  all  points  of  H  that  separate  u  and  v  in  M.  Then  H  =^FKk{u,v). 
For  let  A'  be  a  point  of  H.  Then  since  X  is  a  cut  point  of  M,  M  —  X  =  Mi 
+  M2,  where  Mi  and  i/j  are  mutually  separated  point  sets.  Since  every 
point  of  M  is  a  limit  point  of  D,  it  follows  that  Mi  contains  a  point  U  of  D 
and  Mi  contains  a  point  V  of  D.  Then  X  separates  U  and  V  in  M,  and  hence 
it  belongs  to  Kh{U,  V).  Therefore  H  ='^f  Kh{u,  v) ;  and  since  F  is  countable 
and  H  is  uncountable,  it  follows  that  there  exists  at  least  one  pair  P,  Q  of 
F  such  that  Kk{P,  Q)  is  uncountable. 

Let  E  denote  the  set  of  points  Kh{P,  Q).  Then  since  E  is  uncountable, 
it  contains  a  point  A  which  is  a  point  of  condensation  of  E,  i.e.,  every 
vicinity  of  A  contains  uncountably  many  points  of  E.  Now  for  at  least  one 
of  the  sets  Mp{A)  and  Mg{A),  say  for  Mg{A),  it  is  true  that  A  ii  a.  point  of 
condensation  of  the  subset  of  E  which  belongs  to  Mq{A).  Let  B  be  a  point 
of  E  belonging  to  Mq{A).  Then  by  Theorem  1  it  readily  follows  that  the 
segment  AB  of  M  must  contain  an  uncountable  subset  Eo  of  E.  Let  A'  be  any 
point  of  £o.  Then  since  A"  belongs  to  S{A,  B),  it  follows  by  Theorem  1  that 
neither  of  the  continua  Mp{A)+A  and  Mg{B)+B  contains  the  point  A'. 
And  as  these  continua  contain  the  points  P  and  Q  respectively,  therefore 
they  are  subsets  of  Mp{X)  and  ^^(A')  respectively.  Hence  A  and  B  are 
separated  in  M  by  each  point  A'  of  £0,  and  as  £0  is  an  uncountable  subset  of 
H,  the  truth  of  Theorem  3  is  therefore  established. 

*  The  referee  has  kindly  called  my  attention  to  the  fact  that  Theorems  3  and  4  of  this  paper  are 
valid  in  any  number  of  dimensions,  since  my  proofs  of  these  theorems  make  no  use  of  the  dimen- 
sionality of  the  space  in  which  the  point  sets  lie. 


1928]  THE  CUT  POINTS  OF  CONTINUA  599 

Theorem  4.  Let  G  denote  the  set  of  all  the  cut  points  of  a  continuum  M. 
Then  for  all,  save  possibly  a  countable  number,  of  points  X  of  G  it  is  true  that 
M—X  is  the  sum  of  two  mutually  separated  and  connected  point  sets* 

Suppose,  on  the  contrary,  that  there  exists  an  uncountable  subset  D 
of  G  such  that  if  X  is  any  point  of  D,  then  M-X  =  Mi(X)+M2(X),  where 
Mi(X)  and  AIi{X)  are  mutually  separated  point  sets  and  at  least  one  of  them 
is  not  connected.  Then  by  Theorem  3  there  exist  two  points  A  and  B  oi  D 
which  are  separated  in  M  by  each  point  of  an  uncountable  subset  H  of  the 
set  D.  For  each  point  X  of  H,  M -X  =  H.{X)+H,>{X)+Hn{X),  where 
Ea{X),  Hb(X),  and  Ho{X)  are  mutually  separated  point  sets,  and  Ha{X) 
and  Eb{X)  contain  A  and  B  respectively. 

Now  for  each  point  A'  of  H,  the  set  E,  and  indeed  the  set  K{A,  5),  is  a 
subset  of  the  set  of  points  Ea{X)-\-Ei{X)-\-X,  because  this  set  of  points 
is  connected  and  contains  both  A  and  B  and  therefore  must  contain  every 
point  of  M  which  separates  A  and  B  in  M.  It  follows  that  if  X  and  F  are 
distinct  points  of  H,  the  set  of  points  Ea{Y)  belongs  to  the  set  Ea{X)  +Eb(X), 
and  the  set  Eo{X)  belongs  to  the  set  E a(Y)  +  E t,(Y) ;  and  therefore  the  sets 
Eo(X)  and  Eo{Y)  are  mutually  exclusive.  By  the  Zermelo  postulate  there 
exists  a  set  of  points  E  such  that  for  each  point  A''  of  E  there  is  exactly  one 
point  Px  of  E  which  belongs  to  the  set  of  points  Eo(X),  and  for  each  point 
Px  of  E  there  is  exactly  one  point  X  of  E  such  that  the  set  Eo(X)  contains 
the  point  P^.  Since  E  is  uncountable,  E  must  be  uncountable.  Hence  there 
exists  a  point  Pz  of  E  which  is  a  limit  point  of  E.  But  there  exists  a  point 
Z  in  E  such  that  P^  belongs  to  the  set  Eo(Z),  and  E—Pz  belongs  to  the  set 
of  points  Ea(Z)+Eb(Z).  Clearly  this  is  impossible,  because  Ea(Z),  Eb{Z), 
and  Ea{Z)  are  mutually  separated  point  sets.  Thus  the  supposition  that 
Theorem  4  is  not  true  leads  to  a  contradiction. 

Theorem  4  can  also  be  proved  very  readily  with  the  aid  of  a  statement 
given,  without  proof,  by  C.  Zarankiewicz  in  his  paper  Sur  les  points  de  division 
dans  les  ensembles  connexes.\ 

Theorem  5.  Let  M  be  any  continuum  whatever.  Then  there  does  not  exist 
an  uncountable  collection  of  mutually  exclusive  subcontinuaX  ofM  each  of  which 
contains  at  least  one  cut  point  of  M. 


*  Since  this  paper  was  submitted  to  the  editors,  a  result  somewhat  more  general  than  Theorem  4 
has  been  published  by  Kuratowski  andZarankiewicz;  cf.yl  theorem  on  connected  point  sets,  Bulletin  of 
the  American  Mathematical  Society,  vol.  3i  (1927).  pp.  571-575. 

t  Cf.  Fundamenta  Mathematicae,  vol.  9,  pp.  124-171,  footnote  to  p.  137. 

%  In  this  paper  the  hypothesis  that  a  set  is  a  continuum  is  understood  to  imply  that  the  set 
contains  more  than  one  point. 
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Before  proceeding  with  the  proof  of  Theorem  5,  I  shall  establish  two 
lemmas  which  will  be  needed  in  the  proof. 

Lemma  1.  If  C  is  any  stibconiinuum  of  a  continuum  M,  then  not  more  than 
a  countable  number  of  the  hounded  maximal  connected  subsets  of  M  —  C  can 
contain  cut  points  of  M. 

Suppose,  on  the  contrary,  that  there  exists  an  uncountable  collection  G 
of  bounded  maximal  connected  subsets  of  Af  —  C  each  of  which  contains  at 
least  one  cut  point  of  M.  From  each  element  g  of  G  select  exactly  one  cut 
point  P„  of  M,  and  let  A'  denote  the  set  of  all  points  [Pg]  thus  selected.  For 
each  point  P,  of  K,  M -P,  =  lh{P,)^Mo{Po),  where  AL{P„)  and  ifo(P„) 
are  mutually  separated  sets  and  Mc(Pg)  contains  the  continuum  C.  Let 
H  denote  the  sum  of  all  the  point  sets  of  the  collection  G.  Then  since  each 
element  of  G  has*  at  least  one  limit  point  in  C,  it  follows  that  for  each  point 
Pg  of  K,  the  set  of  points  H—g  belongs  to  the  set  Mc(Pg).  By  the  Zermelo 
postulate,  there  exists  a  set  of  points  E  such  that  for  each  point  Pg  of  K 
there  is  exactly  one  point  Qg  of  E  which  belongs  to  the  set  of  points  Mo(Pg), 
and  for  each  point  Q„  of  E  there  is  exactly  one  point  Pg  of  K  such  that  the 
set  of  points  Mo(P„)  contains  the  point  Q„.  It  is  readily  seen  that  no  two  of 
the  sets  [Mo(Pg)  ]  can  have  a  common  point.  Therefore,  as  H  is  uncountable, 
both  A'  and  E  must  be  uncountable.  Hence  E  contains  a  point  Qj  which  is 
a  limit  point  of  E.  But  clearly  this  is  impossible,  because  there  exists  a  point 
P,  in  A  such  that  Q,  belongs  to  the  set  Mo{Pi)  and  E—Qj  belongs  to  the  set 
Mc(P,),  and  Mo(P,)  and  Mc(P,)  are  mutually  separated  sets  by  definition. 
This  contradiction  proves  Lemma  1. 

Lemma  2.  If  M  is  any  continuum,  C  is  any  simple  closed  curve,  and  Go 
denotes  the  collection  of  all  the  maximal  connected  subsets  of  M  contained  in  C 
plus  its  interior,  then  not  more  than  a  countable  number  of  elements  of  Go  can 
contain  cut  points  of  M  which  lie  within  C. 

Suppose,  on  the  contrary,  that  Go  contains  an  uncountable  subcollection 
G  each  element  g  of  which  contains  at  least  one  cut  point  P^  of  M  lying  within 
C. 

(1)  Not  more  than  a  countable  number  of  elements  g  oi  G  can  have  the 
property  that  M  —Pg  can  be  expressed  as  the  sum  of  two  mutually  separated 
sets  one  of  which  lies  wholly  within  C.  For  suppose  the  contrary  is  true. 
Then,  clearly,  for  each  such  element  g  of  G,  the  point  Pg  is  a  cut  point  of  the 
continuum  M-\-C.   But  since  each  such  point  Pg  lies  on  a  bounded  maximal 

*  See  my  paper  Concerning  point  sets  iMch  can  be  made  connected  by  the  addition  oj  a  simple 
continuous  arc,  these  Transactions,  vol.  29  (1927),  footnote  to  p.  754. 
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connected  subset  of  (M+C)  —  C,  and  no  two  different  points  [P„]  can  lie  on 
the  same  maximal  connected  subset  of  (M+C)  —  C,  this  is  contradictory  to 
Lemma  1. 

(2)  Let  Gi  denote  the  collection  of  all  those  elements  g  oi  G  such  that 
however  M—Pg  be  expressed  as  the  sum  of  two  mutually  separated  point 
sets  Mi{Pg)  and  M2{Pg),  each  of  these  sets  must  contain  at  least  one  point 
of  C.  It  follows  by  (1)  that  d  must  be  uncountable.  It  is  clear  that  if  g 
is  any  element  of  Gi  and  we  let  gi{P)=g-Mi{Pg)  and  gi{P)=g-M2{Pg), 
then  g—Pg  =  gi{P)+gi{P),  and  gi{P)  and  g2{P)  are  mutually  separated 
point  sets  each  of  which  contains  at  least  one  point  on  C.  Now  C  is  not  a 
subset  of  M,  for  if  it  were,  then  Go  would  have  only  one  element.  Let  the 
maximal  segments  of  C  — if  C  be  denoted  by  Si,  S2,  Sa,  ■  ■  ■  .  Let  g  be  any 
element  of  d.  Denote  the  end  points  of  Si  by  A  and  B,  and  let  AOB  be  the 
arc  of  C  from  A  to  B  which  does  not  contain  Si.  On  AOB,  in  the  order  from 
A  to  B,  let  Xg  be  the  first  point  belonging  to  g.  Then  Xg  belongs  either  to 
gi(P)  or  to  giiP),  say  to  gi(P).  Then  on  the  arc  XgB  of  AOB,  in  the  order 
from  Xg  to  B,  let  Vg  be  the  first  point  belonging  to  giiP).  It  is  easy  to  see 
that  the  segment  XgYg  of  the  arc  AOB  contains  at  least  one  segment  Si 
of  the  sequence  Si,  S2,  S3,  ■  ■  ■  .  Let  A .  and  Bi  denote  the  end  points  of  Si, 
where  Ai  precedes  Bt  on  AOB  in  the  order  from  A  to  B.  Then  if  Ti  and  T2 
denote  the  arcs  ^^<  and  B^  respectively  of  AOB,  gi(P)  has  at  least  one  point 
on  one  of  these  arcs  and  g2(P)  has  at  least  one  point  on  the  other.  Thus  it 
is  seen  that  for  each  element  g  of  Gi  there  exist  two  segments  of  the  sequence 
^i,  So,  Si,  ■  ■  ■  such  that  gi(P)  has  a  point  on  one  of  the  complementary 
arcs  of  C  of  these  two  segments  and  giiP)  has  a  point  on  the  other.  Then 
since  the  number  of  segments  Si,  S2,  S3,  ■  ■  •  is  countable,  and  d  is  un- 
countable, there  exist  two  segments  5*  and  S,-  of  the  sequence  ^i,  52,  S3,  ■  •  ■ 
such  that  if  T  and  L  denote  the  complementary  arcs  of  C,  then  for  un- 
countably  many  elements  g  of  d  it  is  true  that  gi(P)  has  at  least  one  point 
on  one  of  the  arcs  T  and  L,  and  g2(P)  has  at  least  one  point  on  the  other. 
Let  d  denote  the  collection  of  all  those  elements  of  d  which  have  this 
property. 

(3)  There  are  not  more  than  a  countable  number  of  elements  g  of  d 
such  that  T+L  contains  as  many  as  three  points  of  g.  For  suppose  the  con- 
trary is  true.  Then  there  exists  an  uncountable  subcollection  E  of  d  such 
that  each  element  e  oi  E  has  at  least  two  points  on  one  of  the  arcs  T  and  L, 
say  on  T,  and  at  least  one  point  on  L.  Let  A  and  B  denote  the  end  points 
of  T,  where  A  is  an  end  point  of  Sk,  and  for  each  element  e  of  E,  let  A,  and 
B,  respectively  denote  the  first  and  last  points  on  T  in  the  order  from  A  to 
B  which  belong  to  e.  Then  for  no  two  elements  e  and /of  E  can  the  segments 
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A  eBe  and  A/B/  of  T  have  a  common  point.  For  suppose  they  do.  Then  either 
the  segment  AeBe  contains  a  point  of /or  the  segment  A/B;  contains  a  point 
of  e.  The  two  cases  are  alike,  so  let  us  suppose  that  the  segment  A  eBe 
contains  a  point  X  of  /.  Now  L  contains  at  least  one  point  Y  of  /.  There 
exists  an  arc  XZY  from  X  to  Y  which  lies,  except  for  the  points  X  and  F, 
wholly  without  C.  It  is  readily  seen  that  the  segments  Sk  and  Sj  belong  to 
different  complementary  domains  Rk  and  Rj  respectively  of  the  continuum 
f+XZY.  Since  Ae  can  be  joined  to  A  and  Be  to  B  by  arcs  lying,  except  for 
their  end  points,  in  the  exterior  of  C  and  containing  no  point  whatever  of 
XZY,  it  follows  that  Ae  must  belong  to  Rk  and  Be  to  Rj.  Then  since  e  is 
connected,  it  must  have  at  least  one  point  in  common  with  f+XZY.  But 
as  the  segment  XZY  lies  without  C,  e  can  have  no  point  in  common  with  it. 
Hence  e  must  have  a  point  in  common  with  /.  This  is  contradictory  to  the 
fact  that  e  and  /  are  different  maximal  connected  subsets  of  M  lying  in  C 
plus  its  interior.  Therefore  no  two  segments  A  eBe  and  A/B/  can  have  a  com- 
mon point.  But  since  E  is  uncountable,  then  the  number  of  these  segments 
must  be  uncountable.  Clearly  this  is  impossible.  This  contradiction  proves 
the  statement  made  in  the  first  sentence  of  this  paragraph. 

(4)  It  follows  from  (3)  that  there  exists  an  uncountable  subcollection 
Gs  of  elements  of  G2  such  that  if  e  is  any  element  of  G3,  then  ei(P)  has  exactly 
one  point  Xe  on  T  and  e2(P)  has  exactly  one  point  Ye  on  L.  But  since  G3 
is  uncountable,  it  contains  an  element  g  which  contains  the  sequential 
limiting  set  H  of  some  infinite  sequence  V  of  elements  of  G3.  Then  H  is  con- 
nected and  contains  at  least  one  point  on  each  of  the  arcs  T  and  L.  But 
since  g  has  in  common  with  T+L  only  the  points  Xg  and  Yg,  H  must  contain 
both  Xg  and  Yg.  Now  some  infinite  subsequence  Vi  of  V  has  the  property 
that  all  of  its  elements  belong  to  one  of  the  sets  Mi(Pg)  and  ALi{Pg),  say  to 
Mi{Pg).  But  H  is  also  the  limiting  set  of  the  sequence  Vi,  and  the  point 
Yg  belongs  to  the  set  Mi,{Pg).  Hence  M«{Pg)  contains  a  limit  point  of  Mi{Pg), 
contrary  to  the  fact  that  Mi(Pg)  and  Mi(Pg)  are  mutually  separated  point 
sets.  Thus  the  supposition  that  Lemma  2  is  not  true  leads  to  a  contra- 
diction. 

Proof  of  Theorem  5.  Suppose,  contrary  to  Theorem  5,  that  there  exists 
an  uncountable  collection  G  of  mutually  exclusive  subcontinua  of  M  each 
of  which  contains  at  least  one  cut  point  of  M.  From  each  element  g  of  G 
select  exactly  one  cut  point  Pg  of  M,  and  let  A^  denote  the  set  of  all  points 
[Pg]  thus  selected.  Since  N  is  uncountable,  there  exists  a  square  5  which 
encloses  uncountably  many  points  of  N.  Let  A^'i  be  the  set  of  all  those  points 
of  N  which  are  within  S.  There  exists  a  positive  number  d  and  an  uncountable 
subset  N2  of  iVi  such  that  if  Gt  denotes  the  collection  of  all  those  elements 
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of  G  which  contain  a  point  of  N2,  then  each  element  of  G-2  is  of  diameter 
greater  than  id.  Let  us  divide  5  plus  its  interior  into  a  finite  collection  E  of 
squares  plus  their  interiors  by  lines  parallel  and  perpendicular  to  the  bases 
of  5  in  such  a  way  that  the  diameter  of  each  square  of  E  is  less  than  d.  Then 
either  some  side  T  of  one  of  the  squares  of  E  contains  uncountably  many 
points  of  N2,  or  else  some  square  of  E  encloses  uncountably  many  of  these 
points.  In  either  case  it  is  readily  seen  that  there  exists  a  rectangle  Ri  of 
diameter  less  than  2d  which  encloses  uncountably  many  of  the  points  of  No. 
There  exists  a  rectangle  R2  concentric  with  and  within  i?i  which  also  en- 
closes an  uncountable  subset  N3  of  A"2. 

Let  F  denote  the  collection  of  all  the  maximal  connected  subsets  of 
M  contained  in  R2  plus  its  interior.  Since  A^s  is  uncountable  and  each  point 
of  A^3  belongs  to  some  element  of  F,  and  since,  by  Lemma  2,  not  more  than 
a  countable  number  of  elements  of  F  can  contain  points  of  Ns,  it  follows  that 
some  element  A'  of  F  must  contain  an  uncountable  subset  A''4  of  ^''3.  It  follows 
by  a  theorem  of  R.  L.  Moore's*  that  uncountably  many  points  of  Ni  must 
be  cut  points  also  of  the  continuum  K.  Let  N^  be  the  set  of  all  those  points 
of  N4  which  are  cut  points  of  A'.  By  Theorem  3,  there  exist  two  points  A 
and  B  of  1V5  which  are  separated  in  K  and  also  in  M  by  uncountably  many 
points  of  iVs.  Let  Ne  be  the  set  of  all  those  points  of  N^  which  separate  A 
and  B  in  A  and  also  in  M,  and  let  Ge  be  the  collection  of  all  those  elements  of 
G2  which  contain  a  point  of  A''6.  Since  each  element  of  Ge  is  of  diameter  greater 
than  4d,  and  Ri  is  of  diameter  less  than  2d,  each  element  of  Ge  must  contain 
a  point  of  Ri  and  also  a  point  of  Ri.  For  each  element  g  of  G%,  the  maximal 
connected  subset  Hoa  of  g  which  contains  the  point  P„  and  lies  within  Ai 
has  at  least  one  limit  point  Ap„  which  belongs  to  Ai.  Let  Hpa  denote  the 
continuum  obtained  by  adding  to  Hog  all  of  its  limit  points.  Now  since  A 
and  B  belong  to  N^,  the  elements  ga  and  gb  of  G2  which  contain  A  and  B 
respectively  contain  subcontinua  Ha  and  Hb  respectively  which  contain  A 
and  B  respectively  and  at  least  one  point  U  and  V  respectively  on  Ai  but 
which  lie  wholly  in  Ai  plus  its  interior.  It  follows  by  Theorem  4  that  Ne 
contains  an  uncountable  subset  Nj  such  that  if  -Y  is  any  point  of  Nt,  then 
M—X  =  Ma{X)  +  Mt(X),  where  i/„(A')  and  Mb(X)  are  mutually  separated 
and  connected  point  sets  containing  A  and  B  respectively,  and  also 
K - X  =  Ka(X)  +  K b(X) ,  where  A'<.(X)  and  A6(.Y)  are  connected  sets  belong- 
ing to  Ma(X)  and  Mb(X)  respectively.  Let  £0  denote  the  collection  of  all  the 
continua  [Hi]  selected  above  which  correspond  to  points  A^  of  A^7.  At  least 
one  of  the  arcs  of  Ai  from  U  to  V  must  contain  uncountably  many  points 

'  R.  L.  Moore,  Concerning  the  cut  points  of  continuous  curves  and  of  other  closed  and  connected 
point  sets,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  9  (1923),  pp.  101-106. 
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A,:  which  correspond  to  points  X  of  Ny  and  belong  to  continua  H^  of  the 
collection  Eo;  let  UOV  denote  one  which  does,  and  let  Ni  be  the  set  of  all 
those  points  of  yV?  such  that  the  corresponding  point  A^  belongs  to  the  arc 
UOV. 

Now  if  X  and  Y  are  two  points  of  Ns  such  that  A'  precedes  F  on  i<C  in 
the  order  from  A  to  B  (see  §1),  I  shall  show  that  the  point  A^  precedes  the 
point  Ay  on  the  arc  UOV  in  the  order  from  U  to  V.  Suppose,  on  the  contrary, 
that  Ay  precedes  Ax  on  UOV  in  the  order  from  U  to  V.  Then  U  and  Ax 
separate  the  points  V  and  ^„  on  7?i,  and  if  UWAx  is  an  arc  from  U  to  Ax 
which  lies,  except  for  its  end  points,  in  the  exterior  of  i?i,  then  it  is  easy  to 
see  that  the  points  A  „  and  V  lie  in  different  complementary  domains  of  the 
continuum  UWAx+Ha+Ka{X)-\-Hx.  Then  since  the  continuum  Hi+Kb{Y) 
+Hy  contains  both  Ay  and  V,  therefore  it  must  contain  at  least  one  point 
in  common  with  UWAx  +  Ha  +  Ka(X)+Hx.  This  is  impossible,  for  no  one 
of  the  sets  Hb,  Kb(Y),  and  Hy  can  have  a  point  in  common  with  any  one  of 
the  sets  UWAx,  E„,  Ka{X),  and  Hx.  Thus  the  supposition  that  Ax  does 
not  precede  ^„  on  the  arc  UOV  in  the  order  from  U  to  V  leads  to  a  contra- 
diction. 

Now  since  iVg  is  uncountable,  the  set  of  corresponding  points  [^x]  is 
uncountable.  Accordingly  there  exists  one  of  these  points  Az  which  is  a 
limit  point  of  a  subset  Si  of  the  remaining  ones  belonging  to  the  arc  UA, 
of  UOV  and  also  of  a  subset  Si  of  the  remaining  ones  belonging  to  the  arc 
A2V  of  UOV.  Now  the  point  A^  belongs  either  to  Ma{Z)  or  to  Mi,(Z),  say 
to  Ma{Z).  But  this  is  impossible,  since  A^  is  a  limit  point  of  Si,  and  if  Ax 
is  any  point  of  52,  it  was  shown  above  that  the  point  A'  follows  the  point  Z 
on  M  in  the  order  from  A  to  B  (for  the  order  on  M  and  on  K  is  the  same), 
i.e.,  X  belongs  to  Mi(Z);  and  thus  A.  is  a  limit  point  of  Mb{Z),  which  is  ab- 
surd. Likewise  we  arrive  at  a  contradiction  if  we  suppose  that  A,  belongs  to 
Mh(Z).  Thus  the  supposition  that  Theorem  5  is  not  true  leads  to  a  contra- 
diction and  the  theorem  is  therefore  established. 

Theorem  6.  If  E  is  any  subset  of  the  set  of  all  the  cut  points  of  a  continuum 
M,  then  there  are  not  more  than  a  countable  niunber  of  points  X  of  E  such  that 
X  belongs  to  some  subcontinunm  of  M  which  contains  no  other  point  of  E. 

Suppose,  on  the  contrary,  that  there  exists  an  uncountable  subset  D 
of  E  such  that  each  point  X  ol  D  belongs  to  some  subcontinuum  Nx  of  M 
containing  no  other  point  of  E.  Then  by  Theorems  3  and  4  it  follows  that 
there  exist  two  points  A  and  B  of  M  and  an  uncountable  subset  F  ol  D  such 
that  if  X  is  any  point  of  F,  X  separates  A  and  B  in  M  and  furthermore 
each  of  the  sets  M„(X)  and  Mb(X)  is  connected. 
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Now  for  not  more  than  a  countable  number  of  points  X  of  F  is  it  true  that 
there  exists  some  other  point  F  of  i^  such  that  the  segment  XY  of  M  contains 
no  point  whatever  of  F.  For  let  Q  be  the  set  of  all  points  X  oi  F  such  that 
there  exists  a  point  Y  oi  F  such  that  S(X,  Y)  contains  no  point  of  F,  and 
suppose,  contrary  to  the  statement  just  made,  that  Q  is  uncountable.  It 
follows  that  there  exists  an  uncountable  collection  of  the  segments  [S{X,  Y)] 
no  two  of  which  are  identical  and  no  one  of  which  contains  a  point  of  F. 
Let  S{Xi,  Fi)  and  S(Xo,  F2)  be  any  two  of  these  segments,  where  A'l  precedes 
Fi  and  X2  precedes  F2  on  M  in  the  order  from  A  to  B.  Then  S(Xi,  Fi)  and 
S(X2,  Fo)  are  mutually  exclusive.  For  suppose  they  have  a  point  P  in 
common.  One  of  these  segments  is  not  a  subset  of  the  other  one,  for  they  are 
not  identical.  Suppose  S(X2,  F2)  is  not  a  subset  of  S(Xi,  Fi).  Let  K  denote 
the  set  of  points  common  to  S(Xi,  Fi)  and  5(A%,  F2).  Now  not  both  of  the 
points  Xi  and  Fi  can  be  limit  points  of  K;  for  if  they  were,  they  would  both 
belong  to  liXo,  F2)  and  at  least  one  of  them  would  have  to  belong  to  S(X2, 
F2),  contrary  to  the  fact  that  S(X2,  F2)  contains  no  point  of  F.  The  two  cases 
are  alike,  so  let  us  suppose  A'l  is  not  a  limit  point  of  K.  Then  it  is  easy  to  see 
that  K  is  closed  except  possibly  for  the  point  Fi.  Since  K  belongs  to  S{Xi, 
Fi),  it  must  belong  to  Ma(Fi).  But  il/„(Fi)  is  connected;  and  since 
Ma{Yi)—K  contains  no  limit  point  of  K,  therefore  A'  must  contain  at  least 
one  limit  point  of  AIa{Yi)—K.  But  clearly  this  is  impossible,  since  by 
Theorem  1  it  follows  that  S(Xi,  Fi)  and  S(X2,  F2)  are  open  subsets  of  M. 
Thus  the  supposition  that  S(Xi,  Fi)  and  S(X2,  F2)  are  not  mutually  exclusive 
leads  to  a  contradiction.  Hence  no  two  of  the  segments  of  the  collection 
[S(X,  F)]  can  have  a  common  point.  But  since,  by  Theorem  1,  each  of 
these  segments  is  an  open  subset  of  M  and  since  [S{X,  F)  ]  is  an  uncountable 
collection,  this  clearly  is  impossible."*  Thus  the  supposition  that  Q  is  uncount- 
able leads  to  a  contradiction. 

Now  let  H  denote  the  set  of  points  F  —  Q.  Then  since  F  is  uncountable 
and  Q  is  countable,  H  must  be  uncountable.  By  hypothesis,  for  each  point 
X  oi  H  there  exists  a  subcontinuum  Nx  of  M  which  contains  A'  but  which 
contains  no  other  point  whatever  of  E.  Now  if  X  and  F  are  any  two  distinct 
points  of  H,  the  continua  N^  and  A^^^  can  have  no  point  in  common.  For 
suppose  they  do  have  a  point  P  in  common.  The  point  F  belongs  either 
to  Ma{X)  or  to  Mb(X),  say  to  Mi,(X).  Since  X  and  F  belong  to  H,  the  seg- 
ment XY  of  M  must  contain  at  least  one  point  0  of  F,  and  0  separates  A 
and  B  in  AI.  But  the  set  of  points  MaiX)+Mi,(Y)  +  Nz+N^  is  connected 
and  contains  both  A  and  B  and  does  not  contain  the  point  0.  Clearly  this 
is  impossible.  Thus  the  supposition  that  Nx  and  A''^  have  a  point  in  common 
leads  to  a  contradiction.     Now  since  H  is  uncountable,  the  collection  of 
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continua  [Nx]  must  be  uncountable.  But  no  two  of  these  continua  have  a 
common  point,  and  each  of  them  contains  at  least  one  cut  point  of  M. 
This  is  contradictory  to  Theorem  5.  Thus  the  supposition  that  Theorem  6  is 
not  true  leads  to  a  contradiction,  and  the  theorem  is  proved. 

3.  The  order  and  regularity  of  the  cut  points  of  a  continuum 

Definitions.  The  point  P  of  a  continuum  M  is  said  to  be  a  point  of 
Menger  order  n  of  M*  provided  that  for  each  positive  number  e  there  exists 
a  domain  U  containing  P  and  of  diameter  less  than  e  and  whose  boundary 
has  not  more  than  ti  points  in  common  with  M,  and  furthermore  n  is  the 
smallest  positive  integer  such  that  this  property  is  preserved.  A  point  P 
of  a  continuum  M  will  be  called  a  regular  or  an  irregular  point  of  M  according 
as  M  is  or  is  not  connected  im  kleinen  at  P. 

Theorem  7.  Let  G  denote  the  set  of  all  the  cut  points  of  any  continuum  M. 
Then  all  save  possibly  a  counlahle  number  of  the  points  of  G  are  points  of 
Menger  order  two  of  M. 

Suppose,  on  the  contrary,  that  there  exists  an  uncountable  subset  H  oiG 
no  point  of  which  is  a  point  of  order  two  of  M.  Then  by  Theorem  3,  there 
exist  two  points  A  and  B  oi  H  which  are  separated  in  M  by  each  point  of  an 
uncountable  subset  D  of  H.  It  follows  by  Theorem  6  that  there  exists  at 
least  one  point  P  oi  D  such  that  every  subcontinuum  of  M  which  contains 
P  must  contain  at  least  one  point  of  D  distinct  from  P.  It  is  easy  to  see  that 
each  of  the  sets  Ma{P)  and  Mb{P)  must  be  connected  and  that  P  is  a  limit 
point  of  a  subset  Di  of  D  belonging  to  Ma(P)  and  also  of  a  subset  D,  of  D 
belonging  to  Mb(P). 

Let  Ki  denote  the  continuum  Ma{P)  +P  and  Ki  the  continuum  Mb(P)  +P- 
There  exists  a  sequence  of  points  A'l,  A''^,  Xs,  ■  •  ■  ,  belonging  to  Di  and  having 
P  as  its  sequential  limit  point  and  such  that  for  each  positive  integer  n, 
X„  precedes  A''„+i  on  M  in  the  order  from  A  to  B.  Now  let  us  consider  the 
sequence  of  intervals  /(A',,  X^),  I{Xo,  Xz),  /(A's,  A'4),  ■  ■  ■  ,  oi  M.  R.  G. 
Lubben  has  shownf  that  if  A''  denotes  the  sequential  limiting  set  of  this 
sequence,  then  N  exists  and  is  closed  and  connected.  Clearly  A''  contains 
the  point  P.  It  must  consist  of  P  alone.  For  suppose  it  does  not.  Then  N 
is  a  subcontinuum  of  A'l  which  contains  P.  It  is  readily  seen  that  N  cannot 
contain  any  point  of  the  set  of  points 


*  Cf.  K.  Menger,  Grundziige  eiiier  Theorie  der  Kurven,  Mathematische  Annalen,  vol.  95  (1925), 
pp.  272-306. 

t  See  an  abstract  of  his  paper  Concerning  liiniling  sets  in  the  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  32  (1926),  p.  14.  See  also  Zarankiewicz,  loc.  cit. 
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But  L  is  connected  and  P  is  a  limit  point  of  L.  Hence  K2+L  is  connected 
and  contains  both  A  and  B  but  contains  in  common  with  N  only  the  point  P. 
Hence  N  contains  P  but  contains  no  other  point  of  D.  This  contradicts  our 
definition  of  the  point  P.  Thus  it  follows  that  N  is  identical  with  P. 

Now  let  €  be  any  positive  number.  Then  since  the  sequential  limiting 
set  of  the  sequence  of  intervals  I{Xi,  X2),  /(X2,  ^3),  •  •  • ,  consists  of  just 
the  point  P,  and  since  P  is  the  sequential  limit  point  of  the  sequence  of 
points  Xi,  X2,  X3,  •  ■  ■  ,  it  is  readily  seen  that  there  exists  a  positive  integer 
k  such  that  if  /  denotes  the  set  of  points  2Zr=it_i  HXi,  ^.+1),  every  point 
of  /  is  at  a  distance  less  than  e/4  from  P.  Now  by  Theorem  1,  I(Xk,  P) 
is  connected,  and  it  contains  Xk-  It  does  not  contain  Xk-u  because  Xk-i 
precedes  Xk  on  i/  in  the  order  from  A  to  B.  Hence  I(Xk,  P)  must  be  a  subset 
of  Mb(Xk-i),  and  since  it  is  a  subset  also  of  Ki,  it  must  be  a  subset  of  I+P. 
But  l+P  is  of  diameter  less  than  e/2.  Hence  liXk,  P)  is  of  diameter  less 
than  e/2.  In  an  entirely  similar  manner  it  is  shown  that  D2  contains  a 
point  Yk  such  that  /(P,  Yk)  is  of  diameter  less  than  e/2.  Then  I{Xk,  Yk) 
contains  P  and  is  of  diameter  less  than  e.  And  since  the  maximal  connected 
subset  of  S{Xk,  Yk)  which  contains  P  must  have  both  Xk  and  Yk  as  limit 
points,  it  is  easily  seen  that  there  exists  a  domain  of  diameter  less  than  e  which 
contains  P  and  whose  boundary  has  in  common  with  M  just  the  points  Xk 
and  Yk-  Hence  P  is  a  point  of  Menger  order  two  of  M.  But  by  supposition 
P  belongs  to  H,  and  no  point  of  i?  is  a  point  of  Menger  order  two  of  M. 
Thus  the  supposition  that  Theorem  7  is  not  true  leads  to  a  contradiction. 

Theorem  8.  If  A  and  B  are  any  two  points  of  a  continuum  M,  and  P 
is  any  point  belonging  to  K(A,  B)  and  having  the  property  that  every  sub- 
continuum  of  M  which  contains  P  contaifis  at  least  one  point  of  K(A ,  B)  distinct 
from  P,  then  P  is  a  point  of  Menger  order  two  of  M. 

The  argument  given  to  prove  Theorem  7  also  proves  Theorem  8. 

Theorem  9.  //  P  is  any  cut  point  of  a  continuum  M  which  is  a  point  of 
Menger  order  two  of  M,  then  M—P  =  Mi(P)+Mi{P),  where  Mi(P)  and 
MiiP)  are  connected  point  sets  and  P  is  a  point  of  order  one  {i.e.,  an  end  point 
in  the  Menger  sense)  of  each  of  the  continua  Mi{P)  +P  and  M^iP)  +P. 

Theorem  10.  If  P  is  any  cut  point  of  a  bounded  continuum  M  which  is 
a  point  of  Menger  order  two  of  M,  then  P  belongs  to  the  boundary  of  just  one 
complementary  domain  of  M. 
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By  a  theorem  of  R.  L.  Moore's*,  P  belongs  to  the  boundary  of  at  least 
one  complementary  domain  of  M.  Suppose,  contrary  to  this  theorem,  that 
P  belongs  to  the  boundary  of  two  complementary  domains  Ri  and  Ri.  of  M. 
Then  there  existsf  a  simple  closed  curve  /  which  encloses  P  and  is  of  diameter 
less  than  half  the  diameter  of  Ri  and  also  less  than  half  the  diameter  of  Ri, 
and  which  has  in  common  with  M  just  two  points  A  and  B.  Then  of  the  two 
arcs  of  /  from  A  to  B,  one  of  them,  say  AXB,  must  belong  to  Ri,  and  the 
other,  AYB,  must  belong  to  /?•>.  But  from  Theorem  9  and  a  theorem  of 
R.  L.  Moore'sJ  it  follows  that  there  exists  a  simple  closed  curve  C  enclosing 
one  of  the  sets  Mi{P)  and  M^iP)  and  not  the  other  (where  M-P  =  Mi{P) 
-\-Mi{P),  as  in  Theorem  9),  and  containing  in  common  with  M  only  the 
point  P.  It  is  easy  to  see  that  C  must  contain  at  least  one  point  U  of  AXB 
and  at  least  one  point  V  on  A  YB.  Then  if  /  denotes  the  arc  of  M  from  U 
to  V  which  does  not  contain  P,  then  /  contains  no  point  of  M.  But  this  is 
impossible,  because  U  and  V  belong  to  different  complementary  domains  of 
M.  Thus  the  supposition  that  Theorem  10  is  not  true  leads  to  a  contra- 
diction. 

Theorem  11.  If  G  denotes  the  set  of  all  the  cut  points  of  a  continuum  M, 
then  all  save  possibly  a  countable  number  of  the  points  of  G  are  regular  points  of 
M. 

Theorem  11  is  a  direct  consequence  of  Theorem  7  and  of  Menger's§ 
theorem  that  a  continuum  M  is  connected  im  kleinen  at  each  of  its  points 
which  is  a  point  of  finite  order  of  M. 

Theorem  12.  If  D  denotes  the  collection  of  all  the  cut  points  [P]  of  a  con- 
tinuum M  such  that  P  is  an  irregular  point  of  some  subcontinuum  of  M,  then 
D  is  countable. 

Theorem  12  follows  at  once  from  Theorem  7  and  the  fact  that  any  point 
P  of  Menger  order  two  of  a  continuum  M  is  a  regular  point  of  every  subcon- 
tinuum of  M  which  contains  P. 


*  R.  L.  Moore,  Concerning  the  common  boundary  of  two  domains,  Fundamenta  Mathematicae, 
vol.  6  (1924).  pp.  203-213. 

t  This  follows  readily  from  a  theorem  of  R.  G.  Lubben's.  See  the  abstract  of  his  paper  in  the 
Bulletin  of  the  American  Mathematical  Society,  vol.  32  (1926),  p.  114. 

X  R.  L.  Moore,  Concerning  the  separation  of  point  sets  by  curves,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  11(1925),  pp.  469-476,  Theorem  2.  See  also  R.  G.  Lubben,  loc.  cit. 

§  Cf.  K.  Menger,  loc.  cit. 
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4.  Miscellaneous  results 

In  this  section  some  theorems  will  be  stated  with  little  or  no  proof  given. 
These  theorems,  in  general,  either  follow  readily  from  the  above  propositions 
already  proved  or  else  they  can  be  proved  readily  using  methods  similar 
to  those  employed  in  the  above  proofs. 

Theorem  13.  Let  G  denote  the  set  of  all  the  cut  points  of  any  continuum  M. 
Then  G  is  a  subset  of  the  sum  of  a  countable  number  of  bounded  subcontinua  of 
M  each  of  which  is  irreducible  between  some  pair  of  points. 

Theorem  13  can  be  proved  with  the  aid  of  Lemma  2  to  Theorem  5  and 
methods  similar  to  those  used  in  the  proof  of  Theorem  4,  together  with  the 
theorem  of  Janiszewski's*  that  every  two  points  of  a  bounded  continuum  M 
lie  together  in  a  subcontinuum  of  M  which  is  irreducible  between  those  two 
points. 

Theorem  14.  The  set  G  of  all  the  cut  points  of  a  continuous  curve  M 
{bounded  or  not)  is  a  subset  of  the  sum  of  a  countable  number  of  simple  con- 
tinuous arcs  which  belong  to  M . 

Theorem  15.  //  N  is  any  subcontinuum  of  a  continuum  M  which  is 
irreducible  between  some  pair  of  points  A  and  B  of  M,  then  all  save  possibly 
a  countable  number  of  the  cut  points  of  M  which  belong  to  N  must  separate  A  and 
B  in  M. 

Corollary.  //  /  is  any  simple  continuous  arc  belonging  to  a  continuous 
curve  M,  and  A  and  B  denote  the  end  points  oft,  then  all  save  possibly  a  countable 
number  of  the  cut  points  of  M  which  lie  on  t  separate  A  and  B  in  M. 


*  S.  Janiszewski,  Sur  Us  contiiius  irrcditctibles  entre  deux  points,  Journal  de  I'Ecole  Polytechnique, 
(2)    vol.  16  (1912). 

The  University  of  Texas, 
Austin,  Texas 


XOX-SEPARATED  CUTTINGS  OF  CONNECTED  POINT  SETS 


nv 
(J.  T.  WHYBURN 


Reprinted  from  the 

Transactions  of  the  Mathematical  Society 

Vol.  33,  No.  2,  pp.  444-454 


NON-SEPARATED  CUTTINGS  OF 
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1.  We  shall  consider  a  connected,  metric  and  separable  space  which  we 
denote  by  M.  A  subset  X  of  M  is  called  a  cutting  of  M  provided  that  the 
complement  M  —  X  of  X  is  not  connected  and  hence  is  the  sum  of  two  mutu- 
ally separated  sets  Mi{X)  and  MiiX);  X  is  said  to  separate  two  points  or 
point  sets  A  and  B  in  M  when  the  sets  Mi{X)  and  MiiX)  can  be  so  chosen 
that  MiiX)  ^A  and  AIi{X)  o  B,  and  is  said  to  separate  a  single  set  N  in  M 
when  Mi(X)  and  M^iX)  can  be  chosen  so  that  N ■Mx{X)9^Qr^N -M^iX). 

A  collection  G  of  subsets  of  M  will  be  called  non-separated  provided  that 
the  elements  of  G  are  mutually  exclusive  and  no  element  of  G  separates  any 
other  element  of  G  in  M. 

A  subset  P  of  M  is  said  to  have  the  potential  order  a  in  M  relative  to  a 
given  collection  G  of  subsets  of  M  provided  that  a  is  the  least  cardinal  num- 
ber such  that  there  exists  a  monotonic  decreasing  sequence  [U ,]  of  neighbor- 
hoods of  P  such  that  P  =Y[.\  Ui  and  such  that  for  each  i,  the  boundary  F{U^ 
of  Ui  is  a  subset  of  the  sum  of  a  of  the  sets  of  the  collection  G. 

In  this  paper  we  shall  show,  first,  that  if  G  is  any  uncountable  non- 
separated  collection  of  cuttings  of  M  then  all  save  a  countable  number  of  the 
elements  of  G  have  the  potential  order  2  in  M  relative  to  G.  Now  obviously  if 
the  elements  of  any  collection  G  of  mutually  exclusive  cuttings  of  M  are  con- 
nected or  if  they  reduce  to  single  points,  then  the  collection  G  is  non- 
separated.  And  since  for  the  case  where  M  is  compact,  the  potential  order  of 
a  point  of  M  is  the  same  as  its  order  in  the  Menger-Urysohn  sense,  our 
theorem  yields  as  corollaries  many  important  known  results  concerning  the 
cut  points  and  connected  cuttings  of  connected  sets  and  of  continua;  for 
example:  (1)  the  theorem  of  Wazewski-MengerJ  that  the  ramification  points 
of  any  acyclic  continuous  curve  are  countable,  (2)  the  theorem  of  Kuratowski 
and  Zarankiewicz§  that  the  set  of  all  points  of  any  connected  set  M  whose 
complement  in  M  is  neither  connected  nor  the  sum  of  two  connected  point 


*  Presented  to  the  Society,  February  22,  1930;  received  by  tlie  editors  July  5,  1930. 
t  Fellow,  John  Simon  tiuggenheim  Memorial  Foundation. 

t  See  Wazewski,  .•Vnnales  de  la  Societe  Polonaise  de  Mathematitjue,  vol.  2  (192.?),  p.  49;  and 
Menger,  Fundamcnta  Mathematicae,  vol.  10  (1927),  p.  108. 

§  Bulletin  of  the  American  Mathematical  Society,  vol.  33  (1927),  p.  571. 
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sets  is  countable;  (3)  the  theorem  of  the  author*  that  all  save  a  countable 
number  of  the  cut  points  of  any  continuum  are  points  of  order  2  of  M  in  the 
Menger-Urysohn  sense;  and  (4)  other  results  concerning  cuttings  due  to 
Zarankiewiczf  and  to  the  author.  J 

Second,  with  the  aid  of  this  theorem  we  shall  show  that  if  the  space  M 
contains  an  uncountable  non-separated  collection  G  of  cuttings,  then  there 
exists  an  upper  semi-continuous  collection  S  of  elements  such  that  all  save  a 
countable  number  of  the  sets  of  G  are  elements  of  5  and  such  that  every  two 
elements  of  5  may  be  separated  in  M  by  some  third  element.  In  case  M  is 
compact,  the  decomposition  space  5  is  an  acyclic  continuous  curve. 

Finally,  we  shall  prove  an  existence  theorem  to  the  effect  that  every  locally 
connected  space  M  contains  an  uncountable  non-separated  collection  of  cuttings. 
Therefore,  the  above  mentioned  decomposition  is  always  realisable  for  locally 
connected  sets  M ,  and  notably  for  the  case  where  If  is  a  continuous  curve, 
this  decomposition  gives  rise  to  a  decomposition  space  which  is  a  non- 
degenerate  acyclic  continuous  curve. 

2.  Preliminary  lemmas.  Let  ,Y  and  F  be  any  two  cuttings  of  M  and  set 

(i)  M  -  X  =  M,{X)  +  .^.(A-), 

(ii)  M  -  Y  =  ifi(F)  -I-  M.XY), 

representing  decompositions  of  M  —  .Y  and  M  —  Y  respectively  into  mutually 
separated  sets.  Then  if  i,j,  r,  and  s  are  positive  integers  such  that  i-\-j  =  ?) 
—  r-\'S,  it  follows  immediately  that  the  following  equation  is  valid: 

(2 . 1)  M  =  .^/,(A')  +  Mr{Y)  +  MiiX)  ■  M,{Y)  +  A'  -f  F . 
With  the  aid  of  this  equation,  we  deduce  at  once  the  result 

(2.2)  //  neither  oj  the  sets  X  and  Y  separates  the  other,  we  may  choose  the  indices 
i  and  r  such  that 

(a)  X  c  Mr{Y)  and  Y  c  Mi{X)- 
and  these  relations  imply  also  the  relations 

(b)  M,{X)  ■  M,{Y)  =  0,  MiiX)  +  X  c  M.(F),  and  M.{Y)  +  Y  <z  MAX) . 

Clearly  this  is  the  case,  because  by  virtue  of  the  relations  (a)  we  may 
omit  the  last  two  terms  in  equation  (2.1);  and  since  M  is  connected,  the  term 
M i{X)-M,{Y)  must  vanish.  This  fact  gives  at  once  the  remaining  two  rela- 
tions (b). 

*  These  Transactions,  vol.  30  (1928),  p.  606. 

t  See  Fundamenta  Mathematicae,  vol.  12  (1928),  pp.  119-125. 

X  See  Bulletin  of  the  .\nierican  Mathematical  Society,  vol.  35  (1929),  pp.  87-104. 
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Now  let  G  be  any  non-separated  collection  of  cuttings  of  M  and  let  E{a,  b) 
be  the  collection  of  all  those  elements  of  G  which  separate  two  given  points 
a  and  b  in  M.  Let  X  and  Y  be  any  two  elements  of  E{a,  b)  and  let  the  indices 
in  (i)  and  (ii)  be  chosen  so  that 

(iii)  Mi(X)-i/i(r)  D  a  and  M2{X)-M2{Y)  ^  h. 

The  element  A'  of  E{a,  b)  will  be  said  to  precede  the  element  Y,  and  this  fact 
is  indicated  by  the  notation  X  <  Y,  provided  that  for  at  least  one  set  of  de- 
compositions satisfying  (i),  (ii)  and  (iii)  it  is  true  that  X  c  Mi{Y).  We  shall 
now  show  that  this  definition  gives  a  natural  order  to  the  elements  of  E(a,  b). 

First,  for  any  two  elements  A''  and  Y  of  E{a,  b),  at  least  one  of  the  rela- 
tions X <Y  and  Y <X  must  be  valid.  For  if  X  does  not  precede  F,  then  by 
(2.2),  (a),  r  =  2  and  hence  5  =  1.  By  (b)  and  (iii)  it  follows  thatj  =  2  and  hence 
f  =  1.   Therefore  by  (a),  F  c  Mi(A),  which  means  Y  <X. 

Second,  only  one  of  the  relations  A<F  and  I'<A'  can  be  valid.  For  if 
X<Y,  then  [for  any  set  of  decompositions  whatever  satisfying  (i),  (ii),  (iii)], 
in  (2.2),  r  =  l  and  hence  5  =  2.  By  (b)  and  (iii)  it  follows  thaty  =  l  and  hence 
i  =  2.  Therefore  by  (a),  F  c  Mn{X),  which  is  incompatible  with  F  < A". 

Finally,  for  any  three  elements  Z,  A^  and  F  of  E{a,  b),  the  relations  Z< A", 
A  <  F  imply  that  Z  <  Y.  For  then  Z  c  MAX)  and  A'  c  Mi{Y).  Hence  in  (2.2), 
r  =  1  and  5  =  2.  By  (b)  and  (iii)  it  follows  that  j=\.  Therefore  by  the  second 
relation  in  (b),  Z  c  j1/i(A)+A  cil/i(F),  which  gives  Z<F. 

Thus  we  have  proved  the  following  result: 

(2.3)  //  each  clement  of  the  non-separated  collection  E{a,  b)  of  sjibsets  of  M 
separates  the  two  points  a  and  b  in  AI,  then  the  collection  E{a,  b)  possesses  a 
natural  order. 

For  convenience  we  give  here  a  lemma  concerning  ordered  sets  due  to 
Zarankiewicz*  which  will  be  used  below. 

Lemm.-\  (Zarankiewicz).  //  K  is  any  ordered  subset  of  M ,  then  the  set  H  of 
all  points  p  of  K  such  that  p  is  not  at  the  same  time  a  limit  point  of  the  set  Pp  of 
all  points  of  K  preceding  p  and  also  of  the  set  Fp  of  all  points  of  K  following  p  is 
countable. 

The  space  M  being  separable  and  metric,  it  therefore  contains  a  countable 
sequence  Ri,  R^,  Rs,  ■  ■  ■  of  open  sets  which  is  equivalent  to  the  set  of  all  open 
subsets  of  M.  Now  let  Hi  be  the  set  of  all  points  of  K  which  are  not  limit 
points  of  their  predecessors,  and  let  H2  =  H  —  Hi.  For  each  point  p  of  //i  let 
n{p)  be  the  least  positive  integer  such  that  Rni,,,)  contains  p  but  contains  no 
point  of  A"  which  precedes  p.    Then  if  p  and  q  are  distinct  points  of  Hi  and 

*  See  Fundamenta  Mathematicae,  vol.  12  (1928),  p.  119. 
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P<q,  then  since  R^q)  does  not  contain  p,  it  follows  that  n{p)7^n{q),  and 
therefore  H^,  is  countable.  A  similar  argument  proves  Hi  countable;  and  hence 
H  is  countable. 

3.  Theorem.  If  G  is  any  uncountable  non-separated  collection  of  cuttings 
of  a  connected,  metric,  and  separable  space  M,  then  all  save  possibly  a  countable 
number  of  the  elements  of  G  have  the  potential  order  2  in  M  relative  to  G. 

Suppose,  on  the  contrary,  that  G  contains  an  uncountable  subcollection 
Gi  no  element  of  which  has  the  potential  order  2  in  M  relative  to  G.  Now 
there  exist  two  points  a  and  b  of  M  such  that  the  collection  E(a,  b)  of  all 
those  elements  of  d  which  separate  a  and  b  in  M  is  uncountable;  for  M  being 
separable,  there  exists  a  countable  subset  D  of  M  such  that  D  =  M;  and  since 
every  element  of  d  which  contains  no  point  of  D  must  separate  some  pair  of 
points  of  D  in  M,  and  since  the  set  of  all  pairs  of  points  of  D  is  countable,  it 
follows  that  for  at  least  one  pair  of  points  a,  b  of  D,  the  set  E{a,  b)  is  un- 
countable. 

By  §2  the  elements  of  the  collection  E(a,  h)  possess  a  natural  order;  and 
if  iv  is  a  point  set  which  contains  exactly  one  point  x  of  each  element  X  of 
E{a,  b)  and  contains  no  other  points,  then  A"  is  an  ordered  point  set.  Indeed 
for  each  pair  x,  y  of  points  of  A',  set  x<y  provided  that  X<Y.  By  the 
Zarankiewicz  lemma,  the  set  H  of  all  points  p  of  A  which  are  not  at  the  same 
time  a  limit  point  both  of  their  predecessors  and  of  their  successors  is  count- 
able. Let  H{a,  b)  be  the  collection  of  all  those  sets  X  of  E{a,  b)  such  that  the 
corresponding  point  x  in  A  belongs  to  K  —  H.  Then  H(a,  b)  is  uncountable 
and  each  element  X  of  H{a,  b)  contains  a  point  x  which  is  a  limit  point  of  the 
sum  of  the  predecessors  of  A'  and  also  of  the  sum  of  the  successors  of  A'. 

Now  for  each  element  A'  of  H{a,  b),  there  exist  mutually  separated  sets 
Mi{X)  and  M^XX)  such  that 

M  -  X  =  A/, (A')  +  M-XX),  M,(A)  d  a  and  M.<{X)  =  b. 

And  with  the  aid  of  what  has  just  been  shown  it  follows  immediately  that 
there  exist  two  infinite  sequences  of  elements  A'l,  A'2,  A3,  ■  •  •  and  Fi,  F2, 
F3,  •  ■  •  of  B{a,  b)  such  that,  for  each  n, 

(1)  A„  <  A',.+  i  <  A  <    r„+i  <  F„, 

and  such  that  A'  contains  a  point  which  is  a  limit  point  both  of  ^X„  and 

Since  by  supposition  no  element  of  n{a,  b)  can  have  the  potential  order 
2  in  M  relative  to  G,  it  follows  that  if  for  each  element  A  of  H{a,b),  F„(X) 
denotes  the  set  of  points  M—  [Mi{X„)-\-M2{Yn)],  then  there  exists  at  least 
one  point  pi  belonging  to  the  point  set 
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nF„(A')-.Y, 
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for  if  this  were  not  the  case,  then  by  virtue  of  (1)  and  equation  (2.1)  in  which 
substitute  A'„  for  X,  F„  for  Y,  1  for  i  and  2  for  r,  it  follows  that  F„(Z) 
3 .1/o(A'„)  ■  l/i(Fn)  3  X;  and  if  for  each  point  p  of  M .{X „)  ■  M x{Y „)  we  take  a 
neighborhood  Np  of  p  of  diameter  less  than  1/4  the  distance  from  p  to  the  set 
of  points  M\(Xn)+M2Y{„),  and  call  Un{X)  the  sum  of  all  the  neighborhoods 
A^p,  then  it  follows  readily  that 


X  c  M2(Z„)-il/:(F„)  c   U,{X)  c   U„{X)  c  T„(X); 


and  hence  F[C/„(An]  c  X„  +  F„,  ?7„(.Y)  c  C/„_,(A-)  and  X=Y{;U„{X);  but 
then  A'  has  the  potential  order  2  in  M  relative  to  G,  contrary  to  supposition. 
Now  if  X  and  Y  are  any  two  elements  of  H{a,  h),  Xt^Y ,\t  follows  that 
PxT^py  For  suppose  X <Y.  Then  since  X  contains  a  limit  point  of  the  sum 
of  its  successors  in  E{a,  h)  but  contains  no  limit  point  of  M<>{Y),  it  follows  that 
there  exist  two  elements  Y k  and  I'„  in  the  "F-sequence"  in  (1)  for  the  element 
X  such  that 

X  <  Yk  <  F„  <  I'; 

and  since  I'  contains  a  limit  point  of  the  sum  of  its  predecessors  in  E{a,  b) 
but  contains  no  limit  point  of  if  i(Fm),  it  follows  that  there  exists  an  element 
X„  of  the  "A'-sequence"  for  F  in  (1)  such  that 

X  <  Yk  <  Ym  <  X„  <  Y. 

Consequently  it  follows  with  the  aid  of  (2.2)  that 

p,  c  MiiYk)  +  Yk  c  M,{Y„) 

and 

p,  c  M,{X„)  +  X„  c  M2{Y,„), 

and  hence  px9^py 

Now  let  L  denote  the  set  of  all  points  {p^]  for  all  elements  X  of  H{a,  h). 
Then  L  is  uncountable  and  is  an  ordered  set;  indeed,  it  is  only  necessary  to 
set  pz<py  when  A' <  F.  Therefore  by  the  Zarankiewicz  lemma,  there  exists  a 
point  pz  of  L  which  is  a  limit  point  both  of  its  predecessors  and  of  its  followers, 
and  hence  both  of  ^A'„  and  of  ^Y^,  where  the  sequences  [X„]  and  [F„] 
satisfy  (1).  But  X]^n  <=  A/i(X)  and  '^Y„c  M^iX) ;  and  pz  must  then  belong 
either  to  Mi{X)  or  to  i/2(X)  and  be  a  limit  point  of  the  other,  contrary  to 
the  fact  that  these  two  sets  are  mutually  separated.  Thus  the  supposition 
that  our  theorem  is  false  leads  to  a  contradiction. 
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4.  Consequences  of  §3.  Let  G  be  any  uncountable  non-separated  collec- 
tion of  cuttings  of  M.  Then  since  the  product  of  any  family  [  t/„]  of  closed 
sets  is  closed,  §3  yields  at  once  the  result 

(a)  All  save  a  countable  number  of  the  elements  of  G  are  closed  point  sets. 

Now  if  X  is  any  element  of  G  such  that  M  —  X  is  not  the  sum  of  two  con- 
nected point  sets,  X  cannot  have  a  potential  order  2  in  M  relative  to  G.  For 
M -X  =  M,(X)  +  Mi{X)+M3{X),  where  the  sets  Mi{X),  M^iX),  and  Mi{X) 
are  mutually  separated  and  contain  points  Oi,  02  and  Ox  respectively;  and  if  X 
had  the  potential  order  2  relative  to  G,  there  would  exist  two  elements  Xi  and 
X2  of  G  and  a  neighborhood  U  oi  X  such  that  F{U)  cXi+Xn,  XicMi{X), 
Xo  c M^iX)  and  U -{ai  +  a^  +  ai)  =0;  but  then  it  would  readily  follow  that  the 
point  set  MsiX)  -{M—U)  is  non-vacuous  and  is  both  open  and  closed,  con- 
trary to  the  fact  that  M  is  connected.  Thus  in  consequence  of  the  theorem  in 
§3  we  have 

(i3)  The  complement  of  each  element  of  G,  with  the  exception  of  a  countable 
number  of  such  elements,  consists  of  exactly  two  components. 

Let  us  denote  by  p  the  property  of  any  subset  N  oi  M  not  to  be  separated 
in  M  by  any  single  element  of  G.  Clearly  each  element  -Y  of  G  has  the  prop- 
erty p.  We  shall  now  show  that 

(7)  All  save  a  countable  number  of  the  elements  of  G  are  saturated  in  M  rela- 
tive to  the  property  p. 

If,  on  the  contrary,  G  contains  an  uncountable  subcoUection  d  no  ele- 
ment of  which  is  saturated  relative  to  the  property  p,  then  for  each  element 
Z  of  Gi  there  exists  at  least  one  point  p^  which  is  not  separated  from  Z  in  M 
by  any  single  element  of  G.  Under  these  conditions  it  follows  by  the  theorem 
and  proof  in  §3  that  there  exist  two  points  a  and  b  of  M  and  three  elements 
Z,  -Y  and  Y  of  E{a,  b)  ( the  collection  of  all  those  elements  of  G\  which  sepa- 
rate a  and  b)  such  that  X  <Z<Y,  and  Mi{X)  Mi(F)  contains  Z  but  does  not 
contain  the  point  p^  and  also  such  that  X+Y  does  not  contain  p,.  But  then 
by  equation  (2.1)  we  have  either  p,cMi{X)  or  p^cM^iY).  This  is  im- 
possible because  in  the  first  case  X  separates  p,  and  Z  in  M  and  in  the  second 
case  Y  separates  p^  and  Z  in  M. 

A  cutting  X  of  M  is  said  to  be  an  irreducible  cutting  of  M  provided  that 
no  proper  subset  of  A'  is  a  cutting  of  M. 

(8)  All  save  a  countable  number  of  the  elements  of  G  are  irreducible  cuttings 
of  M. 

If  this  is  not  so,  there  exists  an  uncountable  collection  G"  of  cuttings  of 
M  such  that  for  each  element  X"  of  G"  there  exists  an  element  X  of  G  and  a 
point  px  of  X  such  that  X°  cX  —  pi.  Since  G  is  non-separated,  it  follows  at 
once  that  G"  is  non-separated.    Therefore  by  (7)  there  exists  an  element  X" 
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of  G"  which  is  saturated  relative  to  the  property  p  defined  by  the  collection  G". 
Consequently  there  exists  an  element  F"  of  G"  which  separates  X"  and  p^ 
in  M,  and  one  has  M -Y"  =  M,{Y')+M.{Y''),  where  AI,iY'')oX'>  and 
M,(Y'>)op,.  But  then  M-Y  =  Mi{Y'>)-iM -Y)+M^.iY'>)- {M -Y),  and 
thus  F  separates  X  in  M  (for  F-  (.Yo+^ix)  c  YX  =  0),  which  contradicts  the 
non-separatedness  of  G. 

We  prove  now  the  following  general  theorem: 

Theorem.  Every  uncoiinlable  non-separated  collection  G  of  cuttings  oj  a 
connected,  metric,  and  separable  space  M  contains  a  subcollcction  Q  ■which  con- 
tains all  save  possibly  a  countable  number  of  the  elements  of  G  and  such  that  each 
element  X  of  Q  has  the  following  properties :  (a)  X  is  closed ;  (b)  M  —  X  is  the 
sum  of  two  mutually  separated  connected  point  sets;  (c)  X  is  saturated  in  M 
relative  to  the  property  p  defined  by  the  collection  Q,  i.e.,  for  every  point  p  of 
M  —  X,  there  exists  an  element  Y  of  Q  which  separates  X  and  p  in  M;  (d)  X  is 
an  irreducible  cutting  of  M ;  and  (e)  X  has  the  potential  order  2  in  M  relative  to  Q. 

To  obtain  the  collection  Q,  let  D  he  a.  countable  subset  of  J/  which  is 
dense  in  M  and  let  us  omit  from  G:  (1)  every  element  which  does  not  possess 
each  of  the  properties  (a),  (b),  and  (d);  (2)  every  element  which  separates  in 
M  some  pair  of  points  a,  b  oi  D  which  are  separated  by  only  a  countable  num- 
ber of  elements  of  G;  (3)  every  element  which  separates  some  pair  a,  b  of 
points  of  D  and  contains  no  point  p  having  the  property  that  every  neighbor- 
hood of  p  contains  points  of  uncountably  many  distinct  elements  of  G  which 
separate  a  and  b.  Let  Gi  denote  the  collection  of  the  elements  of  G  remaining 
after  these  omissions.  Then  by  virtue  of  (a),  (0)  and  (8),  together  with  the 
facts  that  there  are  only  a  countable  number  of  pairs  of  points  of  D  and  that 
in  the  space  M  every  uncountable  set  of  points  contains  a  point  of  condensa- 
tion of  itself,  it  follows  that  Gi  contains  all  save  possibly  a  countable  number 
of  the  elements  of  G. 

Now  let  us  omit  from  d  every  element  which  is  not  saturated  in  M  rela- 
tive to  the  property  p  defined  by  the  collection  d  and  also  every  element 
which  does  not  have  the  potential  order  2  in  M  relative  to  Gi.  Let  Q  be  the 
collection  of  elements  of  d  remaining  after  these  omissions.  Then  Q  contains 
all  save  a  countable  number  of  the  elements  of  Gi  and  hence  also  of  G,  and 
every  element  X  of  Q  has  the  desired  properties  (a)-(e).  Clearly  A'  has  prop- 
erties (a),  (b)  and  (d),  for  every  element  of  d  has  these  properties.  It  re- 
mains to  show  that  X  has  properties  (c)  and  (e). 

To  show  that  X  has  property  (c),  let  p  be  any  point  of  M  —  X.  There 
exists  an  element  Y  of  Gi  which  separates  X  and  p,  because  every  element  of 
Q  is  saturated  in  M  relative  to  the  property  p  defined  by  d.    Hence  M  —  Y 
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=  Mi(F)+i/.,(F),  where  AIi{Y)dX  and  M,{Y)op.  Also  M-X  =  M,(X) 
+  Mo{X),  where  MoXX)  a  F.  Thus  if  a  and  b  are  points  of  Mi{X)  and  i/sCF) 
respectively  belonging  to  D,  both  X  and  F  separate  a  and  b  in  M,  and  we  have 
X  <  F  in  the  order  from  a  to  b.  Now  there  exists  also  an  element  Z  of  d 
which  separates  A'  and  F  in  If,  and  it  follows  from  §2  that  Z  also  separates  a 
and  6  in  M,  and  we  have  the  order  X<Z<Y.  Thus  ZcMsCX)  i/iCF). 
Since  X  and  F  are  closed,  M^iX)  •Mi(F)  is  a  neighborhood  of  Z,  and  hence 
it  contains  points  of  (and  therefore  contains  all  of)  uncountably  many  ele- 
ments of  G  which  separate  a  and  b  in  M.  Therefore  there  exists  at  least  one 
of  these  elements,  say  W,  which  belongs  to  Q,  for  all  but  a  countable  number 
of  the  elements  of  G  belong  to  Q.  Thus  we  have  the  order  X <W <V;  and 
since  p  c  j1/2(F),  it  follows  that  W  separates  X  and  p  in  M.  Consequently  A' 
has  property  (c). 

Since  A"  has  the  potential  order  2  in  M  relative  to  d,  there  exist,  as  shown 
in  §3,  two  points  a  and  b  of  M  such  that  A'  belongs  to  the  collection  E(a,  b) 
of  all  those  elements  of  d  which  separate  a  and  b  in  M  and  such  that  there 
exist  two  sequencesA'ijA'o,  •  ■  •  and  Fi,  F2,  •  •  ■  of  elements  of  £(a,  6)  so  that 

A  „    <    A  „-|- 1    <    A     <    I    n+ 1    <     '   n 

and  such  that  if  Un  =  M^iXn)  ■  A/i(F„),  then  X  =  UTUn-  Now  for  each  ti  there 
exist,  by  virtue  of  property  (c),  two  elements  X„'  and  F„'  of  Q  belonging  to 
E{a,  b)  such  that  X„  <X„'  <X  <  F„'  <  F„.  Hence  if  [/„'_denotes  the  point  set 
M,{X:)-M,{Y:),  one  has  t/„'  c  f/„.  Hence  X  =  U7U,:,  and  since  FiU^) 
cX„'+F„'  and  since  clearly  the  sequence  [U„]  contains  an  infinite  subse- 
quence [U,,,]  such  that  t/„,^.,  c  Un^  it  follows  that  A  has  the  potential  order 
2  in  M  relative  to  Q.  This  completes  the  proof. 

5.  Decomposition  of  M  by  means  of  a  non-separated  collection  G  every 
element  of  which  is  saturated  relative  to  property  p.  Let  G  be  any  non-sepa- 
rated collection  of  subsets  of  M  each  of  which  is  saturated  in  M  relative  to  the 
property  p  defined  by  G.  For  each  point  e  of  Af  which  belongs  to  no  element 
of  G,  let  E  denote  the  point  set  consisting  of  e  together  with  all  points  p  of 
M  which  are  not  separated  in  M  from  e  by  any  single  element  of  G.  Let  5 
denote  the  collection  whose  elements  are  the  elements  of  G  together  with  all 
such  point  sets  E  thus  defined.  Clearly  each  element  of  5  is  closed  and  every 
point  of  M  belongs  to  exactly  one  element  of  S.  We  shall  show  next  that  the 
collection  5  is  non-separated. 

Suppose,  on  the  contrary,  that  some  element  A'  of  5  separates  some  pair 
of  points  p  and  q  belonging  to  an  element  F  of  5.  Then  M  —  X  =  Mi(X) 
+  M2{X),  where  Mi{X)  =/>  and  Mi{X)  oq.  Now  by  virtue  of  the  definition 
of  the  collections  G  and  5,  it  follows  that  there  exists  an  element  Z  of  G  which 
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separates  X  and  p  in  M.  Hence  M -Z  =  Mi{Z)-\-Mi{Z),  where  Mi{Z)-sX 
and  M^iZ)  op.  Since  Z  belongs  to  G,  it  cannot  separate  Y  in  M;  and  there- 
fore p  +  q  cYc  M.{Z).   But  then 

M  -Z  =  [M,(Z)  +  M,{X)-M,{Z)]  +  Ah{X)-M,{Z), 
and  we  have  a  separation  of  M  —  Z  into  two  mutually  separated  sets  contain- 
ing the  points  p  and  q  respectively  of  F,  contrary  to  the  fact  that  since  Z  be- 
longs to  G  it  cannot  separate  F  in  M.    Therefore  5  is  non-separated. 

Now  clearly  every  element  of  5  is  saturated  in  .1/  relative  to  the  property 
p  defined  by  the  collection  S.  Consequently  every  two  elements  X  and  F  of  5 
are  separated  in  M  by  some  third  element  of  S.  With  the  aid  of  this  property 
it  follows  immediately  that  the  collection  5  is  upper  semi-continuous,*  i.e., 
there  does  not  exist  a  sequence  Xi,  X^,  A",,,  ■of  elements  of  S  and  two  se- 
quences \pi\  and  [qi]  of  points  such  that  pi  +  qcC  Xi  and  which  have  sequen- 
tial limit  points  p  and  q  respectively  belonging  to  two  different  elements  P 
and  Q  respectively  of  S.  For  there  exists  an  element  A'  of  S  such  that  M  —  X 
=  MiiX)+M2iX)  where  Mi{X)  dP  and  M2{X)dQ;  and  since  for  each  i,  Xi 
is  a  subset  either  of  Mi(X)  or  of  M^iX),  either  Mi{X)  or  Mi{X)  contains  Xi 
for  infinitely  many  z's;  but  this  is  impossible,  for  both  p  and  q  are  limit  points 
of  every  infinite  subsequence  of  A'l,  X«,  X3,  ■  ■  •  . 

Now  in  case  the  space  M  is  compact,  the  elements  of  5  are  closed  and 
compact,  and  if  for  each  pair  of  elements  X  and  F  of  5  we  define  the  distance 
p{X,  F)  between  A'  and  F  as  the  upper  limit  of  the  distances  p(.r,  y),  where  x 
and  y  are  points  of  A'  and  F  respectively,  it  readily  follows  that  the  space  S' 
so  obtained  is  compact,  separable,  metric  and  connected;  and  since  it  readily 
follows  that  every  two  "points"  of  S'  are  separated  in  S'  by  some  third 
"point"  of  S',  thereforef  S'  is  an  acyclic  continuous  curve. 

6.  Existence  Theorem.  //  Ihe  space  M  is  connected  im  kleinen,  there 
exists  an  uncountable  non-separated  collection  of  cuttings  of  M. 

Let  a  and  b  be  any  two  points  of  M,  and  for  each  positive  number  r  which 
is  less  than  the  distance  from  a  to  b,  let  S{a,  r)  denote  the  set  of  all  points  of 
M  whose  distance  from  a  is  equal  to  r  and  let  I  {a,  r)  denote  the  set  of  all 
points  at  a  distance  <r  from  a.  Then  for  each  r,  S{a,  r)  separates  a  and  b  in 
M.  Let  R{a,  r)  denote  the  component  of  M  —  S{a,  r)  containing  a,  let  R{b,  r) 
denote  the  component  of  M  —  R{a,  r)  containing  b,  and  let  Xr  denote  the 
point  set  R{a,  r)  Rib,  r).  Then  clearly  A',  separates  a  and  b  in  M  and  we  have 
(i)  Xr  c  F[R{a,  r)\  c  S{a,  r),  and  X,  =  F[R{b,  r)J; 

(ii) R{a,r)  <z  na,r). 

'  See  K.  L.  Moore,  these  Transactions,  vol.  27  (1925),  pp.  416-128. 

t  See  R.  L.  Moore,  Fundamenta  Mathematicae,  vol.  7  (1925),  pp.  302-307. 
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Obviously  the  collection  of  cuttings  [Xr]  is  uncountable.  It  remains  to  show 
that  it  is  non-separated.  Let  A'r,  and  A',,  be  any  two  elements  of  this  collec- 
tion and  suppose  ri<r2.  By  (ii)  it  follows  that  R{a,  ri)ci?(a,  ^2).  Thus 
Xr,  cRia,  Ti),  and  therefore  A'r.  does  not  separate  A^,  in  M.  From  the  inclu- 
sion R{a,  ri)  c  R(a,  r.)  and  (i)  it  follows  that  R{b~>^)=R(b,  r,)  -fA'.,  c  R(b,  rO, 
and  consequently  A'r  does  not  separate  Xr^  in  M.  Thus  the  collection  [A%]  is 
non-separated,  and  the  theorem  is  proved. 

Now  since  a  may  be  any  point  whatever  of  M  and  since  every  neighbor- 
hood of  a  contains  uncountably  many  of  the  sets  [A'r],  it  follows  by  §4,  (6), 
that  every  such  neighborhood  contains  at  least  one  set  Xr  which  is  an  irre- 
ducible cutting  of  M.  Thus  we  have  the  following 

Corollary.  Every  open  subset  of  a  connected  and  connected  im  kleinen 
point  set  M  lying  in  a  separable  metric  space  contains  an  irreducible  cutting  I 
ofM. 

This  corollary  answers  a  question  raised  by  the  author.* 
As  a  result  of  this  existence  theorem  it  follows  that  the  decomposition 
treated  in  §5  is  always  realisable  in  case  M  is  locally  connected;  and  in  case 
M  is  a.  continuous  curve,  M  may  be  decomposed  upper  semi-continuously 
into  a  collection  5  of  the  type  attained  in  §5,  and  the  decomposition  space  S' 
is  a  non-degenerate  acyclic  continuous  curve. 

7.  Concluding  remarks.  Although  it  is  easily  seen  with  the  aid  of  a  very 
simple  example  that  two  cuttings  A'  and  ¥  of  M  may  have  the  property  that 
neither  of  them  separates  the  other  in  M  and  yet  the  set  M2(X)+X  not  be 
connected,  where  Mt{X)  d  V,  nevertheless  the  following  lemma  is  true. 

Lemma.  //  a  and  b  are  two  points  of  M  and  Xi,  X2,  X3,  ■  ■  ■  is  any  infinite 
sequence  of  distinct  mutually  exclusive  sets  each  of  which  separates  a  and  h  in  M 
and  no  one  of  which  separates  any  other  one,  and  we  have 

A,  <  A',  <  A3  <  •  •  •  , 

then  the  set  of  points  ^"  i/i(A',)  is  connected. 

For  if  on  the  contrary  this  set  of  points  is  the  sum  of  two  mutually  sepa- 
rated sets  A^  and  N2,  then  since  a  belongs  to  all  of  the  sets  Mi{Xi),  there  exists 
an  integer  n  such  that  Ni-Mi{Xn)^0^N2-Mi(X„).  Since  by  (2.2),  (b),  it 
follows  that  M,iX„)cM,(X„+,),  therefore  A^•M,(A■„+l)?^0?iA2■Ml(A„+,). 
Since  these  two  sets  are  mutually  separated,  one  of  them,  say  Ni- M\{X„-^i), 


*  See  Fundamenta  Mathematicae,  vol.  13  (1929),  p.  .SO,  where  the  question  is  raised  for  con- 
tinuous curves  .1/.  .\  solution  of  this  problem  for  the  case  where  M  is  a  plane  continuous  curve  has 
been  given  by  J.  H.  Roberts;  see  these  Transactions,  vol.  32  (1930),  p.  19. 
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contains  A'„.   But  then  it  is  easily  seen  that  the  sets  No  ■  Mi{X„)  and  M  —  N-i 
■M\{Xn)  are  mutually  separated,  contrary  to  the  fact  that  M  is  connected. 

With  the  aid  of  this  lemma  it  can  be  shown  without  great  difficulty  that 
if  X  is  an}'  element  of  a  non-separated  collection  G  of  subsets  of  M  which  is 
saturated  in  M  relative  to  the  property  p  defined  by  the  collection  G,  then 

(1)  each  component  of  .1/  — .Y  is  open  in  M] 

(2)  the  components  of  M  —  X  are  countable; 

(3)  A'  is  a  potentially  regular  element  of  G  in  M  relative  to  G,  i.e.,  a 
monotone  decreasing  sequence  of  neighborhoods  [Ui\  of  X  exists  such  that 
F{Ui)  is  a  subset  of  a  finite  number  of  the  elements  of  G  and  A'  =  YL^Ur, 

(A)  the  potential  order  of  A'  in  Xf  relative  to  G  is  equal  to  the  number  of 
components  of  M  —  X  when  this  number  is  finite,  and  is  equal  to  w  (i.e.,  A' 
is  of  increasing  order)  when  and  only  when  this  number  is  infinite. 

Johns  Hopkins  Univeesitv, 

B.ALTIMORE,  Md. 


CUT  POINTS  OF  CONNECTED  SETS  AND  OF 

CONTINUA* 

BY 

G.  T.  WHYBURN 

1.  Introduction.  In  this  paper  it  will  be  shown,  among  other  things, 
that  the  set  G  of  all  the  cut  points  of  any  continuum  M  in  a  locally  compact, 
metric,  and  separable  space  is  a  Gs,,  i.e.,  the  sum  of  a  countable  number  of 
Gs  sets.t  From  this  result,  with  the  aid  of  a  well  known  theorem  of  W.  H. 
Young's,  it  follows  that  if  the  set  G  is  uncountable  it  must  contain  a  perfect 
set.J  Thus  the  set  of  all  cut  points  of  any  continuum  is  either  vacuous, 
finite,  countable,  or  of  the  power  of  the  continuum. 

The  customary  notation  and  terminology  of  point  set  theory  will  be 
employed.  For  example,  X  =  X+X',  where  X'  is  the  set  of  all  limit  points 
of  the  set  X;  KcH  means  that  it  is  a  subset  of  H  or  that  H  contains  K; 
KH  denotes  the  set  of  points  common  to  K  and  H;  p{X,  Y)  denotes 
the  distance  from  X  to  F  when  X  and  Y  are  points,  and  denotes  the  mini- 
mum distance  between  X  and  Y  when  X  and  Y  or  either  contains  more  than 
one  point,  i.e.  the  greatest  lower  bound  of  the  aggregate  of  numbers 
[pix,y)  ],  where  x  and  y  are  points  of  X  and  Y  respectively;  and  5{M)  denotes 
the  diameter  of  the  set  M,  i.e.,  the  least  upper  bound  of  the  aggregate 
[p(a:,y)  ],  where  :*:  and  y  are  two  points  of  M.  In  addition,  if  X  is  a  cutting  of 
a  connected  set  M,  unless  otherwise  stated,  the  equation  M—X  =  Ma{X)  + 
Mb{X)  is  to  be  interpreted  as  meaning  that  M  —  X  is  the  sum  of  the  two 
mutually  separated  sets  Ma(X)  and  Mi{X)  containing  the  sets  A  and  B 
respectively.  When  this  equation  is  true,  X  is  said  to  separate  A  and  B 
in  M. 

All  point  sets  considered  are  assumed  to  lie  in  a  locally  compact,  metric, 
and  separable  space. 

2.  Cut  points  and  regular  points.    We  prove  the  following  theorem: 

*  Presented  to  the  Society,  December  27,  1928.  Received  by  the  editor  of  the  Bulletin  in  De- 
cember, 1928,  accepted  for  publication  in  the  Bulletin,  and  subsequently  transferred  to  the  Trans- 
actions. 

t  It  has  been  shown  by  C.  Zarankiewicz  that  the  set  of  all  cut  points  of  any  continuous  curve 
is  an  F,  but  that  this  is  not  true  of  continua  in  general ;  see  Sur  les  points  de  division  dans  les  ensembles 
connexes,  Fundamenta  Mathematicae,  vol.  9  (1927),  pp.  124-171;  see  pp.  163,  164. 

X  According  to  results  due  to  F.  Bernstein  (Leipziger  Berichte,  vol.  60  (1908),  p.  .325),  there 
exist  uncountable  sets,  even  uncountable  linear  sets,  which  contain  no  perfect  set.  The  theorems  m 
this  paper  show,  however,  that  such  a  set  cannot  be  the  set  of  cut  points  of  any  continuum. 
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Theorem  1 .  If  A  and  B  are  any  two  mutually  exclusive  closed  subsets  of 
a  connected  set  M  and  K  is  the  set  of  all  those  points  of  M  which  separate  A 
and  B  in  M,  then  K-\-A-\-B  contains  every  point  P  of  K  which  is  a  regular 
point*  of  M+P. 

Let  P  be  any  limit  point  of  K  which  is  not  mA-\-B  and  which  is  a  regular 
point  of  M+P.  As  shown  in  my  paper  Concerning  connected  and  regular 
point  sets\  either  there  exists  a  sequence  Xi,X2,X3,  •  •  •  of  points  of  K  having 
P  as  its  sequential  limit  point  and  such  that,  for  every  positive  integer  i, 

i-i  " 

M  -  Xi  =  M,{Xi)  +  MtiXi),    2^X„  c  M,{Xi),  and    '£x„  c  M^{Xi), 

n=l  n=«+l 

or  such  a  sequence  exists  such  that,  for  each  i, 

T.X„  c  MtiXi)  and    ^  X„  c  M^{Xi). 

n=l  n=i+l 

The  two  cases  are  alike  so  we  shall  consider  only  the  former.  Let  E  = 
^Ma(Xi),  and  let  F  =  M-E.  Then  F=n  Mt(X.),  i.e.  F  is  identically 
the  set  of  points  common  to  aU  the  sets  [M  t(X<)].  Thus  no  point  of  £  is  a 
limit  point  of  F,  because  each  point  of  E  belongs  to  a  set  Ma{Xk),  and 
FcMb{Xk)  for  every  k.  I  shall  now  show  that  no  point  of  F  except  pos- 
sibly P  (in  case  P  belongs  to  M)  is  a  Umit  point  of  E.  Suppose,  on  the  con- 
trary, that  such  a  hmit  point  Q  oi  E  does  exist.  Let  e  be  a  positive  number 
which  is<p(P,  Q+A  +B).  Since  P  is  a  regular  point  of  M+P,  there  exists 
a  finite  subset  U  of  M  which  e-separates  P  in  M+P,  i.e.,  {M+P)  —  U  = 
Mp+Mo,  where  Mp  and  Mo  are  separated,  Mp^P,  and  d{Mp)<€.  NowJ 
Mo+U  is  the  sum  of  a  finite  number  of  mutually  separated  connected  point 

*  The  point  P  of  a  connected  point  set  M  is  called  a  Menger  regular  point  of  M,  or  simply  a 
regular  point  of  Af,  if  for  each  e>0,  P  can  be  ^-separated  in  M  by  some  finite  subset  U  of  M,  i.e.,  a 
finite  subset  U  of  M  exists  such  that  M-U  =  M,{U)+MiU),  where  MpiU)  and  M{U)  are  mutually 
separated,  Mp(U)0  F,  and  slMp{U)]<(.  If  the  e-separating  set  U  can,  for  every  <>0,  be  chosen  of 
power  Sn  but  cannot,  for  every  «,  be  chosen  of  power  <«,  then  P  is  a  point  of  order  n  of  M.  See 
K.  Menger,  Grundziige  einer  Theorie  der  Kunien,  Mathematische  Annalen,  vol.  95  (1925),  pp.  277- 
306,  and  P.  Urysohn,  Sur  la  ramification  des  lignes  Canloriennes,  Comptes  Rendus,  vol.  175  (1922), 
p.  481. 

t  Bulletin  of  the  American  Mathematical  Society,  vol.  33  (1927),  pp.  685-689,  see  proof  of 
Theorem  1.  The  proof  here  given  is  somewhat  similar  to  the  one  just  refened  to.  R.  L.  Wilder  has 
recently  pubUshed  some  interesting  extensions  of  Theorem  1  in  my  paper  here  cited;  see  R.  L.  Wilder, 
On  connected  and  regular  point  sets,  Bulletin  of  the  American  Mathematical  Society,  vol.  34  (1928), 
pp.  649-655. 

i  See  Knaster  and  Kuratowski,  Remark  on  a  theorem  of  R.  L.  Moore,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  13  (1927),  pp.  647-649;  see  also  an  abstract  of  mine  in  the  Bulletin  of  the 
American  Mathematical  Society,  vol.  33  (1927),  p.  388. 
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sets  El,  Ei,  Ei,  ■  ■  ■  ,  E„.  One  of  these,  say  Ek,  contains  Q,  and  Q  is  not  a 
limit  point  of  M  —  Ek.  But  there  exists  an  integer  m  such  that  for  every  in- 
teger ;>m,  XjCMp.  And  since  QcMi,{X ,),  Ek^Q,  a-nd  Ek-X,=^0,  then 
EkcMb{X,)  for  every  j>m.  Hence  Q  is  not  a  limit  point  of  "^'^m+iM^iX,), 
because  this  set  of  points  is  a  subset  of  M  —  Ek-  But  clearly  Q  is  not  a  limit 
point  of  X^i  Ma{X,),  because  QcFcMbiX,)  for  every  7.  Therefore  Q 
is  not  a  limit  point  of  E,  contrary  to  supposition.  Thus  no  point  of  F 
except  possibly  P  can  be  a  limit  point  of  E. 

Now  P  must  belong  to  F,  for  if  not,  then  E  and  F  are  mutually  separated ; 
and  since  E+F  =  M,  this  contradicts  the  fact  that  M  is  connected.  Hence 
PcF;  and  since  E  and  F—P  are  mutually  separated  and  contain  A  and  B 
respectively,  and  E+{F—P)=M—P,  therefore  P  separates  A  and  B  in 
M  and  hence  belongs  to  K. 

Corollary  la.  If  M  is  a  continuum,  then  every  point  of  K  which  is  not 
in  K-^A  +5  is  a  non-regular  point  of  M. 

Theorem  1  does  not  hold  true,  even  in  case  M  is  a  continuum,  when  we 
substitute  the  words  "point  of  connectivity  im  kleinen"  for  the  words  "regu- 
lar point."  For  let  /  be  the  interval  (0,2)  of  the  X-axis;  let  A  and  B  be  the 
end  points  of  /;  let  L  be  the  straight  line  interval  from  (1,0)  to  (1,1);  let  P 
be  the  point  (1,0) ;  for  each  positive  or  negative  integer  n,  let  L„  be  the  straight 
line  interval  from  (l-fl/(2«),0)  to  (1-f  1/(2«),1);  and  let  M  be  the  con- 
tinuum I+L+'^L„.  Then  the  set  K  of  points  of  M  which  separate  A  and 
£  in  M  is  identical  with  the  set  I -{A  +B+P) ;  and  P  is  a  limit  point  of  K 
and  is  a  point  of  connectivity  im  kleinen  of  M;  but  P  does  not  belong  to  K. 

Theorem  2.  Let  N  be  any  closed  subset  of  a  connected  point  set  M,  and  let 
K  be  the  set  of  all  points  of  M  which  separate*  N  in  M.  Then  K+N  contains 
every  point  P  of  K  which  is  a  regular  point  of  M+P. 

Let  P  be  any  point  of  K  which  is  not  in  N  and  which  is  a  regular  point 
of  M+P,  let  e  be  a  positive  number  which  is  <p(P,iV),  and  let  [/  be  a  finite 
subset  of  M  which  t-separates  P  in  M+P.  Then  M-U-=Mp+M„,  where 
Mp  and  M„  are  separated  and  contain  P  and  N  respectively.  Now  Mp  con- 
tains an  infinite  sequence  Xi,  X2,  X3,  ■  ■  of  points  of  K  having  P  for  its 
sequential  limit  point.  For  each  i,  M -Xi  =  Mi{Xi)+M2{Xi),  where 
Ml  (Xi)  and  Ms  {Xi)  are  separated  and  N  ■  Mi  (X<)  ?i  0  5^  iV  •  M2  (X.) .  Now  since  t 
Mn+U  is  the  sum  of  a  finite  number  of  connected  point  sets,  it  follows 
that  there  exist  two  point  sets  Ka  and  Ki  and  an  infinite  subsequence 

•  The  point  P  of  a  connected  set  M  is  said  to  separate  a  given  subset  iV  of  M  in  Af  if  M—  P  is 
separated  between  some  two  points  of  A'^,  i.e.,  M—Pis  the  sum  of  two  mutually  separated  sets  Mi  and 
Ml,  where  N  ■  MiT^Qt^N  ■  M^;  see  R.  L.  Wilder,  loc.  cit. 

t  See  the  reference  to  Knaster  and  Kuratowski  above. 
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X„„  X„„  ■  ■  •  of  the  sequence  [X„]  such  that  Ka  +  Ki,  =  M„+U  and  such 
that,  for  every  i,  A'a  ci/i(A"„i)  and  A';,  cM2(A^„,).  Hence  if  ^=  A"  •  A„ 
and  B  =  N  ■  Kb,  then  A  and  B  are  mutually  exclusive,  closed,  and  non- 
vacuous  subsets  of  M,  and  every  point  of  Y.X„i  separates  A  and  B  in  M. 
Then  since  P  is  a  limit  point  of  YL^m  and  is  a  regular  point  of  M  +P,  it  fol- 
lows by  Theorem  1  that  P  belongs  to  M  and  separates  A  and  B  in  M. 
Therefore  P  separates  N  in  M  and  hence  belongs  to  K.  This  completes  the 
proof. 

Theorem  3.  Let  A  and  B  be  any  two  mutually  exclusive  closed  subsets 
of  a  continuum  M,  and  let  K  be  the  set  of  all  those  points  of  M  which  separate 
A  and  B  in  M.  Then  K-\-A  -\-B  contains  every  point  P  of  K  having  the  prop- 
erty that  every  subcontinuum  of  M  containing  P  contains  at  least  two  points 
at  which  M  is  connected  im  kleinen. 

Let  P  be  a  point  of  K  not  in  ^-|-B  which  has  the  property  mentioned 
in  this  theorem.  Let  the  points  and  point  sets  Xi,  X2,  X3,  ■■•,£,  and  F 
be  selected  and  defined  exactly  as  in  the  proof  of  Theorem  I.  Then,  just  as 
in  that  proof,  no  point  of  £  is  a  limit  point  of  F.  Likewise  no  point  of  F—P 
can  be  hmit  point  of  E.  For  suppose  some  point  Q  of  F—P  is  a  hmit  point 
of  E.  Let  A  be  a  compact  neighborhood  of  P  such  that  R  does  not  contain 
Q.  Then  since  for  no  i  can  ^  be  a  hmit  point  of  Ma{X,),  it  readily  follows 
that  if,  for  each  i,  /(X,,Ai+i)  denotes  the  set  of  points  Mb{Xi)  ■  Ma(Xi+i)  + 
Xi+X,+i,  then  both  Q  and  P  belong  to  the  sequential  limiting  set  L  of  the 
sequence  of  continua*  [/(Xi,A,+i)].  Now  with  the  aid  of  a  theorem  of 
Janiszewski'sf  and  a  theorem  of  Lubben's,t  it  follows  that  LR  contains  a 
continuum  H  containing  P  and  at  least  one  point  of  the  boundary  of  R. 
Since  for  each  i,  L-Ma{X,)={),  clearly  HcF.  Now  by  hypothesis,  H  con- 
tains a  point  C,  distinct  from  P,  at  which  M  is  connected  im  kleinen.  Since 
C  belongs  to  L,  it  follows  that  there  exists  an  integer  k  and  a  point  D  of 
I{Xk,Xk+i)  which  can  be  joined  to  C  by  a  subcontinuum  /  of  M  which 
does  not  contain  P.  There  exists  an  integer  j>/fe  such  that  Xj  does  not  be- 
long to  /.  But  then  C  belongs  to  Mb{X,)  (for  CcF  cMi{X^),  for  every  i), 
D  belongs  to  A/„(A,),  and  /  is  a  connected  subset  of  M a{X ,)  +  M i{X ,)  con- 
taining both  C  and  Z).  Clearly  this  is  impossible,  because  M a{X ,)  and  Mb{X,) 

•  See  my  paper  Concerning  the  cut  points  of  continua,  these  Transactions,  vol.  30  (1928),  pp.  597- 
609,  Theorem  1. 

t  Z.  Janiszewski,  Sur  les  continus  irriductibles  entre  deux  points.  Journal  de  I'Ecole  Polytechnique, 
(2),  vol.  16  (1912),  p.  109. 

X  R.  G.  Lubben,  Concerning  limiting  sets  in  abstract  spaces,  these  Transactions,  vol.  30  (1928), 
pp.  668-685;  see  Theorems  11  and  12. 
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are  mutually  separated.  Thus  the  supposition  that  F—P  contains  a  limit 
point  of  E  leads  to  a  contradiction.  Hence  E  and  F—P  are  mutually  sep- 
parated;  and  since  Ea^,  F-Ps^,  and  £+(F-P)  =M-P,  it  follows  that 
P  separates  A  and  B  in  M  and  hence  belongs  to  K. 

3.  Cardinal  number  and  Bore!  classification  of  the  set  of  cut  points. 
We  shall  prove  the  following  theorem: 

Theorem  4.  Let  A  and  B  be  any  two  points,  or,  indeed,  any  two  closed 
mutually  exclusive  subsets,  of  a  continuum  M,  and  let  K  be  the  set  of  all  points 
of  M  which  separate  A  and  B  in  M.  Then  K  is  the  sum  of  a  Gs  set*  and  a  count- 
hie  set. 

Let  E  be  the  set  of  all  those  points  of  M  which  can,  for  each  €>0,  be 
e-separated  in  M  by  some  two  points  of  K,  i.e.,  the  set  of  all  points  of  M  of 
order  ^  2  relative  to  K.  It  follows  readily  with  the  aid  of  a  theorem  of 
Menger'st  that  if  E  exists  it  is  a  Gi  set.  And  since  A  -\-B  is  closed,  H  =  E  — 
E-  {A  +B)  is  a  Gj  set.  Now  since  every  point  of  £  is  a  limit  point  of  A'  and 
is  a  regular  point  of  M,  then  by  Theorem  1,  K+A  -\-B  3  E.  Hence  H  cK. 
And  by  a  theorem  of  the  author's,!  K  —  H  is  countable.  This  completes  the 
proof. 

CoROLLARY§  4a.  //  K  is  uncountable,  it  contains  a  perfect  set. 

Theorem  5.  The  set  G  of  all  the  cut  points  of  any  continuum  M  is  a  d,, 
i.e.,  the  sum  of  a  countable  number  of  Gs  sets. 

Since  our  space  is  metric  and  separable,  M  itself  is||  separable  and  hence 
contains  a  countable  set  D  such  that  M  =  D.  Let  H  be  the  collection  of  all 
possible  pairs  of  points  of  D,  and  for  each  pair  (A  ,B)  of  points  in  H,  let  Kab 
be  the  set  of  all  points  of  M  which  separate  A  and  B  in  M.  By  Theorem  4, 
A„6  =  a  Gi  set  +  a  countable  set,  for  every  pair  {A,B)  in  E.  Then  since  H 
is  countable,  it  follows  that  YjH  -^'"''  is  a  Gs,.  Now  if  X  is  any  point  of 
G,  M  —  X  =  Mi+M2,  where  Mi  and  Ah  are  mutually  separated.  And  if  Pi 
and  Pj  are  points  of  Mi  and  M^,  respectively,  then  since  Pi  ■  Mi  =  0  =  P2  ■  M{ , 


*  A  Gj  set  is  a  point  set  which  is  the  common  part  of  some  family  of  open  sets. 

t  See  K.  Menger,  loc.  cit.,  Theorem  3. 

t  See  Concerning  the  cut  points  of  continua,  loc.  cit.,  Theorem  7;  see  also  my  paper  Concerning 
collections  of  cuttings  of  connected  point  sets,  Bulletin  of  the  American  Mathematical  Society,  vol.  35 
(1929),  pp.  87-104,  Theorem  12. 

§  This  corollary  follows  from  Theorem  4  and  Young's  theorem  that  every  Gj  set  containing  a 
subset  which  is  dense  in  itself  contains  a  perfect  set;  see  W.  H.  Young,  Leipziger  Berichte,  vol.  55 
(1903),  p.  287. 

II  See  W.  Gross,  Zur  Theorie  der  Mengen,  in  denen  ein  Distanzbegrif  definiert  ist,  Wiener  Sitzungs- 
berichte,  vol.  123  (1924),  pp.  801-819. 
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andPi+P2  c  D,  then  Z)  is  a  subset  of  neither  Mi-\-X  nor  1/2 +X.  Hence  there 
exist  points  A  and  5  of  Z)  in  Mi  and  Ms  respectively.  Therefore  X  separates 
A  and  £  in  M  and  hence  belongs  to  Kab  and  to  ^Kah-  Thus  G=^i(ra6, 
and  hence  G  is  a  d,. 

Corollary*  5a.  If  G  is  uncountable,  it  contains  a  perfect  set. 

We  note  here  the  following  fact  which,  in  a  certain  sense,  is  a  converse 
proposition  to  Theorem  4: 

If  K  is  any  set  which  lies  within  the  linear  interval  I  {A,  B)  and  is  the 
sum  of  a  Gi  set  and  a  countable  set,  then  there  exists  a  continuum  M  such  that 
K  is  identically  the  set  of  all  those  points  of  M  separating  A  and  B  in  M. 

We  note  also  the  fact  that  the  set  of  all  the  cut  points  of  a  continuum 
is  not  necessarily  the  sum  of  a  Gs  set  and  a  countable  set.  Indeed,  the  set 
of  all  cut  points  of  the  universal  acyclic  continuous  curve  of  Wazewski  is  not 
the  sum  of  a  G»  set  and  a  countable  set. 

4.  Concluding  remarks.  Theorem  5  and  Corollary  5a  are  propositions 
concerning  the  set  G  of  all  the  cut  points  of  a  continuum  M.  We  may  obtain 
the  same  conclusions  for  the  set  E  of  all  the  local  separating  points]  of  a  con- 
tinuum M.  We  state  the  following  propositions  concerning  the  local  separa- 
ting points  of  continua. 

(i)  Every  continuum  M  contains  a  countable  collection  [Mj]  (j  =  1,2,3, 
■  •  •  )  of  compact  subcontinua  such  that  if  H  is  the  set  of  all  local  separating 
points  of  M  and,  for  each  i,  Gi  is  the  set  of  all  cut  points  of  Mi,  then  (1) 
^'GiCH,  (2)  H—^Gi  is  countable,  and  (3)  for  each  i,  Mi-{M—Mi)  con- 
tains exactly  two  points. 

(ii)  The  set  H  of  all  the  local  separating  points  of  any  continuum  M  is 
a  Gt,;  and  if  H  is  uncountable,  it  contains  a  perfect  set. 

(iii)  Every  continuous  curve  M  contains  a  countable  collection  [Mi], 
(j  =  1,2,3,  •  •  •  )  of  compact  continuous  curves  such  that  if  H  is  the  set  of  all 


*  This  corollary  can  be  deduced  from  Theorem  5  using  Young's  theorem  (loc.  cit.),  or  it  follows 
also  from  Corollary  4a  and  the  author's  theorem  (see  Concerning  the  cut  points  of  continua,  loc.  cit., 
Theorem  3)  that  if  G  is  any  uncountable  set  of  cut  points  of  M,  then  some  two  points  A  and  B  of  G 
are  separated  in  M  by  uncountably  many  points  of  G. 

t  The  point  /"  of  a  continuurn_jl/  is  a  local  separating  point  of  M  if  there  exists  a  compact 
neighborhood  Roi  P  such  that  M  R—P  is  separated  between  some  two  points  of  the  component  of 
M  R  which  contains  P;  see  my  paper  Local  separating  points  of  continua,  in  Monatshef  te  fiir  Mathe- 
matik  und  Physik,  vol.  35,  No.  2. 
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local  separating  points  of  M  and,  for  each  i,  G,-  is  the  set  of  all  cut  points  of 
Mi,  then  ^"Gi^H. 

Result  (i)  is  readily  deduced  from  the  theorems  in  my  paper  Local 
separating  points  of  continua  (loc.  cit.) — in  particular  from  the  result  that  all 
save  possibly  a  countable  number  of  the  local  separating  points  of  any 
continuum  M  are  points  of  order  two  of  M.  Result  (ii)  follows  immediately 
from  (i)  and  Theorem  5  and  Corollary  5a  above.  Result  (iii)  was  established 
incidentally  by  the  author  in  proving  the  theorem*  that  the  set  H  of  all  the 
local  separating  points  of  any  continuous  curve  is  an  F». 

It  has  been  shown  by  the  authorf  that  all  save  possibly  a  countable  num- 
ber of  the  cut  points  of  any  continuum  M  are  points  of  order  two  of  M.  That 
this  theorem  does  not  hold  true  for  connected  sets  M,  even  in  case  M  is  ir- 
reducibly  connected  between  some  two  of  its  points,  is  shown  in  the  example 
given  by  Vietorist  of  a  totally  discontinuous  function  y=w(x)  which  has  a 
connected  graph.  That  this  theorem  does  not  hold  true  even  for  connected 
and  connected  im  kleinen  sets  M  is  shown  by  the  following  example.  Let  K 
be  a  non-dense  perfect  set  on  the  interval  /(0,1)  of  the  X-axis  not  containing 
the  end  points  A  and  B  of  /.  Let  Si,S2,S3,  •be  the  complementary  seg- 
ments of  K  in  /.  For  each  i,  let  Ei  be  an  ellipse  with  minor  axis  Si  and  with 
major  axis  two  units  in  length.  Let  M  =  I+^iEi.  Then  M  is  connected 
and  connected  im  kleinen,  and  every  point  of  K  separates  A  and  B  in  M; 
but  clearly  no  point  of  ii"  is  a  regular  point  of  M. 

Recently  I  have  made  a  study  of  the  structure  of  connected  and  con- 
nected im  kleinen  point  sets  and,  among  other  results,  have  found  the 
following  theorem: 

In  a  connected  and  connected  im  kleinen  point  set  M,  every  connected 
set  of  cut  points  is  arcwise  connected.  § 


*  See  my  paper  Concerning  points  of  continuous  curves  defined  by  certain  im  kleinen  properties 
Mathematische  Annalen,  vol.  102  (1929),  pp.  133-336. 

t  See  Concerning  the  cut  points  of  continua,  loc.  cit.,  Theorem  7. 

X  L.  Vietoris,  Stetige  Mengen,  Monatshefte  fiir  Mathematik  und  Physik,  vol.  31  (1921),  p.  202 ; 
see  also  Knaster  and  Kuratowski,  Sur  quclqucs  propiietis  topologiqiies  des  fonctions  dirivees,  Rendi- 
conti  del  Circolo  Matematico  di  Palermo,  vol.  49  (1925). 

§  For  special  cases  of  this  theorem,  see  an  abstract  by  C.  M.  Cleveland  in  the  Bulletin  of  the 
American  Mathematical  Society,  vol.  32  (1926),  p.  420,  where  the  theorem  is  stated  for  plane  con- 
tinuous cun'es  M,  and  my  paper  Concerning  the  structure  of  a  continuous  curve,  American  Journal  of 
Matheanatics,  vol.  SO  (1928),  pp.  167-194,  Theorem  8,  where  the  theorem,  in  more  general  form,  is 
proved  for  continuous  curves  M  in  n-dimensional  space. 


154  G.  T.  WHYBURN 


It  is  of  interest  in  this  connection  to  note  the  theorem,  easily  deducible 
from  the  work  of  F.  Frankl*,  that  Every  connected  point  set  M  each  point  of  \ 


*  See  Ueber  die  zusammenhdngenden  Mengen  von  hSchslens  zweiter  Ordnung,  Fundamenta  Mathe- 
maticae,  vol.  11  (1927),  pp.  96-104. 
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ON  THE  REGULAR  POINTS  OF  A  CONTINUUM* 

BY 

W.  L.  AVRES 

I.  Introduction 

1 .  We  consider  a  comjiact,  connected  metric  space  M  which  we  shall 
call  the  continuum  M.  A  point  p  of  M  is  said  to  be  a  regular  point  if  for  each 
€  >0  there  exists  a  neighborhood  Up  of  p  (i.e.,  an  open  subset  of  M  containing 
p)  such  that  d(Up)  <e  and  F(Up)  consists  of  a  finite  number  of  points.  The 
point  p  is  said  to  be  a  point  of  order  a  if  (1)  for  each  e>0  there  e.xists  a 
neighborhood  Up  such  that  d{Up)  <e  and  the  cardinal  number  of  F{Up)  ^a, 
and  (2)  a  is  the  smallest  cardinal  number  for  which  (1)  is  true.  Regular 
points  of  no  finite  order  are  called  points  of  order  w.  Let  .1/"  denote  the  set 
of  all  points  of  .1/  of  order  a.    Then 

.1/  =  .1/1  +  .1/2  +  .  ■  .  +  .i/"'  +  M««  +  .1/^ 

These  definitions  were  introduced  by  Urysohn  and  Mengerf  several  years 
ago  and  since  that  time  have  been  studied  in  a  number  of  papers. 

One  of  the  interesting  studies  in  this  theory  is  that  of  the  distribution 
and  structure  of  the  various  sets  M".  It  is  of  course  quite  obvious  that  .1/ 
may  be  composed  entirely  of  points  of  order  2  or  entirely  of  points  of  order  c. 
UrysohnI  has  given  examples  to  show  that  M  may  be  composed  entirely 
of  points  of  order  lc  or  entirely  of  points  of  order  >5,).  Except  for  these  four 
orders  this  is  not  possible,  a  consequence  of  a  theorem  proved  independently 
by  Urysohn, §  G.  T.  Whyburn"  and  H.  Kiinneth1[  that  if  all  points  of  M  are 
of  order  ^n,  then  the  points  of  order  ^jw  +  l  are  dense  in  M. 

Since  M?^lf"(«?^2),  it  would  be  interesting  to  know  more  of  the  distri- 
bution of  the  points  of  M".  Whyburn**  has  shown  that  M"  is  punctiform  and 
has  raised  the  question  as  to  whether  it  is  of  dimension  zero.    In  the  present 

*  Presented  to  the  Society,  September  9,  1<).?0;  received  by  the  editors  September  9,  ly.U). 

t  P.  Urysohn,  Comptes  Rendus,  vol.  175  (1922),  pp.  481^8.^;  and  K.  Menger,  Monatshgfte  fiir 
Mathematik  und  Physik,  vol.  ii  (1923),  pp.  148-160. 

{  Memoire  sur  les  nnillipliciU's  canloriennes,  2(;me  Partie,  \'erhandelingen,  .Vkademie  van 
\\  etenschappen,  .Vmsterdam,  vol.  1.^  (1927),  Xo.  4,  pp.  109-115. 

§  Ibid.,  pp.  105-9. 

II  On  regular  points  of  cuntiniia  etc.,  Bulletin  of  the  .\merican  Mathematical  Society,  vol.  .35 
(1929),  pp.  218-224. 

^  Ein  Theorem  der  Kiirvenlheoric.  Monatshefte  fiir  Mathematik  und  Physik,  \'ol.  .iG  (1929), 
pp.  149-152. 

*•  Loc.  cit. 
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paper  we  will  answer  this  question  in  the  affirmative  as  a  special  case  of  our 
theorem  that  M''+M"+^+  ■  ■  ■  +1/2"-'  is  a  set  of  dimension  zero.  As 
corollaries  of  this  theorem  we  obtain  most  of  the  previously  known  results 
concerning  the  distribution  of  the  points  of  finite  orders.  In  the  last  section 
of  the  paper  we  complete  our  study  of  the  structure  of  the  sets  of  various  finite 
orders  by  e.xamining  the  set  M^.  Here  we  prove  that  M^  is  composed  of  a  set 
of  dimension  zero  plus  a  countable  set  of  arcs. 

2.  Notation.  Capitals  will  denote  sets,  lower  case  letters  denote  indi- 
vidual elements  which  are  either  points  or  numbers.  The  usual  notation  of 
the  theory  of  sets  will  be  employed.  Below  we  will  list  some  special  notation 
which,  while  not  new,  is  not  universally  employed  by  writers  in  this  field  and 
thus  needs  definition. 

p£N=p  is  an  element  of  the  set  N. 

p  non-£N  =  p  is  not  an  element  of  the  set  N. 

p{p,  9)=distance  between  the  points  p  and  q. 

p{M,  iV)=greatest  lower  bound  oi  p(p,  q)  for  pE.M  and  qE.N. 

(i(A/)=  diameter  of  M=least  upper  bound  of  p{p,  q)  for  p+qcM. 

S(P,  »?) ^set  of  all  points  q  such  that  p(p,  q)  <rj. 

Q{p,  iV)  =  component  of  set  N  containing  the  point  p. 

F(N)  =  N-  (M -N)+  M - N ■  N  =  frontier  or  boundary  of  .V. 

C(A^)=M-A7'  =  complement  of  N. 

dirup  E,  orderp  £  =  dimension  of  set  E  at  p,  order  of  E  at  p. 

II.  The  structure  of  M",  Ur^l 

3.  Theorem.  For  any  integer  n>2,  the  set  of  all  points  p  of  a  continuum  M 
such  that  n^ order p  M^2n  —  3  is  a  zero-dimensional  set  (or  vacuous).* 

Let  E  denote  the  set  of  points  p  such  that  n^oTdeVp  M^2n  —  3.  Given 
e>0  and  p£E,  we  shall  show  the  existence  of  a  neighborhood  UpCS(p,  e) 
such  that  F{Up)  ■E  =  0,  i.e.,  dim  E  =  0.  li  p  is  a.  point  of  order  m,  by  an  order 
neighborhood  of  p  we  shall  mean  a  neighborhood  of  p  whose  boundary  consists 
of  exactly  m  points. 

Let  Zi  c  S(p,  he)  be  an  order  neighborhood  of  p.  HE-  F(Zi)  =  0,  our  proof 
is  complete.  If  not,  let  E-F{Zi)  =qi+q2+  ■  ■  ■  +?>,  {si^2n  —  3).  Let  Uk  be 
an  order  neighborhood  of  qki'i-^k^Si)  such  that  UicCS(qi!,  ri),  where  r*  is 
the  smaller  of  the  numbers  6/4  and  hp{qk,  F(Zi)+p  —  qk)-  We  see  that 
UrUi  =  0  if  i9^j.    Let  Vk=ZrUk  and  Wk  =  C{Zi)-Uk.    Since  qktE,F{Uk) 

*  Professor  K.  Menger  has  called  attention  to  the  fact  that  no  use  is  made  of  the  condition 
that  M  be  connected  and  compact  in  the  proof  of  this  theorem.  Hence  the  theorem  is  true  for 
any  metric  space  M. 
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consists  of  ^2n  —  3  points.  And  since  F{Vic)+F(Wk)  =F(Uk)+qk  and 
F{Vk)-F{Wk)=qk,  either  F{Vk)  or  F(Wk)  consists  of  ^n-1  points.  Let  A 
be  the  set  of  all  integers  i  such  that  F(Wi)  consists  of  ^n  —  l  points,  and  let 
/i  be  the  set  of  all  integers  1  ^j^Si  not  in  /i.  Let  Xk  be  an  order  neighbor- 
hood of  qic  such  that  Xk  c  Uk-    Now  let 

where  the  first  summation  extends  over  /i  and  the  second  over  /i. 

If  F{Z2)-E  =  0,  then  Z2  is  the  desired  neighborhood  Up.  If  not,  we  have 
F{Zd-Ec'£^FiXk).  Let  F{Xk)-F{Z,)-E  =  q,,+q,2+  ■  ■  ■  +qks,k-  For  each 
point  qim{i£li),  let  f/,„.  be  an  order  neighborhood  of  qtm  such  that  UimCWi 
■S{qim,  Tim),  where  r.m  is  the  smaller  of  the  numbers  e/8  and  \p{qim,  F(Xi) 
—  qim)-  For  each  point  qjm(j£Ji),  let  Ujm  be  an  order  neighborhood  of  §■;,„ 
such  that  UjmCVj„-S{qim,  ^jm),  where  r,m  is  the  smaller  of  the  numbers 
e/8  and  \p{qim,  F(Xj)—qj„).  We  see  that  Ukimi-Uk,mi  =  0  unless  ^1=^2, 
Wi  =  OT2.  Let  Vkm^Zi-Ukm  and  Wkm  =  C(Z2)-Ukm.  Since  qicv,£E,  F{Uk„,) 
consists  of  ^2n  —  3  points.  Then  either  F{Wkm)  or  F{Vkm)  consists  of 
g  w  —  1  points.  Let  I2  be  the  set  of  all  pairs  (k,  m)  such  that  F(Wkm)  consists 
of  gw  —  1  points.  Let  J2  be  the  set  of  all  pairs  (k,  m)  for  which  U km  is  defined 
that  are  not  in  /o.  Let  Xkm  be  an  order  neighborhood  of  qkm  such  that 
Xk^cUkm-    Now  let 

where  in  the  first  summation  {k,  ■m)Zh  and  in  the  second  {k,  m)EJi. 

If  F{Zi)-E  =  0,  Zi  is  the  desired  neighborhood  Uj,.  If  not,  we  repeat  this 
process  on  the  points  of  F{Z^-E  =  F{Z^-E^^^F{Xkn).  Continuing  this 
process,  at  some  stage  we  reach  a  neighborhood  Zi  such  that  F{Zi)-E  =  Q  or 
the  process  continues  indefinitely. 

In  case  the  process  continues  indefinitely,  we  define  a  monotonic  increas- 
ing sequence  of  neighborhoods  of  p  as  follows: 


'^  km, 


Y,=Zy-      Y.Uu,       Y2=Z2-      E      ^Uk 

k=l  k=l      m=l 

and  similarly  we  define  Y,  for  each  positive  integer  /.    Now  let 

1-1 

Since  UpCZi+^kUkcS{p,  e),  then  Up  is  the  desired  neighborhood  if 
F(Up)-E  =  0.  Every  point  of  F(Z,)  not  belonging  to  £  is  a  point  of  F(Y,) 
and  of  every  F{Y,)  for  s^t.    Then  the  points  of  F{Up)  are  of  two  classes: 
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(a)  points  which  belong  to  F(Vs)  for  every  5  greater  than  some  fixed  integer, 
and  (b)  Ilt=i{F{Up)—F(Yt)).  Just  above  it  was  seen  that  no  point  of  the 
class  (a)  is  a  point  of  E.   Now  as 

F(f>)  -F(Y,)  c    ^l\,,,,..,„ 
we  have  that  every  point  of  F{Up)  of  class  (b)  belongs  to  the  set 

00 

Now  consider  any  point  y  of  H.  Each  neighborhood  Ukm  is  a  subset  of  Vk 
or  Wk  according  as  kEh  or  7i,  i.e.  Ukm  is  a  subset  of  a  neighborhood  of  the 
first  stage  whose  boundary  contains  ^«  — 1  points.  Similarly  for  the  neigh- 
borhoods Uk^k.,  ■  ■  ■  ktoi  any  stage.  Then  at  each  stage  y  belongs  to  a  neighbor- 
hood whose  boundary  contains  ^w—  1  points.  And  as  the  diameters  of  the 
neighborhoods  approach  zero,  it  follows  that  order„  M^n  —  1.  Hence  y 
non-£E.    Then  Up  is  the  desired  neighborhood  of  p  as 

Up  c  Sip,  e)  and  F(Up)-E  =  0. 

4.  This  section  proves  corollaries  to  the  preceding  theorem. 

Corollary  1.  For  each  positive  integer  119^2,  the  set  of  all  points  of  M of 
order  n  is  zero-dimensional  (or  vacuous). 

Since  a  subset  of  a  vacuous  or  zero-dimensional  set  is  necessarily  of  the 
same  type,  for  n  >  2  this  follows  from  our  theorem.  That  the  set  i/'  is  of  this 
type  has  been  shown  by  Menger  and  Urysohn.* 

Corollary  2.]  There  exists  no  continuum  all  of  whose  points  are  of  order 
n9^2. 

If  .1/  is  a  continuum,  dim  3/^1.    Hence  ^f  — M"5^0  for  any  M7^2. 

Corollary  3.  The  simple  closed  curve  is  the  only  {compact)  continuum 
all  of  whose  points  are  of  the  same  finite  order. 

Corollary  4.  //  the  order  of  every  point  of  the  continuum  M  is  ^m,  then 
the  points  of  order  ^gW-f  1  arc  dense  in  M. 

From  our  theorem  it  follows  that  the  set  of  all  points  p  such  that 
Iw;  -|- 1  <  order^  M  g  w  is  zero-dimensional.  Hence  it  contains  no  open  subset 
and  the  remaining  points  are  dense  in  M. 

5.  Remarks.    It  may  be  noticed  in  the  proof  of  the  preceding  theorem 

*  K.  Menger,  Mathematische  Annalen,  vol.  95  (1925),  p.  293;  and  P.  Urysohn,  Second  refer- 
ence, p.  79. 

t  The  corollaries  2,  3  and  4  are  all  known  results.  See  the  papers  cited  in  the  Introduction. 
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that,  while  at  each  stage  the  neighborhoods  have  only  finite  boundaries,  the 
final  neighborhood  Up  may  have  an  infinite  boundary.  This  raises  the  ques- 
tion as  to  whether  it  is  possible  to  select  Up  with  only  a  finite  boundary. 
This  is  not  always  true.  If  we  join  two  of  the  Sierpinski  triangle  curves* 
at  the  vertices  we  have  a  continuum  containing  only  points  of  orders  3  and  4. 
Now  if  we  take  «=4  the  only  neighborhoods  Up  such  that  F(C/p)-£  =  Ohave 
infinite  boundaries. 

We  have  seen  that  dim  il/"  =  0  for  n>2.  It  would  be  interesting  now  to 
determine  the  conditions  under  which  dim^„>2  ■'l-'^"  =  0. 

Urysohn  has  constructed  very  interesting  examples  of  continua  con- 
taining points  of  orders  n  and  2n  —  2  only  for  any  n>2.  This  should  lead  to  a 
study  of  continua  containing  points  of  orders  m  and  n  only  {in>n>2). 
From  our  theorem  or  Corollary  4,  it  follows  that  such  a  continuum  can  exist 
only  if  OT^2w  — 2.  It  would  be  interesting  to  determine  whether  it  can  exist 
if  vi^k(n  —  l).  Also  it  seems  likely  that  in  such  a  continuum  the  points  of 
order  m  are  countable. 

III.  The  structure  of  M^ 

6.  Lemma.  //  p  is  a  point  of  M-  and  a  cut  point  im  kleinen  of  M  and  dimp 
M->0,  then  M  contains  an  arc  one  of  whose  end  points  is  p  such  that  the  arc- 
segment]  is  an  open  subset  of  M. 

As  />  is  a  cut  point  im  kleinen  of  M,  there  is  a  neighborhood  Zp  such  that 
Q(p,  Zp)=R+S,  where  R  and  5  are  continua  and  RS  =  p.  Then  either 
dimp  jR-il/->0  or  dim^  SM->0  and  we  suppose  the  former.  There  exists 
a  neighborhood  Up  such  that  if  the  neighborhood  Vp  c  Up,  then 

FiVp)-AP-R  ^  0. 

hsp&KP  there  is  a  neighborhood  \Vp  such  that  WpC  Up  and  F{Wp)R  is  a 
single  point  r  and  i2-IFp 5^0.  'L&tG  =  Wp-R.  As  rEM^  and  i? - Pp 5^ 0,  the 
point  r£G\  i.e.  the  points  of  G  of  order  1  with  respect  to  G.  As  pEG^  and 
AP-G  =  G-+p+r,'Nt  will  complete  our  proof  by  establishing  the  next  lemma. 

7.  Lemma.  //  G  is  a  continuum  and  (a)  p  and  r  are  end  points  of  G,  and 
(b)  for  any  neighborhood  Up  such  that  r  non-EUp,  the  set  F{Up)G-9^0,  then 
G  is  an  arc  with  end  points  p  and  r. 

Let  Q  denote  the  set  consisting  of  Z'+r-f- those  points  of  G-  which  separate 
p  and  r  in  G.  We  shall  prove  that  Q  is  a  closed  set.  Let  [qt]  be  a  sequence  of 

*  Comptes  Rendus,  vol.  160  (191S),  pp.  .S02-5;  and  Prace  Matematyczno-Fizyczne,  vol.  27 
(1915),  pp.  77-86. 

t  liy  the  arc-segment  is  meant  the  arc  minus  its  end  points. 
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distinct  points  of  Q  such  that  lim  qi  =  q.  We  shall  show  that  q£Q.  This  is 
true  \i  p=q  or  r  =  q.    li  p^q^^r,  there  are  two  cases: 

Case  I.   There  is  an  infinite  subsequence  [qi^]  such  that 

G  —  qif.  =  Gpk  +  G,k,  GpkGrk  +  Gpk  Grk  =  0, 
pEGpk,   q  +  qik+i+  r  c  Grk. 

Since  qifiC-,  Gpk  and  Grk  are  connected  and  GpkcGpk+i-   Let 

Xp  =  2-,Gpk- 

k=l 

The  set  Xp  is  a  neighborhood  of  p*  and  g  non-£Xp.  Suppose  F{Xp)  d  t&G-+r, 
tr^q.  Let  [/„]  be  a  sequence  such  that  i„£Gpn,  lim  /„  =  /.  As  /EnG,*  it  follows 
that  if  A^  is  any  subcontinuum  of  G  containing  t  and  t„,  then  qij&N  iox  j^n. 
Then  N  contains  q.  For  this  reason  G  is  not  locally  connected  at  t.  But 
i£G^+r  and  a  continuum  is  locally  connected  at  every  point  of  finite  order. 
Hence  /  cannot  exist.    By  condition  (b),  F{Xp)-G^7^0.    Then  q£G-. 

Suppose  there  exists  a  neighborhood  Ug  of  q  such  that  both  p  and  r  belong 
to  one  component  L  of  G—Ug.  Then  L^^q,^.  But  as  lim  qit  =  q,  for  k 
sufficiently  large  g.^ c  U,.  But  this  is  absurd  as  LUg^O.  Hence,  for  any 
neighborhood  Ug  such  that  p-\-rc.G—Ug,  p  and  r  belong  to  different  com- 
ponents of  G—Ug.  Now  let  [U„]  be  a  set  of  neighborhoods  of  q  such  that 
Un+i^Un,  d{U„)<l/n,  F(Z7„)  consists  of  two  points,  G—Ui^p+r.  It  is 
easily  seen  that 

G  -  t/„  =  Cip,  G  -  IQ  +  Cir,  G  -  U„); 
and  thus 


Then 


e{p,G-  r„+i)  =  eip,G-  L'„), 


G  -  ?  =    Ze(i'.G  -  L-„)  +   ZC(^G  -  r„). 

n  n 

Hence  ?£(?. 

Case  IL   There  is  an  infinite  subsequence  [q,^]  such  that 


Let 


G  —  qii^  —  Gpk  +  Grk,  GpkGrk  +  Gpk- Grk  =  0, 
p  +  q  +  (/,i.^i  c  Gpk,    r£Grk. 

X 

P    =      T.Grk. 


*  For  this  lemma  we  consider  G  as  our  space.   Relative  to  G  alone,  the  set  A',  is  open  and  hence 
is  a  neighborhood. 
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Exactly  as  in  Case  I  we  may  show  that  if  F{P)  ^t£G^-\-p,  t^^q,  then  G  is  not 
locally  connected  at  t.    We  have  thus 

(1)  F{P)-{G^--q  +  p)  =0. 

The  set  G—P  is  a  neighborhood  of  p,  and  r  non-£F(G  —  P).  We  have 
F{G-P)cF{P).    From  (1)  then, 

F{G  -  P)-(G'  -  9)  =  0; 

and,  from  condition  (b),  we  must  have  q£G^.  As  in  Case  I  we  may  show  that 
q  separates  p  and  r  in  G. 

We  have  shown  that  the  set  Q  is  closed.  Let  i?  be  a  subcontinuum  of  G 
irreducible  between  p  and  r.  Suppose  there  exists  a  point  x£H—Q,  and  let 
Gx  =  C(x,  H  —  Q).  Let  y£G^Q.  Since  p£G\  there  is  a  neighborhood  Zp  such 
that  F{Zp)=u  (a  single  point)  and  {x+r)-Zp  =  0.  The  point  u  separates  p 
and  r,  and  u£Q  from  condition  (b).  Then  GzCG  —  Zp  and  hence  y^p. 
Similarly  y^r.  Let  Uy  be  a  neighborhood  of  y  such  that  (x+p+r)-  l'y  =  0. 
As  y£G^  there  is  a  neighborhood  VycUy  such  that  F(Vy)  =Ui+U2.  From 
the  fact  that  H  is  an  irreducible  continuum  it  follows  that  both  Mi  and  M2 
separate  p  and  r  in  G.  Then  there  exists  a  neighborhood  Ypi  (i=l,  2)  oi p 
such  that  /^(Fpj)  =«<  and  thus  Ui£Q  from  (b).  The  connected  set  Gz  contains 
a  point  in  Vy  and  a  point  x  non-£r„,  so  either  iii  or  «2  belongs  to  G^.  But 
Gi-Q  =  0  and  Ui£Q.    This  is  a  contradiction  and  hence  H  —  Q  =  0. 

From  this  it  follows  that  H  =  Q  =  G.  Then  p+r  =  G'  a.nd  G-p~r  =  G\ 
By  a  result  due  to  Urysohn  and  Menger*  the  set  G  is  an  arc  with  end  points 
p  and  ;■. 

8.  Lemma.  //  p£M^  and  dimp  M ^  > 0,  then  p  is  a  cut  point  im  kleinen  of  M. 

There  exists  a  neighborhood  Up  such  that  if  Vp  c  Up  then 

(2)  FiVp)-M'^(), 
and 

(3)  F{Vp)  3  at  least  two  points. 

There  exists  a  sequence  of  neighborhoods  Vi,  V2,  ■  ■  ■  oi  p  such  that  F,  c  Up, 
Vi+i  c  Vi,  d{Vi)  < l/i,  F(Vi)  =uj+Vi.  Consider  the_set  F,-i -  F.-.  Obviously 
the  set  Ui-i+Vi-i+Ui+Vi  =  GcVi-i-Vi.  Let  x£ F._i -  F.-.  Then  e(x,  Fi-i 
—  Fi)-G?^0,  for  otherwise  there  would  be  a  separation  of  Vi-i  —  Vi  into 
mutually  separated  sets  containing  Q(x,  F.-i  — F.)  and  G  respectively.  But 
this  separation  would  effect  a  separation  of  M,  which  was  connected.  Then 
Fi_i  —  Vi  contains  at  most  four  components.   But  C(w.-,  Fi_i—  Vi)  must  con- 

*  P.  Urysohn,  loc.  cit.,  and  K.  Menger,  loc.  cit.,  p.  303. 
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tain  Mi-i  or  Vi-i  for  otherwise  Vi+Q(ui,  F,-i  —  F.)  is  a  neighborhood  Vp  c  C/p, 
but  F{Vp)=Vi  contrary  to  (3).  Similarly  for  C(^<,  _F._i— F<).  Also  C(m<_i, 
Fi-i— Fi)-(w.+i'i)?^0,  for  otherwise  Fi_i  — C(M._i^Fi_i— Fj)  is  a  neighbor- 
hood Vp  and  (3)  is  not  true.  Similarly  for  (^(I'i-i,  Fi-i  — Fi).  Thus  Vi-i—Vi 
has  at  most  two  components  and  each  contains  a  point  of  Ui+Vi  and  a  point  of 
Ui-i+Vi-i.  From  (2)  we  have  that  Ui£M^  or  i'i£.lf^.  Further  at  least  one  of 
these  points  is  a  point  of  M-  and  is  such  that  dim  i/--  (F,_i  —  F<)  >0  at  the 
point.  For  suppose  Ui+VicA'P,  dim  M^- (F,_i  — F<)  =0  at  both  points. 
There  exists  a  neighborhood  C/„..  c  T\_i  such  that  F(;7„..)  -i/--  (Fi_i-  F.)  =0, 
and  similarly  a  neighborhood  [', ,  c  T',_i.  Then  Wp  =  Vi+  [/„,+  U„.  is  a  neigh- 
borhood of  p  such  that  TI'p  c  t^p  and  F(ir'p)  ■  .1/=  =  0  contrary  to  (2).  In  case 
meu^,  Vi  non-eiP,  dim„,  M^ ■  (Fi-i -  F.)  =  0,  we  define  IFp  =  Vi+  ?7„,.  The 
only  other  possibilities  are  the  interchange  of «/,-  and  Vi. 

Case  I.  Suppose  (a)  m.-SI/-,  (b)  dim„,.  M--{Vi-i—Vi)>0,  (c)  v,  non-£.l/=. 
Since  Ui£M'-  there  is  a  neighborhood  t/u;  c  F,-_i— Fi+i  — f,-  such  that 
F{Uu,)=x+y.  Since  there  is  a  component  of  Fi— Fi+i  containing  «,■  and  a 
point  of  Ui+i+Vi+i,  either  x  or  y,  let  us  suppose  y,  belongs  to  Vi—  Vi+i.  Then 
xeM-,  since  dim„,  M^- (F._i-F.)  >0.  And  e(:r,  Tu,- (1^i-i- ^i))  =■&  is  a 
continuum  such  that  Ui+x  cHK  Now  if  ir„,.  is  any  neighborhood  of  ut  such 
that  X  non-£^F„,.,  then  IFu;  •?/«.■  is  a  neighborhood  such  that  F(1F„,.- f/m)  • 
•(F.-i-F,)cF(TF„";)-.&.  Then  from  (b)  we  have  that  F(IFu,)-^-il/VO. 
Thus  by  the  lemma  of  §7  the  continuum  H  is  an  arc  from  x  to  «<.  Now  let 
Ni  denote  Ui  plus  all  points  of  F,-i  —  Fj  that  can  be  joined  to  z(,  by  an  open 
arc-segment  of  F,_i  — Fi,  i.e.,  a  point  zfiFi-i  — F,-  is  a  point  of  A",-  if  there  is 
an  arc  A  c  F,-i  — F,-  with  end  points  z  and  U{  such  that  M —A+ut+z  is 
closed.  Evidently  H  c  Ni.  Since  Ui  is  a  point  of  order  1  of  F.-i  —  F,-,  we  see 
that  A^i  is  an  arc  or  homeomorphic  with  an  arc  minus  one  end  point.  Con- 
sider the  second  possibility.  As  T\  +  A'i  is  a  neighborhood  of  p  contained  in 
Up,  it  follows  from  (2)  and  (c)  that  one  point  of  Ni  —  Ni  is  a  point  q£M-. 
Since  M  is  locally  connected  at  q  we  have  that  q  is  the  only  point  of  Ni  —  Ni. 
Then  Ni+q  is  an  arc  and  q  may  be  Joined  to  tu  by  the  open  arc-segment 
Ni  —  Ui.  Thus  q£Ni  which  is  a  contradiction.  Hence  A",  is  an  arc  and  let  m,- 
and  q  be  its  end  points.  As  Vi+Ni  —  q  is  a  neighborhood  of  p,  q£AP  from 
(2)  and  (c).  If  q  non-£ui-i+Vi^i,  there  exists  a  neighborhood  f/,  c  F,_i—  F, 
such  that  F{Uq)  consists  of  Just  two  points.  Then  Just  as  was  the  case  with 
E,  we  may  show  that  L\  —  Ni-\-q  is  an  arc  by  using  the  lemma  of  §7.  Then 
any  point  of  this  new  arc  belongs  to  Ni  by  definition,  a  contradiction. 

Hence  qEui^i+Vi-i,  say  q=Ui-i.  As  q£M^  and  9  is  a  limit  point  of 
M—Vi-i,  q  =Ui-i  is  a  point  of  order  1  of  Fi_i  —  F,.  Hence  A^i  is  a  component 
of  Fi-i  — F<  and  F.-i  — F*  — A\  is  closed.    Then 
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F.-_i  -  F.  =  Ni+  Mi, 

where  Mc  is  a  continuum  containing  Vt  and  i'i_i. 

Case  II.  Suppose  (a)  Ui+VicM-,  (b)  dim„.  i1/=- (F',-_i-Fi)  >0,  (c)  dim„.. 
M--{Vi-i—Vi)  =0.  From  (c)  there  exists  a  neighborhood  U„.  such  that 
Uv,  c  Fi_i- F.+,-«.-  and  F{U,,)  ■  (F.-_,-  F^)  -IP  =  0.  The  proof  in  Case  II 
is  exactly  the  same  as  Case  I  except  that  where  a  neighborhood  of  p  is  formed 
by  taking  Fj  plus  some  open  set,  we  take  F,-+Z7„,.  plus  the  open  set. 

Case  IIL  Suppose  (a)  m+VicM'-,  (b)  dim„,.  M=  •  ( Fi_i  -  F.)  > 0,  (c) 
dim,,,.  M--{Vi-i  —  Vi)>0.  Let  iV^,.  and  N^^  denote  the  sets  consisting  of  Ui 
and  Vi  respectively  together  with  all  points  of  Fi_i  —  F;  that  can  be  joined  to 
Ui  or  Vi,  as  the  case  may  be,  by  an  arc  of  F,-i  —  F,-  such  that  the  arc-segment 
is  an  open  subset  of  if.  The  sets  A^„,  and  iV„,.  are  either  arcs  or  homeomorphic 
with  an  arc  minus  one  end  point.  Either  N^^.  or  A'^^^  is  an  arc,  for  otherwise 
Vi  +  Nui  +  N^^  is  a  neighborhood  of  p  and  we  have  a  contradiction  exactly 
as  in  Case  I.  Also  we  may  prove,  similar  to  the  proof  of  Case  I,  that  one  of 
these  must  be  an  arc  with  lU-i  or  d,.]  as  one  end  point  and  this  arc  is  a  com- 
ponent of  Fi-i  —  Vi  and  also  an  open  subset  of  it.   Hence 

F<_i-  Vi  =  Ni  +  Ali,   Ni-Mi  =  0, 

where  each  is  a  continuum  Joining  a  point  of  Ui-\-Vi  to  a  point  of  M,_i-t-^,_i. 
Thus  we  have  seen  in  any  case  that  each  set  Fi-i—  F;  consists  of  two  com- 
ponents Ni   and  M,-,   and   suppose   the   components  are   so  lettered   that 
Ni-Ni+^9^fd^Mi-Mi+i.    Then 


F 


[p+iN^j  +  l^p+j^M^j 


is  the  sum  of  two  continua  having  only^  in  common.   Hence  ^  is  a  cut  point 
im  kleinen  of  M . 

9.  Theorem.  //  M  is  any  continuum,  then  AP=H+K,  where  (a)  H  is 
vacuous  or  dim  H  =0,  (b)  if  p£ll  then  dimp  AP  =  0,  (c)  K  is  vacuous  or  a 
countable  set  of  arcs  Ai,  (d)  each  arc-segment  Ai  is  an  open  subset  of  M,  (e) 
Ai-Aj  =  Q,AiC.Ai,  or  AjcAi. 

Let  A'  denote  the  set  of  all  points  p  such  that  pEAP  and  dimp  M->0. 
Then  if  qeM--K,  dim,  AP  =  0.  Then  as  n  =  AP-KcM',  dim,  //  =  0  for 
each  q£H.  Now  let  pEK.  By  the  lemmas  of  §§6  and  8,  there  is  an  arc  Bp 
one  of  whose  end  points  is  p  such  that  BpCM'^  and  <Bp>,  i.e.  Bp  minus 
its  end  points,  is  an  open  subset  of  M.  And  the  arcs  Bp  may  be  chosen  so 
that  if  X  is  any  point  of  an  open  arc-segment  of  M,  there  is  some  point  p£K 
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such  that  x£<Bp>.  Then  the  set  [<Bp>]  for  all  points  p£K  is  a  set  of 
open  subsets  of  M  covering  all  points  of  open  arc-segments  of  M.  By  the 
Lindelof  property  there  is  a  countable  subset,  <Bi>,  <B2>,  •  •  ■  ,  which 
covers  the  same  set.  Since  each  Bt  c  AP  it  follows  that  if  the  sum  of  any  finite 
number  of  the  B,'s  is  connected,  then  it  is  an  arc.    From  this  we  find  that 

consists  of  a  countable  number  of  maximal  connected  subsets,  Ni,  N2,  ■  •  ■  , 
each  of  which  is  homeomorphic  with  a  closed,  half-open,  or  an  open  interval. 
Take  the  interval  (0,  1)  and  let  $,  be  the  homeomorphism  which  carries  this 
interval  (closed,  half-open,  or  open)  into  N,.    There  are  three  cases. 

Case  I.  Ni  is  homeomorphic  with  the  closed  interval.  In  this  case  iV,-  is 
an  arc  and  let  Aii  =  Ni,  yl,-,,  =  0  for  j>l. 

Case  II.  Ni  is  homeomorphic  with  the  half-open  interval  (0,  1  > .  In 
case  lim„^„  #;(«/(«+!))  exists  and  is  a  point  Xi£M^,  then  Ni+Xi  is  an  arc 
cAP  and  we  define  Aii  =  Ni+Xi,  Aij  =  0  for  j>l.  In  case  the  limit  does  not 
exist  or  .t,  non-EM^,  we  define  .4i,  =  4>,(/j),  where  /,■  is  the  closed  interval 

(o,i/0'+i))- 

Case  III.  A'^,  is  homeomorphic  with  the  open  interval  <0, 1  >.  Suppose 
(a)  lim„^„  $i(l/n)  exists  and  is  a  point  Xi£M-,  (b)  lim„,„  ^i{n/(n  +  l)) 
exists  and  is  a  point  yi£AP.  Then  Ni-{-Xi+yi  is  an  arc  c  M-  and  we  define 
Aii  =  Ni+Xi+yi,  Aij  =  Q  for  j>l.  If  (a)  is  true  and  (b)  false,  we  define 
^t;=-Ti-|-'I>i(/j),  where  /,■  is  the  half-open  interval  <0,  j/{j+\)).  If  (b)  is 
true  and  (a)  false,  we  define  Aij  =  yi+^i{Ij),  where  /,•  is  the  half-open 
interval  {\/(j-\-\),  1  >.  If  both  (a)  and  (b)  are  false,  we  define  Aii  =  ^i{I,), 
where  /,  is  the  closed  interval  {\/{j-\-2),  (i+l)/0'+2)). 

We  shall  show  now  that  [Aij]  is  the  required  countable  set  of  arcs,  i.e., 
for  every  i  and  j,  An  c  K,  and  if  p£K,  then  pEA^  for  some  i  a.ndj.  The  first 
part  is  obvious  from  the  definition  of  At,:  Now  if  p£K,  there  is  an  arc 
BpCAP  with  p  as  one  end  point  such  that  <Bp>  is  an  open  subset  of  AI. 
Now  as  [Bi]  covers  all  such  open  subsets,  there  exists  an  integer  i  such  that 
<Bp>  c  Ni.  If  p£Ni,  then  p£Aij  for  some^.  If  p  non-£Ni,  since  p  is  an  end 
point  of  Bp,  it  follows  that  either  lim„,„  $i(l/«)  or  lim„,^  ^i{n/(n  +  \))  exists 
and  is  the  point  p.    In  this  case  p£Aii. 

University  of  Michigan, 
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PERIODIC  ONE-PARAMETER  GROUPS 
IN  THREE-SPACE* 

BY 

DEANE  MONTGOMERYt  AND  LEO  ZIPPIN 

Introduction.  We  shall  consider  a  one-parameter  group  of  homeomor- 
phisms  of  euclidean  three-space,  here  designated  by  E,  into  itself.  We  shall 
postulate  for  our  group  a  certain  weak  periodic  character  with  respect  to  the 
points  of  E  and  shall  show  that  it  is  closely  related  to  the  rotation  group  of 
three-space.  In  particular  it  will  be  easy  to  determine  when  it  is  topologically 
equivalent  to  that  group.  In  anticipation  of  the  explanatory  remarks  of  the 
next  section,  we  may  formulate  our  principal  theorem  as  follows: 

A  continuous  one-parameter  group  T(x;  t), 

X(E,  —  00    <  /  <  00  , 

of  pointwise- periodic  homeomorphisms  of  E  into  itself,  whose  period  function  is 
bounded  in  every  sphere,  is  a  topological  quasi-rotation  group.  In  particular, 
it  is  the  topological  rotation  group  whenever  the  period  function  is  constant  over 
the  moving  points. 

1.  To  make  clear  the  meaning  of  the  theorem,  let  us  denote  hy  R  a.  fixed 
euclidean  three-space  of  reference,  given  in  cylindrical  coordinates:  (r,  6,  z). 
Let  F(r,  z)  be  any  positive  continuous  function  defined  for  all  s  and  all  r>0. 
For  a  fixed  real  number  /,  the  correspondence 

Tr(r,  e,z-t):  (r,  8,  z)  -^{r,e  +  2w[F{r,  z)]t,  z) 

defines  a  homeomorphism  of  R  into  itself  which  we  shall  call  a  quasi-rotation. 
The  totality  of  these  mappings,  for  all  real  t,  is  a  group  and  we  call  it  a  quasi- 
rotation  group.  In  particular,  when  F{r,  z)  is  constant,  it  is  the  rotation  group 
and  is  independent,  topologically  speaking,  of  the  value  of  the  constant.  Now 
let  H  denote  any  homeomorphism  of  R  into  E.  Corresponding  to  each  t, 
for  a  fixed  F(r,  s),  11  induces  a  homeomorphism  of  E  into  itself:  their  totality, 
for  all  /,  will  be  called  a  topological  quasi-rotation  group  of  E.  The  proof  of  our 
theorem  will  consist  in  constructing  a  suitable  function  F  and  homeomor- 
phism n. 

2.  In  accordance  with  our  premises,  let  T{x;  t)  be  a  one-parameter  group  of 
homeomorphisms  of  E  such  that 

*  Presented  to  the  .Society,  .September  12,  IQ.^.S;  received  by  the  editors  June  12,  193,S. 
t  National  Research  Fellow. 
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(i)  T(x;  t)  is  continuous  simultaneously  in  x  and  t; 

(ii)  to  each  solid  sphere  5  in  £  there  corresponds  an  integer  N  such  that 
if  xeS  there  exists  at  least  one  i  =  t(x)  for  which 

Tix;  i)  =  x,         0  <i  <  N. 

For  each  x  the  set  of  points  T{x;  t)  is  a  continuous  image  of  the  set  of  real 
numbers.  It  will  be  called  the  orbit  of  x  and  designated  by  0^.  The  set  of  real 
numbers  t  for  which  T{x;  t)=x  is  a  closed  subgroup  (not  the  identity)  of 
the  real  additive  group,  depending  on  x,  and  0^  is  homeomorphic  to  the  corre- 
sponding factor  group.  Therefore  Ox  is  either  a  simple  closed  curve,  the 
homeomorph  of  a  circumference,  or  the  single  point  x.  When  0:c  =  x,  x  will 
be  called  a.  fixed  point  and  said  to  have  the  period  zero.  Otherwise  x  will  be 
called  a  moving  point  and  its  period  p{x)  will  be  the  least  positive  number  for 
which  T{x;  p{x)]=x.  By  condition  (ii)  the  period  function  p{x)  is  bounded 
in  every  sphere.  By  the  group  property  it  is  constant  over  each  orbit.  The  fol- 
lowing lemma  is  quite  easy. 

Lemma  1.  If  the  sequence  of  points  x„  converges  to  a  moving  point  x,  and  the 
sequence  of  ^lumbers  p(x„)  to  a  number  p,  then  p  is  a  positive  integral  multiple 
ofp{x). 

As  an  immediate  corollary  p(x)  is  lower  semi-continuous. 

3.  The  orbit-space  E*.  If  the  point  y  is  in  0^,  there  is  a  /,  0^t<p(x), 
such  that  T{x;  t)  =y.  It  is  a  trivial  consequence  of  the  group  property  that 
two  orbits  have  no  point  in  common  unless  they  coincide.  Further,  if  any 
sequence  of  points  x„  converges  to  a  point  x,  then 


by  condition  (i),  and 


HO^-  ZO^  CO. 

in  virtue  of  the  boundedness  of  the  period  function.  That  is,  Oj  =  lim  Ox„. 
We  may  conclude  that  if  the  points  x„  converge  to  the  point  at  infinity,  that 
is,  properly  diverge,  then  any  sequence  of  points  drawn  from  the  correspond- 
ing orbits  must  properly  diverge.  It  is  convenient  to  adjoin  to  E  the  point 
at  infinity,  P„,  thus  obtaining  a  closed  three-sphere  E.  We  shall  extend  T(x;  t) 
by  the  following  definition:  T{P„;  t)  =P^  for  all  /.  In  this  way  P„  becomes  its 
own  orbit  and  is  a  fi.xed  point.  The  extended  function  remains  continuous 
simultaneously  and  it  is  still  true  that  if  x„^x,  then  O^^-^Oj:. 

We  can  now  construct  the  important  auxiliary  space  E*  whose  points  are 
in  1-1  correspondence  with  the  orbits  of  E,  and  which  we  may  suppose 
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metrized.f  The  continuous  single-valued  correspondence  of  E  into  E*  we 
shall  denote  by  L.  If  a  is  any  point  of  £*,  the  inverse  i"'(a)  is  an  orbit,  and 
^  is  a  closed  set  in  E*  when  L-^{A)  is  closed.  Finally  since  E  is  compact,  con- 
nected, and  locally  connected,  E*  will  have  all  of  these  properties.  It  will  be 
proved  later  that  E*  is  lionieomorp/iic  to  a  closed  2-celL  We  may  now  define 
for  every  a  in  £*  a  function  p*(a)  which  has  as  its  value  the  constant  value 
assumed  by  p{x)  on  L~^{a).  The  function  p*{a)  is  lower  semi-continuous. 

4.  Let  F  denote  the  set  of  fixed  points  of  E,  M  the  set  of  moving  points, 
D  the  subset  of  M  at  which  p{x)  is  discontinuous,  and  C  the  subset  of  M 
where  p{x)  is  continuous.  Then  E  =  F+C+D,  these  sets  being  mutually 
exclusive.  It  is  clear  that  F  is  closed,  and  it  is  not  vacuous  since  it  certainly 
contains  P„.  We  shall  assume  that  F  does  not  exhaust  E,  as  otherwise  the 
analysis  of  T{x;  t)  is  trivial.  Then  M  =  C-{-D  is  open  and  not  vacuous.  It  is 
clear  that  E*  =  L{F)  +  L{C)  +  L{D) ,  the  three  sets  being  mutually  exclusive. 

Lemma  2.  TJie  set  C  is  open  and  not  vacuous. 

This  is  an  easy  consequence  of  Lemma  L  There  is  no  reason,  a  priori, 
why  D  should  be  vacuous,  but  we  shall  see  later  that  it  is. 

The  system  of  orbits  contained  in  M  is  readily  shown  to  be  a  regular 
family  as  defined  by  H.  Whitney.  J  It  is  in  fact  a  very  special  type  of  such 
families  and  we  shall  therefore  be  free  to  exploit  the  "cross  sections"  which 
he  has  introduced  to  obtain  what  shall  here  call  a  true  section. 

Definition.  If  ^  is  a  subset  of  E*,  any  relatively  closed  subset  K  of 
L~^{A)  which  cuts  each  orbit  of  L~'^{A)  exactly  once  will  be  called  a  true  section 
of  L'^iA).  It  is  clear  that  A'  will  be  homeomorphic  to  A. 

By  Lemma  2,  D+F  is  closed;  it  follows  that  L{D+F)  is  closed  and  that 
its  complement  L(C)  is  open  in  E*. 

Lemma  3.  If  b  is  any  point  in  L(C)  there  is  a  neighborhood  U  of  b  suck  that 
L~^(U)  contains  a  true  section. 

Let  Ui  be  any  neighborhood  of  b  contained  in  L{C).  The  orbits  filling 
Z~'(f/i)  constitute  a  regular  family,  so  that  if  q  is  any  point  of  L~'^{b)  there 
exists  a  set  5  which  is  a  cross  section  through  q  of  the  curves  filling  L~'(f/i) 
[in  the  sense  of  Whitney].  Let  R„  be  the  closed  sphere  of  center  q  and  radius 
l/«.  The  set  R„S  is  a.  cross  section  through  ^.§  It  will  now  be  shown  that  for 
some  n  each  orbit  contains  at  most  one  point  of  R^S.  Suppose,  contrariwise, 
that  in  each  set  R„S  there  is  a  point  q„  such  that  0^„  cuts  RnS  in  a  second 

t  See  Hausdorff,  Mengenlehre,  1927,  p.  145,  for  a  definition  of  distance  between  closed  sets. 
X  Annals  of  Mathematics,  vol.  34  (1933),  pp.  244-270. 

§  We  shall  not  repeat  the  definition  and  properties  of  the  Whitney  cross  sections,  except  by 
implication. 
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point  f„.  There  is  then  for  each  n  a  number  i„  such  that  |/„|  ^|  ^(^n)  and 
such  that  T{q„;  /„)  =r„.  Since  p{x)  is  bounded  in  every  bounded  set,  it  may  be 
assumed  that  { /„ }  converges  to  a  unique  limit  tf,.  The  sequences  { q„  ]  and 
{r„}  converge  to  q,  so  that  q  =  \\m.  r„  =  lim  T{q^;  t„)  =  T(q;  to).  On  account  of 
the  continuity  of  p(x)  and  the  fact  that  |/„|  ^^p(q„)  it  follows  that  /o  =  0. 
Consider  now  the  arcsc„J„  made  up  of  points  T{q„;  t)[—\t„\  <t<\t„\].  These 
arcs  contain  q„  and  r„.  But  if  q'q"  is  any  arc  of  0,  containing  q,  and  X  is 
any  number,  it  is  easy  to  see  that  for  some  n,  there  is  an  arc  c„d„  contained 
in  an  arc  of  the  X-neighborhood  (in  Whitney's  sense,  loc.  cit.)  of  q'q".  Since 
this  is  in  contradiction  with  his  cross  section,  we  may  conclude  that  there 
must  exist  an  «i  such  that  each  orbit  which  cuts  Rn,S  cuts  it  exactly  once. 

The  set  R„,S  is  mapped  in  a  1-1  manner  on  the  set  Z(i?„,-5).  Because 
R„,S  is  compact  this  mapping  is  a  homeomorphism.  From  the  properties 
of  the  Whitney  section  the  set  Z(i?„,  •  S)  must  contain  all  points  in  some  neigh- 
borhood U  of  b.  If  K  is  the  part  of  /?„,  ■  5  which  is  mapped  into  U,  K  isa.  true 
section  oi  L-^(U). 

5.  In  this  section  we  shall  investigate  the  nature  of  the  inverse  images  of 
certain  simple  sets  in  E*  preparatory  to  showing  that  E*  is  a  closed  2-cell. 

Lemma  4.  If  a^  is  an  arc  in  L{C),  tJien  L^^{a0)  contains  a  true  section  and 
is  Jwmeomorphic  to  the  product  of  a  circle  and  a  segment. 

About  each  point  h  of  afi  choose  a  neighborhood  U  such  that  L~^{U)  con- 
tains a  true  section  K.  Any  subarc  a\fti  of  a/?  which  lies  in  a  single  U  is  clearly 
such  that  Z"K«i|3i)  contains  a  true  section  ai^i .  Since  a^  may  be  covered  by 
a  finite  set  of  the  f/'s  mentioned  above,  there  is  on  a/3  a  set  of  non-overlapping 
arcs  (aoai),  (aia2),  •  •  ■  ,  (a:n-ia„)  whose  sum  is  ajS  and  each  of  which  is  in  a 
single  U.  Leta','_ia'  be  a  true  section  of  Z-~' (a,_ia,) .  There  is  a  real  number  ti 
such  that  T{ai' ;  ti)  =a{ .  Consider  the  arc  ai'a(  +T{ai'ai  ;  ti).\  This  arc  is 
a  true  section  of  Z~'(aoai+aia2)  obtained  by  turning  the  true  section  of 
L~^{aia2j  so  that  its  first  end  point  matches  with  the  last  end  point  of  the  true 
section  of  L~^{oiaoii).  By  making  successive  turnings  of  this  type,  we  obtain 
an  arc  a'fi'  which  is  a  true  section  of  L~^{a^). 

If  /  is  the  unit  interval  and  C\  is  a  circle  of  circumference  2it  we  can  show 
that  L~^{(xff)  and  the  product-space  /xCi  are  homeomorphic  as  follows.  Let 
h{x)  be  any  homeomorphic  mapping  between  a'/3'  and  /.  Suppose  now  that  y 
is  a  point  of  L~^{a0)  which  is  on  the  orbit  cutting  a'/S'  in  .t  and  suppose  that 
T{x;  t)=y  where  0^t<p(x).  Then  because  of  the  continuity  of  pix)  in  C, 
a  homeomorphism  between  L~^{a0)  and  /xCi  is  defined  by  the  correspond- 
ence:  y<—>/?(a;)x27ri//)(x). 

t  This  shall  denote  the  set  of  all  points  x  such  that  .v=  T{x';  t\)  for  some  .v'C  ai    a-- . 
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Lemma  5.  //  the  arc  afi  is  in  L(C)  except  for  the  point  a  which  is  in  L{F), 
then  L''^{a0)  has  a  true  section  and  is  a  closed  2-cell. 

Express  a^  —  a  as  '^^=i(t„  where  the  (r„'s  are  consecutive  closed  arcs,  o-„ 
and  (7„+i  abutting  at  a  common  end  point  /3„.  Let  5„  be  a  true  section  of 
Z,^'  ((r„) .  The  end  points  bi  and  b(  of  Si  and  ^2  respectively,  corresponding  to  /3i, 
lie  on  the  same  orbit.  Choose  a  /*  so  that  T{bi  ;  /*)  =fti.  The  arc  SI  =  T{x;  t*), 
X  ranging  over  ^2,  is  also  a  true  section  of  L'^ia^i),  and  Si+Si  is  a  true  section 
of  L~'((ri+(r2).  Continuing  this  indefinitely  we  obtain  a  true  section  K  of 
L~^(a^—a).  It  is  clear  (compare  §3)  that  if/  denotes  the  fixed  point  L~^(a), 
K+f  is  closed  and  is  the  desired  section.  That  L~^(al3)  is  a  2-cell  is  now  trivial. 

Lemma  6.  If  J  is  a  simple  closed  curve  in  L(C),  then  L'^iJ)  contains  a  true 
section  and  is  a  torus. 

We  express  J  as  the  sum  of  two  arcs  ay0  and  ay'^.  Let  acb  and  a'c'b'  be 
true  sections  of  L~'^{ay0)  and  L~^(ay'^)  respectively.  Choose  t  and  t'  so  that 

T{a;t)  =  a',  T{b;t')=b'. 

Let  h  be  a  continuous  function  defined  for  all  x  of  acb  which  has  the  value  t 
at  a  and  t'  at  b.  The  set  of  points 

T[x;  h{x)\,  X  in  acb, 

is  a  true  section  of  L~'(a7/3),  and  is  an  arc  whose  end  points  coincide  with 
a'  and  b'  respectively.  Together  with  the  arc  a'c'b'  it  gives  the  desired  true 
section  of  L~'^(J).  That  L~^(J)  is  a  torus  can  now  be  seen  by  defining  a  homeo- 
morphism  similar  to  the  one  used  in  Lemma  4. 

6.  We  shall  devote  this  section  to  proving  that  D  is  vacuous.  A  certain 
type  of  set  used  below  will  first  be  described.  Let  B  be  the  product  of  a  circle 
and  an  interval,  in  other  words  a  bounded  cylinder.  Let  points  of  the  base 
be  specified  by  an  angular  coordinate  d  (O^d^ Itt)  and  on  one  base  of  the  cyl- 
inder identify  sets  of  k  points  of  the  form  d  +  2mr/k  (n=0,  1,  •  ■  •  ,  ^  —  1). 
Any  homeomorph  of  this  figure  is  called  a  twisted  strip  of  index  k. 

Lemma  7.  Let  afi  be  an  arc  which,  with  the  exception  of  a,  lies  in  L{C)',  and 
which  is  such  that  as  x  approaches  a  along  afi,  p*(x)  approaches  kp*(a).  Then 
Z~'(ai3)  contains  a  true  section  and  is  a  twisted  strip  of  index  k. 

We  observe  first  that  Z-'(a/3)  is  locally  connected.  For  let  g  be  any  point 
of  this  set,  U,  the  open  sphere  about  g  of  radius  €.  There  is  an  open  arc  of  the 
orbit  Og  which  contains  g  and  lies  entirely  in  U^.  Let  6<e  be  such  that  the 
sphere  f/j  about  g  does  not  intersect  0„  except  in  points  of  the  open  arc.  Let 
y=L{g).lX.  is  clear,  by  §3,  that  there  is  an  arc  a,  open  in  a/S  and  containing  y, 
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such  that  every  orbit  in  Z,~'(<r)  intersects  Ui.  Let  Q  be  the  subset  of  L~^{<j) 
consisting  of  all  points  x  such  that  .r  =  T{x;  i),  where  X-  is  some  point  of  f/j  and 
T{x;  t)  is  in  U,  for  every  /,  O^/^Hf  />0,  and  for  every  t,0^t^iii  t<Q.  It 
is  now  easy  to  see  that  Q  is  connected  and  open  in  Z,~'(a(3).  Hence  L~'(aj8)  is 
locally  connected. 

Therefore  if  q  is  any  point  of  Z,~'(a)  and  5  is  a  cross  section  through  q  of 
the  regular  family  filling  L~^{oi^),  S  is  locally  connected. f  Then  there  must 
be  an  arc  qr  which  is  contained  in  5'  and  which  has  q  and  no  other  point  on 

i-'(a). 

It  will  now  be  shown  that  qr  cuts  no  orbit  more  than  once.  For,  if  it 
did,  it  would  contain  a  proper  subarc  r'r  with  the  same  property.  Now 
r'rc  L~'^{a0),  where  a'/3  is  a  proper  subarc  of  a^.  In  virtue  of  Lemma  4,  a 
quite  elementary  argument  will  show  that  there  exists  a  point  v  of  r'r  and 
there  exists  an  arbitrarily  small  arc  o-  on  the  orbit  of  v,  containing  v  as  inner 
point,  such  that  on  arbitrarily  near  orbits  (possibly  on  0„  itself)  there  exist 
arcs  arbitrarily  near  to  a  (in  the  sense  of  Whitney)  which  meet  r'r  (therefore 
S)  in  at  least  two  distinct  points.  Hence  the  first  condition  that  5  be  a  cross 
section  (Whitney,  loc.  cit.)  fails  at  the  point  v.  Therefore  qr  cuts  all  orbits 
at  most  once. 

It  follows  that  qr  is  mapped  homeomorphically  on  a  subset  a/3i  of  a^  and 
a/8i  is  an  arc.  If  /3i  is  different  from  /3,  there  is  an  arc  ^i  0'  which  is  a  true  sec- 
tion of  L~'(/3ii3).  By  turning  /3i'/3'  so  that  /3i'  coincides  with  r  we  obtain  an  arc 
which  we  denote  by  qr'  and  which  is  a  true  section  of  Z."'(a/3). 

That  the  surface  swept  out  by  qr'  under  the  action  of  the  group  is  a  twisted 
strip  of  index  k  may  be  seen  as  follows.  Let  ()  be  a  cylinder  which  is  the 
product  of  K  and  /,  K  being  a  circle  of  circumference  lir  and  /  being  a  unit 
interval.  Let  y  be  any  point  of  Z.^'  (ajS)  and  denote  by  x'  the  point  in  which  the 
orbit  through  y  cuts  qr' .  Let  I  be  such  that  T{x';  t)  =y[<d^t<p{y)].  Let  h{x') 
be  a  homeomorphism  carrying  qr'  into  /.  Now  consider  the  following  corre- 
spondence. If  y  is  in  L-^{afi  —  a),  y  corresponds  to  h(x')x2irt/p{y).  If  y  is  in 
L-'^(a),  y  corresponds  to  h{x')x2wt/{kp{y)).  This  determines  a  correspond- 
ence between  L~^{a0)  and  certain  points  of  Q.  However,  when  the  proper 
identifications  arc  made  on  Q  to  make  it  a  twisted  strip  of  index  k,  the  above 
correspondence  actually  is  a  homeomorphism  of  L~^(a/3)  and  this  twisted 
strip. 

Principal  Lemma  1.  The  set  D  is  vacuous;  thai  is,  p(x)  is  continuous  on 
the  moving  points. 

We  shall  show  that  L(D)  cE*  is  vacuous.  We  know  that  L(D)  is  closed 

t  Whitney,  loc.  cit. 
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in  L{M),  hence  L{D)  =P-\-G  where  P  is  perfect  in  L{M)  and  G  is  countable. 
There  are  two  cases : 

(i)  P  is  vacuous.  Here  Z(Z))=G  and  contains  an  isolated  point  h.  Since 
L{F)  is  closed,  there  exists  in  E*  an  arc  fi'b  which,  except  for  h,  belongs  to 
L{C)  where  p*{x)  is  continuous.  Since  D  is,  in  this  case,  a  one-dimensional 
F<„t  it  is  well  known  that  its  complement  in  £  is  arcwise  connected.  Therefore 
if/*  denotes  any  point  of  L{F),  there  is  in  E*  an  arc  fi'f*  which  contains  no 
point  of  L{D).  Let/  be  the  first  point  of  this  arc  which  is  in  L{F).  In  the  sum 
of  the  arcs  h^'  and  ^'f  there  is  an  arc  b^f  such  that  the  open  arc  belongs  to 

UC). 

Now  it  is  quite  easy  to  see  that,  at  an  isolated  point  b  in  L(D),  p*(x)  ap- 
proaches a  unique  limit,  say  kp*{b),  where  by  Lemma  1,  k  must  be  an  integer. 
Then  from  previous  lemmas,  L~^{b^)  is  a  twisted  strip  of  index  k,  and  L~^{0f) 
is  a  2-cell.  It  is  clear  that  L~^{b0f)  is  homeomorphic  to  a  complex  which  con- 
tains no  absolute  cycle,  but  which  is  a  cycle  mod  k.  Such  a  configuration  can- 
not exist  in  E,  as  can  be  seen  from  the  Alexander  Duality  Theorem. J  In 
this  first  case  we  have  now  arrived  at  a  contradiction. 

(ii)  P  is  not  vacuous.  The  function  p*{a)  considered  relatively  to  P  is 
lower  semi-continuous  and  there  must  be  a  point  6  in  P  at  which  p*{a)  is 
continuous§  considered  relatively  to  P.  Let  0  be  an  open  set  in  L{M)  which 
contains  b  and  which  is  such  that  if  atO,  p*{a)<Np*{b)  where  N  is  some 
fixed  integer.  Assume  further  that  0  is  so  chosen  that  if  aeOP, 

,        P*(b) 

(1)  P*Uj)-  P*{b)     K'^- 

6N 

Let  H*  be  the  set  of  all  points  a  in  L{C)  such  that 

P*ib) 

(2)  I  ip*(b)  -  p*{a)  I  <  ^—^- 

6 

Let  Ei=H*0.  Assume  now  that  0  is  chosen  so  small  that  it  may  be  written 
as  a  sum  of  (mutually  exclusive)  sets  as  follows:  0=PO+G  O+^'^Hi.  Be- 
cause b  is  in  L(D)  there  must  be  an  integer  k^2  such  that  Hk  is  not  vacuous. 
Let  B  denote  all  those  points  of  the  boundary  of  Ok  which  lie  in  O,  where  0* 
is  used  to  denote  a  component  of  Hk-  Let  .Vo  be  a  point  in  L~^{Ok)  and  let  Xi 
and  X2  be  two  points  on  distinct  orbits  in  L~^{OP).  There  are  at  least  two 
such  points  because  P  is  dense  in  itself.  Join  Xo  and  .Ti  by  an  arc  a-q-Ti  which  is 

t  By  the  "Summensatz":  Menger,  Diniensionsiheorie,  p.  92. 

I  .Alexander,  these  Transactions,  vol.  23,  p.  335;  and  Pontrjagin,  .\nnals  of  Mathematics, 
vol.  35,  p.  904. 

§  Hausdorff,  Mengenlehre,  1927,  p.  255. 
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in  L~^(0)  and  which  intersects  neither  L~^(G)  nor  x^  (the  set  to  be  avoided 
is  a  1 -dimensional  F,).  Join  Xo  and  ^^2  by  an  arc  X0X2  which  is  in  L'^iO)  and 
which  intersects  neither  L~^{G)  nor  the  arc  previously  constructedf  (except 
of  course  at  the  point  Xa).  Let  xz  be  the  first  point  of  L~^{P  0)  on  xaxy  and  let 
.r4  be  the  first  point  of  L~^(PO)  on  XoX^.  These  points  are  in  L~^{B).  The  set 
L{xoX3)+L{xoXi)  is  connected  and  locally  connected;  let  L{xi)=a3  and 
L{x4)  =^4.  There  must  be  an  arc  asflj  which  is  a  subset  of  L{xoX3)+L{xoXi). 
Except  for  a^  and  at  this  arc  lies  entirely  in  Ok.  The  function  p*{a)  considered 
along  the  arc  aidt  must  approach  an  integral  multiple  of  p*{a3),  say  k3p*(a3), 
as  a  approaches  as  along  the  arc,  and  as  a  approaches  at  along  the  arc,  p*{a) 
must  approach  an  integral  multiple  of  p*{a^,  say  kip*{a^. 

For  a  in  the  interior  of  the  arc  we  must  have,  since  atOk  cHkC H*, 

(3)  \kp*(b)-  p*(a)\<^^- 

6 

Since  a,-  (1  =  3,  4)  is  in  OP  and  since  k^N,  (1)  implies 

,  ,        P*ib) 

\p*(b)-p*ia,)\  <^- 
ok 

This  inequality  implies 

(4)  \kp*ib)-  kp*(ad\<^-^- 

6 

From  (3)  and  (4)  we  have  the  following: 

,  ,        P*ib) 

(5)  \p*{a)-  kp*(ad\<-^- 

For  a  on  the  arc,  p*(a)>p*(b)  and  therefore  (5)  implies  that  ^3  and  kt  both 
equal  k. 

Let  as  be  some  point  on  the  interior  of  asai.  The  sets  ^"^(asaa)  and 
L~^{a!,a4)  are  both  twisted  strips  of  index  k.  These  strips  combine  to  form  a 
set  which  is  a  cycle  modulo  k  but  which  contains  no  cycle  in  the  absolute 
sense.  Again  by  the  Alexander  Duality  Theorem  such  a  set  cannot  be  im- 
bedded in  E  and  a  contradiction  has  been  reached.  Therefore  both  P  and  G 
must  be  vacuous  and  the  set  L(D)  is  vacuous. 

7.  It  will  assist  us  in  analyzing  F  to  construct  a  certain  homeomorphism, 
defined  as  follows:  For  any  point  x,  n(x)  is  the  point  T[x;  p(x)/2].  That 
H{x)  is  a  homeomorphism  follows  from  the  properties  of  T(x;  t)  and  the  fact 


t  Again  the  set  to  be  avoided  is  a  1-dimensional  F,. 
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that  p{x)  is  continuous  at  moving  points.  If  Xo  is  a  fixed  point  the  continuity 
of  H{x)  at  Xo  follows  even  though  p{x)  is  not  continuous  at  Xo  on  account  of 
the  boundedness  required  of  p(x).  The  fixed  points  of  H(x)  are  identical  with 
the  fixed  points  of  T(x;  t).  The  transformation  H{x)  clearly  has  period  2. 

Lemma  8.  The  set  F  is  nowhere  dense. 

The  set  F  is  closed  and  would  contain  inner  points  if  the  lemma  were 
false.  But  if  the  fixed  points  of  H  contain  inner  points,  H  is  the  identityf 
and  this  case  has  been  excluded  from  consideration. 

Lemma  9.  //  0  is  an  open  connected  set  which  is  invariant  under  T{x;  t), 
then  0  —  OF  is  arcwise  connected. 

Suppose  that  0  —  OF  =  A-\-B  where  A  and  B  are  disjoined  non-vacuous 
sets  such  that  AB+AB=0.  Since  0  —  OF  is  open,  A  and  B  must  be  open. 
The  set  0  is  transformed  homeomorphically  into  itself  by  H,  and  furthermore 
E{A)  =A,  H{B)  =B,  and  II(0F)  =OF.A  new  transformation  K  oi  O  into 
itself  will  now  be  defined.  If  xeB+OF,  K{x)=H{x);  if  xeA,  K{x)=-x.  The 
transformation  K  is  a.  homeomorphism  of  A  into  itself.  But  the  set  of  fixed 
points  of  K  contains  inner  points.  Since  K  has  period  2  and  since  0  is  locally 
euclidean,  it  follows  from  Newman's  theorem  that  every  point  of  O  is  fixed 
under  K.  This  contradicts  the  definition  of  K  and  hence  0  —  OF  must  be 
connected.  That  it  is  arcwise  connected  is  now  immediate,  since  0  F  \s  closed 
inO. 

It  follows  at  once  from  this  lemma  that  M  is  connected. 

Lemma  10.  If  q  is  any  fixed  point  there  is  a  connected  open  set  0  including  q 
which  has  an  arbitrarily  small  diameter  and  is  invariant. 

Take  a  sphere  containing  q  and  let  0  be  the  set  swept  out  by  this  sphere 
under  the  action  of  T(x;  t).  The  conditions  on  p{x)  imply  that  the  diameter 
of  0  may  be  made  small  by  properly  choosing  the  sphere  about  q. 

Lemma  11.  Every  fixed  point  is  arcwise  accessible  from  M. 

This  is  a  consequence  of  the  two  preceding  lemmas. 

Principal  Lemma  2.  The  set  L(M)  in  E*  is  homeomorphic  to  the  euclidean 
plane. 

Let  /  denote  any  simple  closed  curve  of  L{M).  The  set  L'^iJ)  is  a  torus 
by  Lemma  6,  and  E  —  L-\J)  is  the  sum  of  two  connected  domains  Oi  and  O2, 
say,  such  that  0.-0.=L-'(y),  i=\,  2,  by  the  Alexander  Duality  Theorem. 
Since  L-^{J)  is  invariant,  it  is  clear  that  Oi  and  O2  are  invariant.  By  Lemma  9, 


t  See  Newman,  Quarterly  Journal  of  Mathematics,  vol.  2  (1931),  p.  1. 
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Oi  —  OiF  is  connected.  It  is  clear  that  L{0i~0iF)  has  no  point  in  common 
with  LiQn-O^F)  and  that  L(M)-J  is  equal  to  the  sum  of  these  two  sets; 
that  is,  /  separates  L(M).  We  have,  in  fact,  shown  the  stronger  result  that  J 
separates  E*.  Now  if  G  is  any  arc  of  /,  L-^(G)  is  a  closed  proper  subset  of 
L-^{J).  Therefore  E  —  L-^{G)  is  open  and  connected,  and  E  —  L-\G)—F  is 
connected.  But  L[E- L-^(G)  - F]  =  L(M)  —G.  Therefore  G  does  not  separate 
L(M). 

To  complete  the  proof  it  is  necessary  to  showf  that  one  of  the  domains  of 
L{M)  —J  is  compact  in  L(M)  and  that  the  other  is  not.  One  of  the  domains, 
we  may  suppose  it  is  O2,  containsP^.  It  is  clear  that  LiO^  —  OiF)  is  not  com- 
pact in  L{M).  Then  we  have  left  to  show  that  Oi  does  not  contain  points  of  F: 
in  this  event  L{Oi)  is  compact  in  L(M).  Since  /  is  accessible  J  from  each  of 
its  domains,  if  L{Oi)  contains  a  point  of  L(F),  E*  must  contain  an  arc  aiaoa2 
such  that  ai+ai  is  in  L(F),  ao  is  in  /,  the  open  arc  aido  is  in  L{Oi  —  0\F),  and 
the  open  arc  00^2  is  in  L(0i  —  0yF).  The  sets  L-'(aiao)  and  L'^ia^a^)  are  2- 
cells  by  Lemma  5  and  it  is  clear  that  their  sum  is  a  2-sphere  S2  which  has  in 
common  with  the  torus  L-^(J)  the  simple  closed  curve  Z,"'(ao).  By  the  Dual- 
ity Theorem,  52  separates  E  into  exactly  two  open  connected  domains  d  and 
G2.  Now  Z,~'(7  — flo)  is  connected  and  must  lie  entirely  in  one  or  the  other  of 
these  sets,  say  in  d.  This  implies  that  there  cannot  be  points  of  G2  in  both 
Oi  and  O2.  Since  the  points  of  L"'(ai)  and  of  L'^iao)  (points  of  ^2)  must  be 
accessible  from  G2,  this  is  a  contradiction. 

8.  We  shall  now  prove  the  following  lemma: 

Lemma  12.  //  ajS  is  an  arc  in  L{M)  and  if  qr  and  q'r'  are  two  true  sections 
of  L~'(a/3),  there  exists  a  real  continuous  function  h{x)  defined  everywhere  on  qr 
such  that  T\x;  h{x)]  is  a  homeomorphic  mapping  of  qr  on  q'r' . 

Let  a  denote  any  point  of  q;/3,  x  and  x'  the  corresponding  points  of  qr  and 
q'r' .  It  is  clear  that  the  correspondence  x'< — >x  engenders  a  homeomorphism. 

For  a  definite  point  x  let  t  be  a  real  number  such  that  T{x\  t)  =x'.  Let  x„ 
denote  any  sequence  of  points  of  qr  converging  to  x.  Assign  to  each  x„  a 
number /„,  1/„|  ■^\p{x„),  such  that  r(A-„; /-f/„)  =.r„' .  At  least  one  such  num- 
ber exists  and  at  most  two.  We  may  suppose  our  sequence  of  points  such  that 
/„  converges  to  a  limit  /'.  Then  r(x„;  t+tn)^T{x\  t-\-t')  which  is  equal  to 
T{x';  /')■  On  the  other  hand  :r„'— »a;'  so  that  T{x;  t')=x',  from  which  we  may 
conclude  that  t'  =  mp{x')  where  m  is  some  integer  or  zero.  Since  p{x)  is  con- 
tinuous at  x',  t'  cannot  exceed  ^p{x')  in  absolute  value,  and  m  must  be  zero. 
It  follows  that  for  almost  all  Xn  only  one  choice  of  /„  is  possible  and  we  have 

t  L.  Zippin,  On  continuous  curves,  American  Journal  of  Mathematics,  vol.  52  (1930),  pp.  331-3.S0. 
t  L.  Zippin,  loc.  cit. 
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seen  that  this  choice  must  be  continuous  at  x.  It  can  now  be  seen  that  there 
must  exist  a  sufficiently  small  subarc  q"r"  of  qr  containing  x  as  an  inner  point 
such  that  a  real  continuous  function  h"(x)  may  be  defined  on  it  for  which 
T[x;  h"{x)]  maps  q"r"  homeomorphically  on  the  corresponding  subarc  of 
g'r'.  We  need  only  choose  an  arc  so  small  that  the  numbers  /„  assigned  above 
are  actually  less  in  absolute  value  than  one-half  the  corresponding  period. 

The  arc  qr  may  be  expressed  as  a  sum  of  non-overlapping  subarcs 
Qoqi,  qiqt,  ■  ■  •  ,  qk-iqk,  such  that  there  is  defined  on  qt-iqi  a  function  //i(.v)  of 
the  required  sort.  Now  the  values  of  //i  and  Ih  at  ^i  can  differ  only  by  an  in- 
tegral multiple  m  of  the  period  at  that  point.  Then  hi  =Ih  +  nip{x)  is  a  new 
function  defined  on  g^q-:  which  is  of  the  required  type,  and  this  new  function 
agrees  with  Iii  at  qi.  The  function  which  is  equal  to  In  on  ^o^i  and  equal  to 
hi  on  qig^  is  of  the  required  type  over  goqi+qiq^-  We  can  continue  in  this  man- 
ner, and  after  k  steps  we  arrive  at  a  function  defined  over  qr  which  satisfies 
the  lemma. 

Lemma  13.  If  S  is  a  closed  2-cell  in  L(M)  there  exists  a  true  section  of  L'\S). 

We  can  express  5  as  the  sum  of  a  finite  number  of  closed  2-cells 
Ai,  ■  ■  •  ,  A„,  oi  small  diameter  such  that  A'='^^Aj  is  itself  a  closed  2  cell 
and  the  intersection  of  ^  *  and  ^i+i  is  an  arc  /a+i.  Since  L~^{S)  admits  true 
sections  locally  by  Lemma  3,  it  may  be  assumed  that  to  each  Ai  there  corre- 
sponds a  true  section  5,  of  L~'(.4,). 

Let  B^  =  Bi,  and  suppose  we  have  constructed  a  true  section  5*=  of  L-'(^  *). 
Let  /  be  the  image  of  /t+i  in  B''  and  /'  its  image  in  B^+i-  Let  h{x)  be  the 
function  defined  on  /'  in  the  preceding  lemma,  and  let  H(x)  be  any  continu- 
ous extension  of  this  function  over  all  of  A^.  Then  B''+^  =  B''+T[x;  H(x)] 
where  x  is  allowed  to  vary  over  B^+i.  This  set  is  seen  to  be  a  true  section  of 
Z,~'(.4*+').  The  induction  is  complete  and  Lemma  13  is  proved. 

It  follows  from  this  lemma  that  L-'^iS)  can  be  mapped  homeomorphically 
into  the  product  of  a  circular  disk  D  and  a  circle  C  in  such  a  way  that  the 
path  curves  of  L-^S)  are  carried  into  the  sets  dxC  where  deD.  Hence  if  5  is 
a  closed  2-cell  in  M  and  a  is  a  point  of  S,  L-^{a)  cannot  bound  in  L-'^{S). 

9.  The  fact  just  proved  will  be  useful  in  the  following  lemma: 

Lemma  14.  //  a  is  a  point  of  L{M),  L-^{a)  cannot  bound  in  M.f 

If  L~'(a)  bounds  in  M,  it  must  bound  a  singular  2-chain  K  which  is  con- 
tained in  M.  The  transformation  L  carries  A'  into  a  closed  compact  subset  of 
L{M)  which  we  may  suppose  to  be  contained  in  a  closed  2-cell  S  where 


t  This  is  verj'  similar  to  a  theorem  due  to  Seifert,  Acta  Mathematica,  vol.  60,  p.  224. 


19361  PERIODIC  ONE-PARAMETER  GROUPS  35 

ScL(M).  But  now  L~^{a)  bounds  in  L"'(5),  which  from  the  remark  above 
cannot  happen. 

Now  since  any  simple  closed  curve  bounds  in  E  even  after  the  removal  of 
a  finite  number  of  points,  it  is  a  corollary  to  the  lemma  that  F  is  an  infinite  set. 

Lemma  15.  For  every  point  z  in  F,  F  —  z  is  connected. 

If  s  is  a  point  for  which  the  lemma  is  false,  F  may  be  expressed  as  the  sum 
of  two  closed  (in  F)  sets  A""  and  Y  whose  intersection  is  a  subset  of  z  (possibly 
vacuous).  If  X  and  y  denote  points  of  X  and  Y  respectively  and  if  L{x)  =  a 
and  L{y)  =b,  there  is  an  arc  ab  in  E*  which  contains  no  points  of  L{F)  other 
than  a  and  b.  This  follows  from  the  accessibility  of  points  of  F.  Now  L~^{ab) 
is  a  2-sphere  and  bounds  in  £  — z  by  the  Alexander  Duality  Theorem.  On  the 
other  hand  if  ai  is  an  inner  point  of  ab,  L-^(ai)  bounds  in  the  complement  of 
X  and  in  the  complement  of  F.  This  situation,  however,  contradicts  corollary 
W'  of  Alexander  (loc.  cit.),  and  this  contradiction  establishes  the  lemma. 

Since  F  contains  infinitely  many  points  and  is  connected  on  the  removal 
of  any  one  of  them,  it  must  be  connected. 

Principal  Lemma  3.  L(E)  is  homeomorphic  to  a  closed  half -plane. 

If  we  let  X  and  y  denote  any  two  distinct  points  of  F,  and  if  a,  b,  and  ab 
are  used  as  in  the  preceding  lemma,  the  2-sphere  L^'^{ab)  separates  E.  Since 
it  is  an  invariant  surface  we  can  conclude  that  the  arc  ab  separates  E*.  A 
proper  subset  of  this  arc  gives  rise  to  a  proper  subset  of  L~^{ab)  and  this 
does  not  separate  E.  We  conclude  that  the  arc  ab  separates  E*  irreducibly .] 
But  it  is  further  clear  that  each  domain  of  E  —  L~^{ab)  contains  at  least  one 
orbit,  and  since  this  bounds  in  its  domain,  we  see  that  each  domain  must 
contain  fixed  points.  Therefore  the  points  x  and  y  must  separate  the  set  F, 
and  the  points  a  and  b  must  separate  L{F).  Therefore  L{F)  is  a  continuum 
without  cut  points  which  is  separated  by  every  pair  of  its  points.  It  follows 
that  L{F)  must  be  a  simple  closed  curve. |  Finally  we  have  the  fact  that  E* 
is  a  closed  2-cell  with  L{F)  as  its  boundary. 

It  is  clear  that  E*  —  L{P^)  which  is  identically  L{E)  is  a  closed  half- 
plane,  the  points  L{F)  corresponding  to  the  boundary  line. 

10.  We  are  in  a  position  to  bring  our  entire  argument  to  a  close.  We 
shall  choose  a  Cartesian  coordinate  system  (z,  r)  in  L{E),  —  oo<z<<», 
0^r<  00,  so  that  L{F)  is  the  z-axis,  r  =  0.  This  is  possible  by  the  preceding 


t  L.  Zippin,  Characterization  of  the  dosed  l-cell,  American  Journal  of  Mathematics,  vol.  55 
(1933),  pp.  207-217. 

t  R.  L.  Wilder,  Concerning  simple  continuous  curves,  American  Journal  of  Mathematics,  vol.  S3 
(1931),  pp.  39-55;  Corollary,  p.  48. 
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lemma.  Now  L{M)  is  the  point  set  r>0.  We  can  obviously  express  this  set 
as  the  sum  of  a  countable  number  of  "rectangles"  such  that  the  sum  of  any 
finite  number  of  consecutive  rectangles  is  a  closed  2-cell.  Corresponding  to 
each  of  these  there  is  a  true  section  in  M,  by  Lemma  13,  and  these  can  be 
"fitted"  to  each  other  by  the  construction  in  that  lemma,  where  the  induc- 
tion must  be  carried  indefinitely.  Therefore  M  possesses  a  true  section  M' , 
and  M'  is  homeomorphic  to  L{M).  The  homeomorphism  is  given  by  the  func- 
tion L.  The  function  L  is  certainly  a  homeomorphism  between  F  and  L{F), 
since  each  point  of  F  is  its  own  orbit.  Then  it  is  clear  that  L  maps  M'+F 
homeomorphically  into  L{E).  For  if  a  sequence  of  points  of  L{M)  converges 
to  a  point  of  L(F),  the  corresponding  orbits  must  converge  to  the  fixed  point 
in  E,  and  therefore  the  corresponding  points  of  M',  which  lie  on  these  orbits, 
must  converge  to  it. 

We  may  now  transfer  to  E"  =  M'+F  the  coordinate  system  (s,  r).  We 
shall  extend  this  to  a  cylindrical  coordinate  system  in  all  of  E.  Consider  now 
an  arbitrary  point  x  of  E,  our  original  three-space.  It  belongs  to  an  orbit  Oi 
which  intersects  E"  in  a  single  point,  say  x",  with  coordinates  (2",  r"),  say. 
If  r"  =0,  x"  is  a  fixed  point  and  x  =  x".  Then  the  "9-coordinate"  of  x  shall 
be  indeterminate.  If  r"  >0,  there  is  a  unique  t",  O^t"  <p{x")  =p{x),  such 
that  r(.r",  t")=x.  The  6  coordinate  of  x  shall  be  2-Kt"/p{x").  Conversely, 
it  is  clear  that  any  three  numbers  z,  B,  r, 

-oo<s<oo,         0^9^  27r, 

determine  a  unique  point  of  E.  With  this  coordinate  system  established  in  E 
we  may  take  E  to  be  the  "reference-space"  /?  of  §1,  and  the  homeomorphism 
of  that  section  to  be  identity.  The  function  F{z,  r)  is  now  \/p{z,  r),  p(z,  r) 
being  the  value  of  the  period  function  at  the  point  (s,  r)  of  E" .  We  have  seen 
that  this  function  is  independent  of  B  and  is  continuous  at  the  moving  points, 
i.e.,  points  for  which  r>0. 
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1.  Hilbert,  after  building  up  geometry  from  a  point  of  view  which  relegated 
continuity  considerations  to  the  background  [4],  built  up  plane  geometry 
afresh  [5]  on  the  foundation  of  groups  of  honieomorphisms  of  the  number 
plane,  both  "continuity"  concepts.  It  is  this  latter  point  of  view  with  which 
we  are  concerned  in  this  paper.  Hilbert  carried  out  this  program  only  for  the 
plane  but  he  hinted  that  it  might  be  possible  to  carry  it  out  in  a  somewhat 
similar  way  for  three-space.  Kerekjarto  took  up  the  problem  [6]  for  three- 
space  and  made  a  great  deal  of  progress  with  it,  but,  as  he  wrote  before  the 
recent  developments  in  topological  groups,  he  found  it  necessary  to  employ 
a  stronger  set  of  axioms  than  is  necessary  now. 

Relying  on  the  theory  of  topological  groups  we  recently  characterized  the 
rotation  group  of  three-space  [9],  and  in  commenting  on  that  work  P.  A. 
Smith  [12]  suggested  that  it  might  provide  the  basis  for  an  extension  of 
Hubert's  program  to  three-space. 

The  purpose  of  this  paper  is  twofold.  In  the  first  place  we  shall  character- 
ize the  classical  space  geometries  on  the  basis  of  a  fairly  weak  set  of  axioms, 
and  in  the  second  place  we  shall  show  that  Hilbert's  axioms  for  the  case  of  the 
plane  can  be  weakened  by  replacing  what  might  be  called  his  "three-point 
condition"  by  a  two-point  condition.  We  achieve  this  latter  purpose  more  or 
less  incidentally  to  the  first. 

In  comparing  our  set  of  three-space  axioms  with  Hilbert's  axioms  for  the 
plane  we  find  that  the  first  axiom  is  the  same  in  both  cases.  The  third  axiom 
of  this  paper  is  weaker  than  Hilbert's,  and  our  second  purpose  above  is  to 
show  that  this  weaker  axiom  also  suffices  in  Hilbert's  case.  Our  second  axiom 
is  weaker  than  Hilbert's  second  axiom  in  that  it  relates  to  the  subgroup  leav- 
ing a  single  point  fixed,  but  it  is  incomparably  stronger  in  what  it  asks  of  that 
one  subgroup. 

We  do  not,  in  this  paper,  settle  the  question  of  whether  or  not  Hilbert's 
second  axiom  is  adequate  for  three-space  geometries.  This  question  is  bound 
up  with  an  unsolved  problem  concerning  transformation  groups. 

Finally  we  wish  to  remark  that  instead  of  assuming  that  the  space  we  are 
dealing  with  is  ordinary  three-space,  it  is  only  necessary  to  make  certain 
topological  assumptions  on  the  space  from  which  it  follows  by  virtue  of  the 
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same  group  axioms  that  the  space  is  actually  a  number-space.  But  we  reserve 
discussion  of  this  matter  for  another  occasion.  In  this  connection  see  the  ab- 
stract by  the  authors  in  the  Bulletin  of  the  American  Mathematical  Society, 
vol.  45  (1939)  (no.  349). 

2.  The  axioms.  We  formulate  two  sets  of  axioms,  the  first  set  for  the 
plane,  and  the  second  set  for  three-space.  The  first  set,  to  which  we  proceed 
immediately,  is  the  set  used  by  Hilbert  except  that  it  has  been  materially 
weakened  in  the  manner  described. 

We  assume  then  that  there  is  given  a  system  (£2,  G)  where  £«  is  the  num- 
ber-plane and  G  is  a  set  of  sense  preserving  homeomorphisms  of  this  plane, 
and  that  this  set  satisfies  the  following  conditions: 

2.1.  The  system  G  is  a  group. 

The  assumption  tacitly  implicit  in  the  above  is  that  G  is  efTective,  that  is, 
that  no  element  except  the  identity  leaves  all  of  E«  fixed. 

With  each  point  x  in  space  there  exists  a  subgroup  Gx  consisting  of  ele- 
ments of  G  which  leave  x  fixed. 

2.2.  If  X  is  any  point  of  E2  and  y  is  distinct  from  x,  then  G^iy)  is  infinite. 

This  axiom  could  be  reformulated  so  that  it  would  be  entirely  analogous 
to  our  axiom  2.2'  for  three-space  but  we  do  not  carry  this  out.  It  would  in- 
volve almost  no  change  in  the  work. 

2.3.  Let  {x,  y)  and  (x',  y')  be  tivo  pairs  of  points  of  £2,  where  the  points  of 
a  pair  are  not  necessarily  distinct.  If  there  exist  pairs  {xn,  yn)  and  {x^ ,  y„'), 
the  first  arbitrarily  near  (x,  y),  the  second  arbitrarily  near  to  (x',  y'),  and  if 
there  exists  an  element  of  G  taking  {x„,  y„)  to  (x„',  yn),  then  there  exists  an  ele- 
ment of  G  taking  {x,  y)  to  {x' ,  y'). 

As  we  have  said,  this  set  of  axioms  is  exactly  Hilbert's  except  that  the 
third  axiom  has  been  weakened  to  a  condition  on  pairs  instead  of  triples  of 
points. 

We  now  formulate  our  axioms  for  three-space.  We  assume  that  there  is 
given  a  system  (£3,  G)  where  £3  is  ordinary  three-space  and  G  is  a  set  of 
sense  preserving  homeomorphisms  of  £3  satisfying  the  following  conditions: 

2.1'.   The  same  as  2.1. 

2.2'.  There  exists  a  point  p  of  E  such  that  the  group  Gp  is  a  proper  subgroup 
of  G  and  for  a  sequence  of  points  p„  approaching  p  the  sets  Gp(p„)  are  at  least 
two  dimensional. 

2.3'.   The  same  as  2.3. 

Occasionally  we  shall  refer  to  the  situation  described  by  the  first  set  of 
axioms  as  the  plane  case  and  to  the  situation  described  by  the  second  set  as 


1940]  RIGID  SPACE  GEOMETRY  23 

the  space  case.  In  both  cases  we  shall  prove  that  ordinary  geometric  concepts 
such  as  "line"  and  "distance"  (and  in  the  space  case  "plane")  may  be  defined 
in  terms  of  G  in  such  a  way  that  we  obtain  either  euclidean  or  hyperbolic 
geometry  and  that  G  is  the  group  of  rigid  motions  of  the  corresponding  geome- 
try we  obtain.  We  do  this  in  the  plane  case  by  proving  Hilbert's  axioms  [S], 
that  is,  by  proving  that  the  two-point  condition  2.2  implies  the  three-point 
condition.  The  space  case  we  treat  in  detail  and  show  in  detail  that  there  are 
only  the  two  systems. 

Our  approach  to  this  problem  differs  from  Hilbert's  in  one  important  re- 
spect. Hilbert  analyzes  more  or  less  directly  the  topological  nature  of  the 
orbit  Gp{x).  In  three-space  this  course  seems  to  us  not  feasible  until  much 
more  is  known  about  strongly  homogeneous  subsets  of  space.  But  even  grant- 
ing such  knowledge  our  procedure  has  the  advantage  of  making  available  the 
results  of  topological  group  theory.  Thus,  we  proceed  at  once  to  a  study  of 
the  group  Gp  as  a  topological  transformation  group.  In  brief  summary,  we 
first  confine  our  attention  to  a  suitable  invariant  neighborhood  of  the  point  p 
where  orbits  under  Gp  can  be  proved  compact.  We  form  the  effective  group  in 
this  neighborhood,  and  show  that  any  sequence  of  elements  of  this  group  has  a 
subsequence  which  converges  to  a  homeomorphism  of  the  neighborhood  into 
itself.  We  then  augment  our  group  by  the  addition  of  such  homeomorphisms. 
It  transpires,  only  considerably  later,  that  this  enlargement  is  an  illusory  one. 
The  enlarged  group  is  then  shown  to  be  a  compact  topological  transformation 
group  on  a  "locally  euclidean"  space.  From  our  previous  work,  we  then  know 
that  our  orbits  are  necessarily  manifolds,  and  it  is  not  difificult  to  show  that 
they  are  indeed  spheres.  From  an  earlier  paper  of  ours  we  learn  also  the  com- 
plete structure  of  the  group  and  its  behavior  in  the  neighborhood.  We  are 
now  in  a  position  to  show,  by  an  argument  patterned  on  one  of  Hilbert's,  that 
the  neighborhood  above  coincides  with  space. 

The  use  of  a  "two-point"  rather  than  "three-point"  axiom  shows  itself  in 
one  or  two  interesting  ways  in  the  study  of  Gp  but  becomes  a  matter  of  con- 
siderable moment  in  the  study  of  the  group  G  as  a  topological  transformation 
group  of  the  space.  This  argument  is  given  in  §12.  To  this  point  the  case  of 
the  plane  or  of  space  may  be  treated  more  or  less  simultaneously,  and  it  seems 
to  us,  in  fact,  that  much  of  this  generalizes  with  no  great  difficulty  to  four- 
space  and  perhaps  farther. 

The  remainder  of  the  paper  is  devoted  to  a  study  of  the  geometry  induced 
in  space  by  the  group  G.  Here,  after  a  few  paragraphs,  we  are  on  ground  al- 
ready explored  by  Kerekjarto.  His  paper  was  not  known  to  us  until  our  own 
had  been  completed,  and  we  carry  out  the  program  essentially  as  we  had  it. 
We  do  this  in  part  for  completeness  sake,  in  part  because  the  form  in  which 
our  solution  is  set  differs  sufficiently  from  Kerckjarto's.  At  one  point  in 
proving  the  linearity  of  our  planes  we  borrow  a  very  ingenious  idea  from 
Kerckjarto's  paper  which  shortens  considerably  an  argument  of  our  own. 
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3.  In  a  great  part  of  the  paper  we  treat  the  two  cases  simultaneously, 
calling  the  space  (which  of  course  is  either  £2  or  £3)  simply  E.  When  we  speak 
of  a  sphere  or  a  rotation  group  we  of  course  mean  the  one  appropriate  to  the 
dimension  of  the  space. 

Let  p  be  a  point  of  E,  which  for  £2  may  be  any  point,  but  which  for  £3 
is  to  be  the  point  specified  by  2.2'. 

Hilbert  points  out  that  for  any  x  the  set  Gp{x)  is  closed.  This  is  a  conse- 
quence of  2.3.  Thus:  let  x„  be  a  sequence  of  points  in  Gp{x)  converging  to  a 
limit  point  Xo-  There  are  elements  g„  in  Gp  such  that  Xn  =gn{x).  The  element  g„ 
takes  the  pair  {p,  x)  to  the  pair  {p,  x„).  By  2.3  there  is  a  g  in  G  which  takes 
{p,  x)  to  ip,  STo)  and  this  element  certainly  is  in  Gp. 

By  a  similar  method  it  is  seen  that  G{x),  which  ultimately  will  be  shown 
to  coincide  with  E,  is  closed. 

4.  Let  R  be  the  set  of  points  x  such  that  Gp{x)  is  compact.  This  set  is  not 
vacuous  for  it  contains  p. 

Lemm.\  1.   The  set  R  is  open. 

Let  X  be  any  point  in  R,  and  let  5  be  a  conditionally  compact  open  set 
containing  Gp{x)  in  its  interior.  Let  S  be  the  boundary  of  B.  We  assert  that 
there  is  an  open  set  V  containing  Gp(x)  such  that  Gp  carries  no  point  of  S  inside 
r.  Otherwise  there  must  exist  a  set  of  elements  g„  in  Gp  and  a  set  of  points  6„ 
in  5  such  that  at  least  one  point  of  the  set  gn{b„)  lies  in  every  neighborhood 
of  the  compact  set  Gp{x).  There  is  no  loss  in  assuming  that  b„  approaches 
some  point  6  in  5  and  gn{bn)  approaches  a  point  a  in  Gp{x).  But  then  there 
must  be  an  element  of  Gp  taking  6  to  a  which  means  that  a  point  of  S  is  in 
Gp{x)  contrary  to  the  choice  of  B. 

Let  W  denote  those  components  of  the  above  determined  V  which  in- 
clude points  of  Gp(x).  The  set  W  is  open  and  no  element  of  Gp  carries  a  point 
of  W  outside  of  B.  For  such  an  element  would  also  leave  an  element  of  W 
inside  B  (any  point  namely  in  which  W  meets  Gp{x)),  and  it  would  therefore 
carry  some  point  of  W  into  5  which  is  impossible. 

It  has  now  been  shown  that  all  points  of  W  have  orbits  inside  B.  There- 
foVe  every  point  of  W  has  a  compact  orbit  and  x  is  in  an  open  set  W  all  of 
whose  points  have  compact  orbits  as  the  lemma  demands. 

4.L  The  proof  shows  even  more  than  is  required  in  Lemma  Lit  shows, 
for  any  point  x  in  R,  that  x  is  an  interior  point  of  a  set  W,  such  that  Gp{W) 
is  a  conditionally  compact  set.  If  W  is  the  closure  of  W,  then  Gp{W)  is  com- 
pact and  X  is  seen  to  be  an  interior  point  of  a  set  IF  such  that  Gp{W)  is  com- 
pact. These  facts  together  with  the  Heine-Borel  theorem  enable  us  to  state 
the  following  lemma. 

Lemma  2.  //  M  is  any  compact  subset  of  R,  then  Gp{M)  is  compact. 

5.  We  consider  now  the  action  of  Gp  on  R.  Conceivably  Gp  has  a  non- 
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trivial  subgroup  leaving  all  of  R  fixed.  Later  this  possibility  will  be  ruled  out, 
but  meanwhile  we  must  take  account  of  it.  Let  Gl  be  the  subgroup  leaving  all 
of  R  fixed.  This  subgroup  includes  the  identity  at  any  rate,  and  Gp/G],,  which 
will  be  denoted  for  brevity  by  H,  is  an  effective  transformation  group  of  R. 
Our  next  task  is  to  show  that  H  may  be  extended  to  become  a  compact 
transformation  group  of  i?.  It  will  be  assumed  that  E  is  assigned  a  bounded 
metric,  say  the  metric  of  a  three-sphere  or  a  two-sphere  according  to  the 
case,  which  is  obtained  by  adding  a  point  to  E.  This  means  that  we  can  define 
a  distance  between  any  two  transformations  of  E  into  itself  or  between  any 
two  transformations  of  a  subset  of  E  into  itself.  For  example  if  /  and  g  are 
two  transformations  of  R  into  itself 

d(f,g)  =  lu.h.  d[f{x),  g{x)] 

where  x  ranges  over  R.  Under  this  distance  //  becomes  a  metric  space. 

5.1.  Lemma  3.  If  a  sequence  of  elements  of  G  converges  everywhere  on  a  set  M 
to  a  limit  h,  then  h  is  continuous  on  M.  If  M  is  compact  the  convergence  is  uni- 
form. 

Let  us  prove  first  that  h  is  continuous.  Let  m  be  any  point  of  M  and  let  5 
be  any  sphere  with  /(w)  as  a  center.  Let  wz,  be  a  sequence  of  points  of  M 
approaching  m.  We  shall  show  that  almost  all  the  points  hivii)  are  inside  or 
on  S.  Assume  that  this  is  not  true  for  an  infinite  subsequence,  say  Wt,,  and  let 
nik^m  be  a  short  arc  joining  wu.  to  m.  Since  g„  approaches  h  and  since  /«(?«*,) 
is  outside  S  by  assumption,  there  will  certainly  be  an  integer,  say  w,-,  such 
that  gmimk,)  is  outside  S.  We  may  assume  without  loss  of  generality  that 
every  g„^im)  is  inside  5.  Hence  there  is  a  point,  say  y^^,  on  the  arc  Wi,w  such 
that  gnSyki)  is  on  S.  Assume  that  gn.Cyi.)  approaches  a  point  b  on  5.  Then  g„,. 
takes  the  pair  (jt,,  m)  which  is  near  {m,  m)  to  the  pair  [fn.CyA-,),  gmim)  ]  which 
is  near  \b,  h{m)\.  This  is  a  contradiction  from  which  the  continuity  of  h  fol- 
lows. 

We  shall  next  show  that  the  convergence  is  uniform  in  case  il/is  compact. 
If  the  convergence  is  not  uniform,  there  is  for  some  positive  number  e  an 
infinite  set  of  indices  ki,  ki,  ■  ■■  and  a  set  of  points  Wi,  Wo,  ■in  the  set  M 
such  that 

<^[gA-.(»'.),  /'('«.)]  ^  e. 

There  is  no  loss  in  assuming  that  the  sequence  mi  converges  to  m  and 
that  g*-,(w,)  converges  to  a  point  b.  From  the  above  inequality  b  and  h{m), 
which  is  the  limit  of  h{mi)  by  the  continuity,  are  distinct.  The  transformations 
gki  therefore  take  the  pair  (m,-,  m)  which  is  near  (m,  m)  to  the  pair  [gt,(w,), 
gki{m)]  which  is  near  [b,  h{m)].  By  2.3  there  must  be  an  element  of  G  taking 
m  to  each  of  the  distinct  points  b  and  h{m).  This  contradiction  shows  that  the 
convergence  is  uniform. 
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Lemma  3.1.  Let  g„  be  a  sequence  of  elements  of  G  converging  to  h  everywhere 
on  a  set  M.  Then  if  nit  approaches  m  it  follows  that  gi{mi)  approaches  h{m). 

The  set  B  containing  the  points  m  and  ail  m.'s  is  compact.  Hence  on  this 
set  gn  converges  uniformly  to  h.  Let  e  be  any  positive  number.  For  all  n 
greater  than  an  integer  Ni, 

dUn{x),h{x)]  <e/2 

for  all  X  in  B.  Since  h  is  continuous,  there  will  be  an  integer  Ni  such  that  if  n 
is  greater  than  N2 

d[himn),  him)]  <  e/2. 

For  all  M  greater  than  A''i  and  N^  we  have  not  only  this  latter  inequality  but 
we  have  as  a  consequence  of  the  first  inequality 

d[gn{mn),  h{mn)]  <  e/2. 

The  last  two  inequalities  yield  the  desired  conclusion. 

Lemma  3.2.  If  a  sequence  f„  of  elements  of  Gp  converges  everywhere  on  a  com- 
pact set  M,  invariant  under  Gp,  to  a  transformation  f,  then  f  is  a  homeomorphism 
of  M  into  itself. 

In  view  of  Lemma  3  it  is  only  necessary  to  show  that/  has  a  single  valued 
inverse  and  that/(il/)  =  M. 

If  /  does  not  have  a  single  valued  inverse,  there  must  be  two  distinct 
points  b  and  c  such  that/(&)  =f{c).  Then  the  elements /„  take  the  pair  (&,  c) 
to  the  pair  [f,i(b),f„{c)\  and  by  2.3  there  is  an  element  in  G  which  takes  both 
b  and  c  to  f{b).  This  contradiction  shows  that/  is  one-one,  and  since  Af  is  com- 
pact/must take  Af  homeomorphically  to  f(M).  We  know  that/(ilf)  is  a  sub- 
set of  AI,  and  to  complete  the  proof  of  the  lemma  it  remains  only  to  show  that 
f{AI)  coincides  with  AI. 

Let  b  be  any  point  in  AI.  Then  there  is  an  element  m„  in  AI  such  that 

fnim„)  =b.  Assume  that  the  sequence  w„  approaches  a  point  m.  Now/„  takes 

the  pair  (w„,  m)  which  is  near  (w,  m)  to  the  pair   [b,  fn{m)]  which  is  near 

[b,f{m)].  Hence  some  element  of  G  takes  m  to  both  points  b  and/(m)  which 

is  possible  only  if /(w)  =6. 

5.2.  Lemma  4.   The  group-space  II  defined  in  §5  is  conditionally  compact. 

Yet  Y  be  a  countable  dense  subset  of  R.  Let  g„  be  an  infinite  sequence  of 
elements  of  H.  Strictly  speaking  the  g„'s  are  not  elements  of  Gp  but  there  are 
elements  of  Gp  coinciding  with  these  elements  on  R,  and  properties  of  the 
group  Gp  may  be  used  in  examining  the  g„'s. 

For  any  point  y  in  Y  the  sequence  gniy)  is  conditionally  compact  and  has  a 
convergent  subsequence.  The  limit  of  this  sequence  belongs  to  Gp{y)  and  is  a 
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point  of  R.  By^  the  diagonal  process  there  exists  a  subsequence  /„  of  the  ele- 
ments g„  such  that/„(y)  converges  to  a  unique  point  of  R  for  every  element 
y  of  Y.  Then,  on  Y,  the  sequence /„  converges  to  a  pointwise  limit  function/. 

It  will  now  be  shown  that/ is  uniformly  continuous  in  every  conditionally 
compact  open  subset  Ri  of  R.  In  order  to  do  this  it  must  be  shown  that  for 
every  positive  e  there  exists  a  positive  d  such  that  whenever  y  and  y'  of  YRi 
are  nearer  to  each  other  than  d,  the  corresponding /(>»)  a.nd  f{y')  are  nearer 
than  e.  If  this  is  not  the  case,  there  must  exist  in  F  a  sequence  of  points  y„ 
and  y,!  which  may  be  supposed  to  converge  to  the  same  point  z  of  Ri  such 
that/(>'„)  and/(y„' )  also  converge  and  converge  to  two  distinct  points  y  and  y' 
in  Ri.  This  means  that  some  of  the  elements  g„  take  a  pair  of  points  near  2  to  a 
pair  near  (y,  y').  By  2.3  there  is  an  element  of  G  carrying  the  point  z  to  the 
two  points  y  and  y'.  This  is  manifestly  impossible  and  the  contradiction  es- 
tablishes the  uniform  continuity  of /on  the  set  Ri-  Y. 

This  uniform  continuity  of/  permits  us  to  extend  it,  and  we  assume  it  is 
so  extended,  to  a  single  valued  continuous  transformation  of  R  (which  of 
course  is  locally  compact)  into  itself.  The  sequence /„,  which  originally  was 
known  to  converge  only  on  F,  is  now  seen  to  converge  everywhere  on  R  to 
the  transformation  /.  By  Lemma  3  the  convergence  is  uniform  on  compact 
sets  which  implies  that  the  sequence /„  of  elements  of  H  must  be  a  Cauchy 
sequence  because  our  metric  brings  two  functions  close  which  agree  closely 
outside  of  a  neighborhood  of  "infinity." 

5.3.  When  we  speak  of  a  topological  transformation  group  we  use  the 
term  with  the  definition  as  given  in  our  papers  referred  to  in  the  bibliography. 

Lemma  5.  The  group  H  may  he  extended  to  a  compact  group  IT  which  is  an 
effective  topological  transformation  group  of  R. 

The  space  II  is  conditionally  compact  so  that  if  the  space  is  made  com- 
plete the  resulting  space  H  will  be  compact.  The  preceding  lemmas  and  their 
proofs  show  that  Cauchy  sequences  of  H  will  actually  converge  to  homeo- 
morphisms  of  R  into  itself.  The  space  H  is  therefore  a  transformation  group 
of  R.  To  be  sure  that  it  is  a  topological  transformation  group  we  must  prove 
that  if  g„  approaches  g,  these  being  elements  in  H,  and  a:„  approaches  x  in  R 
then  g„{x„)  approaches  g{x).  This  follows  as  in  the  proof  of  Lemma  3.1. 

That  H  is  an  effective  group  follows  from  the  fact  that  distinct  elements 
of  the  space  H  arise  from  nonequivalent  Cauchy  sequences  and  these  give 
rise  to  distinct  limiting  transformations. 

6.  The  present  section  contains  some  simple,  purely  group  theoretical, 
considerations  which  will  be  of  use  to  us  later. 

Theorem  1.  The  only  two  dimensional  manifolds  which  are  cosel  spaces 
(orbits)  of  a  compact  connected  group  H  are  the  two-sphere,  torus,  and  projective 
plane. 
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There  is  no  loss  in  assuming  that  H  is  effective  in  its  action  on  the  mani- 
fold so  that  H  \s  a  Lie  group  [lO].  The  theorem  then  follows  from  the  corre- 
sponding theorem  on  Lie  groups  due  to  Cartan  [2]. 

We  note  without  giving  the  proof,  which  is  not  difficult,  the  following: 
If  a  circle  group  operates  on  a  torus  and  has  a  fixed  point,  then  it  must  leave 
every  point  of  the  torus  fixed. 

Theorem  2.  The  only  compact  group  of  sense  preserving  transformations 
which  can  act  effectively  and  transitively  on  a  two-sphere  M  is  the  group  of  rigid 
rotations  of  the  two-sphere. 

For  connected  groups  the  theorem  is  true  [9].  If  H  is  the  group,  let  //* 
be  the  identity  component  of  H,  and  let  ;c  be  a  point  of  the  sphere.  The  di- 
mension of  H*{x)  is  the  same  as  the  dimension  of  H{x),  namely  two,  and 
therefore  H*(x)  coincides  with  Af.  Since  H*  is  connected  it  must  be  the  two- 
sphere  rotation  group.  Assuming  H*  is  not  all  of  H  means  that,  for  some  y, 
{H*)y  is  a  proper  subgroup  of  Hy  because  every  element  of  H,  being  sense 
preserving,  has  a  fixed  point;  the  connectedness  of  the  group  {H*)y  (it  is  of 
course  circular)  shows  that  it  is  the  component  of  the  identity  of  Hy.  Then 
{H*)y  is  invariant  in  Hy.  Let  M*  be  the  decomposition  space  of  M  under 
{H*)y.  The  group  Hy/{H*)y  acts  on  this  space  which  is  an  interval.  Hence 
Hy/{H*)y  contains  only  the  identity,  or  it  is  a  group  of  two  elements  which 
merely  interchanges  the  ends  of  M*  while  leaving  a  "middle"  point  fixed.  The 
latter  possibility  cannot  occur,  for  if  it  did  Hy  would  contain  an  element  mov- 
ing y.  Hence  Hy/{H*)y  contains  only  the  identity  element  and  {H*)y  is  not  a 
proper  subgroup  of  Hy  as  we  assumed.  The  contradiction  shows  that  H*  coin- 
cides with  H  and  that  H  is  the  group  of  rigid  rotations  of  the  two-sphere. 

Corollary.  The  only  compact  group  of  sense  preserving  transformations  of 
three-space  into  itself  with  at  least  one  two  dimensional  orbit  is  the  two-sphere 
rotation  group. 

7.  In  the  present  section  we  confine  our  attention  to  the  space  case.  The 
groups  //  and  G,,  have  the  same  orbits  in  R,  and  since  these  orbits  are  closed  // 
has  the  same  orbits  as  do  H  and  Gp.  Let  H*  be  the  component  of  the  identity 
of  H.  The  orbit  of  a  point  under  H*  will  have  the  same  dimension  as  the  orbit 
of  the  point  under  //.  Hence  H*  has  a  sequence  of  two  dimensional  orbits 
approaching  the  fixed  point  p.  We  will  now  consider  the  action  of  the  effective 
compact  transformation  group  H*  on  the  connected  locally  "euclidean"  space 
R",  where  R°  denotes  that  component  of  R  which  contains  p.  (It  is  conceivable 
that  some  subgroup  of  //  should  leave  all  of  R°  fixed.  We  assume  without 
changing  our  notation  that  this  is  not  the  case.  There  is  no  loss  in  this  process 
as  we  might  as  well  have  assumed  we  were  working  with  R"  before.) 

It  follows  from  theorems  on  the  structure  of  coset  spaces  [lO]  that  any 
two  dimensional  orbit  of  H*  in  R"  must  be  a  two  dimensional  manifold.  Any 
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two  dimensional  orbit  of  H*  in  R"  must  be,  therefore,  one  of  three  types  of 
manifold,  the  two-sphere,  the  projective  plane,  or  the  torus.  The  projective 
plane  cannot  be  imbedded  in  E,  so  that  the  number  of  possibilities  is  reduced 
immediately  to  two,  the  sphere  and  torus. 

In  the  orbit  space  associated  with  R°,  call  it  R*,  every  two  dimensional 
orbit  is  a  cut  point  of  order  two  precisely.  The  set  of  such  orbits  is  open  [lO]. 
The  space  R*  has  one  non-cut  point,  at  least,  namely  the  orbit  consisting  of 
the  point  p  only.  By  the  cyclic  element  theory,  R*  must  be  either  a  line,  a  ray, 
or  an  interval.  It  cannot  be  a  line  because  it  contains  a  non-cut  point.  It 
cannot  be  an  interval  for  this  would  mean  that  i?",  an  open  subset  of  E,  would 
be  compact.  Hence  R*  is  a  ray,  and  this  shows  that  all  orbits  in  i?",  with  the 
exception  of  p,  are  two  dimensional  orbits  which  are  either  spheres  or  tori. 
The  group  Tl  can  be  seen  to  be  a  Lie  group  because  it  operates  on  a  locally 
euclidean  connected  space  with  locally  connected  orbits  [lO].  It  will  now  be  of 
dimension  three  at  most  [lO],  and  it  will  be  effective  on  each  one  of  its  two 
dimensional  orbits.  For,  if  a  subgroup  left  all  of  a  manifold  orbit  fixed  this 
same  subgroup  would  leave  the  whole  space  fixed  by  a  simple  application,  as 
in  an  earlier  paper  of  ours  [s],  of  a  theorem  of  Newman.  If  all  two  dimen- 
sional orbits  are  spheres,  then  H*  is  the  rotation  group  of  a  sphere,  for  this  is 
the  only  connected  compact  effective  transformation  group  of  a  sphere.  If  all 
two  dimensional  orbits  are  tori,  then  H*  is  a  two  dimensional  toral  group, 
for  this  is  the  only  Lie  group  which  can  be  effective  on  a  torus. 

It  is  intuitively  clear  that  all  orbits  must  be  spheres  and  we  now  give  the 
proof.  We  will  show  that  if  one  orbit  is  toral  then  all  orbits  are.  Assume  that 
one  orbit  H*{x)  is  toral.  If  H*  is  two  dimensional,  then  H*  is  a  toral  group  and 
all  orbits  are  tori.  If  H*  is  three  dimensional  there  must  be  a  circular  sub- 
group K  leaving  x  fixed.  But  if  a  circular  subgroup  leaves  one  point  of  a  torus 
fixed  it  must  leave  every  point  fixed.  Hence  K  leaves  all  of  H*{x)  fixed  and, 
since  this  separates  space,  we  see  by  a  familiar  device  that  K  leaves  all  of 
space  fixed.  In  this  case  H*  is  not  effective.  We  are  therefore  led  to  conclude 
that  all  two  dimensional  orbits  are  tori. 

This  last  situation  is  impossible.  For  if  //*  is  a  toral  group  we  can  form  a 
true  section  B  of  the  space,  that  is,  we  can  find  a  closed  set  B  which  has  one 
and  only  one  point  on  each  orbit  in  R.  The  set  B  will  have  to  be  homeo- 
morphic  to  R*  and  will  be  a  ray.  Now  let  H*  {x)  be  a  toral  orbit  inside  a  neigh- 
borhood U  of  p  which  is  homeomorphic  to  three-space.  There  will  be  in 
U-H*(x)  a  one-cycle  Z  which  does  not  bound  in  U-H*{x)  and  which  is 
outside  H*{x);  that  is,  it  is  contained  in  the  component  of  U  —  H*{x)  which 
does  not  contain  p.  Then  using  the  true  section  B  we  may  deform  H*{x)  to 
the  point  p.  The  cycle  Z  certainly  bounds  in  U  —  p,  contradicting  its  choice. 

Therefore  not  every  orbit  is  a  toral  orbit  and  H*  must  be  the  rotation 
group  of  three-space,  and  every  two  dimensional  orbit  must  be  a  two-sphere. 
Let  X  be  a  circular  subgroup  of  //*.  There  will  have  to  be  precisely  two  points 
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on  each  two-sphere  orbit  left  fixed  by  K.  These  two  points  will  define  for  us  a 
double  valued  function  everywhere  on  R*.  The  end  point  of  the  ray  R*  is  an 
exception  when  the  function  is  single  valued.  But  at  any  rate  it  is  possible  to 
pick  out  of  these  functional  values  a  true  section  B  of  the  entire  space.  The 
existence  of  the  ray  B  proves  R°  homeomorphic  to  euclidean  three  space. 
From  Theorem  2  of  §6  we  see  that  H  and  H*  must  coincide,  but  we  can 
conclude  even  more. 

Theorem  3.  The  group  H  coincides  with  H  and  is  therefore  the  rotation 
group  of  three-space. 

Let  X  be  any  point  of  R  distinct  from  p.  The  set  H{x)  is  a  two-sphere, 
and  H{x)  coincides  with  Hix);  or  in  other  words  H,  a  subgroup  of  H,  is 
transitive  on  the  two-sphere.  This  is  possible  only  if  H  is  all  of  //  [l  1  ]. 

8.  In  this  section  we  turn  to  the  plane  case,  falling  back  on  Lemma  5 
where  we  left  it. 

Theorem  3.1.  The  group  H  coincides  with  H  and  is  a  circle  group,  the  rota- 
tion group  of  the  plane.  The  set  /?"  is  homeomorphic  to  a  plane. 

The  group  H  cannot  be  totally  disconnected,  for  such  a  group  cannot  oper- 
ate efTectively  on  a  locally  planar  space  (as  we  have  shown  [S]).  Let  H*  be 
the  identity-component  of  H.  As  in  the  space  case,  the  orbits  under  H*  must . 
be  manifolds  and  therefore  simple  closed  curves:  they  are  obviously  one  di- 
mensional. It  follows  that  H*  is  a  Lie  group  and  in  particular  the  circle  group 
[lO].  As  in  the  space  case  the  group  H  must  operate  upon  the  decomposition 
space  of  R"  by  orbits  under  //* :  this  space  is  a  ray,  w-ith  p  as  end  point,  and  //* 
must  be  the  identity  upon  it. 

Now  let  g  be  some  element  of  //,  not  the  identity.  There  must  be  a  point  x 
of  R"  such  that  gx  is  not  x.  On  the  other  hand,  gx  is  a  point  of  H*{x)  so  that 
for  some  g'  of  //*  we  have 


Since  this  element  is  sense  preserving  and  leaves  one  point  of  the  circle  H*{x) 
fixed,  it  leaves  all  H*{x)  fixed  and  then  all  of  R".  Therefore  it  must  be  the 
identity  and  we  conclude  that  g  belongs  to  H*.  This  shows  that  H  coincides 
with  H*  and  is  a  circle  group.  Since  H\s  transitive  on  Hix),  it  is  obvious  that 
H  must  coincide  with  H  which  is  effective  on  TJix). 

Now  R°  is  a  connected  open  subset  of  the  plane  filled  out  by  a  continuous 
family  of  simple  closed  curves  and  it  is  intuitively  obvious  and  sufficiently 
well  known  that  i?"  must  be  homeomorphic  to  the  plane. 

We  turn  now  to  a  simultaneous  consideration  of  the  two  cases.  What  has 
been  done  above  is  summed  up  in  the  following  theorem. 

Theorem  4.  The  group  H  may  he  so  topologized  that  it  becomes  the  ordinary 
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rotation  group  of  space,  and  it  acts  on  R",  which  is  homeomorphic  to  space,  as 
the  ordinary  rotation  group  does — in  a  properly  chosen  coordinate  system. 

9.  Theorem  5.   The  set  R"  is  closed  and  so  coincides  with  E. 

The  assumption  that  i?"  is  not  closed  implies  that  there  is  an  arc  px  which 
is  contained  in  R°  except  for  its  end  point  which  is  not  in  R".  Since  x  is  not  in 
R"  (and  not  in  R)  there  is  a  sequence  of  elements  g„  of  Gp  such  that  g„(x)  tends 
toward  infinity.  Let  G^  denote  all  elements  of  Gp  leaving  all  of  R"  fixed. 
Under  the  homeomorphism  taking  Gp  to  Gp/Gf  =H  suppose  that  g„  goes  to 
|„;  assume  that  the  sequence  g„  converges  to  |  and  that  g  is  the  image  of  an 
element  g  under  this  homeomorphism. 

Let  Si  and  52  be  two  spheres  each  containing  g{px)  and  such  that  52  lies 
inside  5i.  We  may  assume  that  all  points  gn{x)  are  outside  Si.  On  the  arc 
g„{px)  there  are  two  points  g„(x„)and  g„(y„) ,  where  x„  and  yn  are  points  of  px, 
such  that  g„(x„)  is  the  first  point  of  gn(px)  on  52  and  g„{yn)  is  the  first  point 
of  gn(px)  on  Si.  The  points  x„  and  y„  lie  on  px  in  the  order  pXnynX. 

There  is  no  loss  in  assuming  that  the  sequences  Xn,  yn,  gnixn),  and  gniyn) 
converge  respectively  to  x',  y',  x*  and  y*. 

We  wish  to  prove  that  x'  is  identical  with  x.  If  it  is  not,  x'  must  be  a 
point  of  R"  and  the  points  x„  may  also  be  taken  to  be  in  R".  Hence  g„(.v„) 
=  g„{x„)  converges  to  g{x')  =g{x')  which  is  impossible  because  g(x')  is  inside 
52.  Hence  x'  and  x  are  identical. 

This  shows  that  the  points  x„  converge  to  x  and  of  course  the  points  y„ 
must  also  converge  to  x.  There  are,  consequently,  elements  of  G  which  take 
the  pair  {x„,  y„)  which  is  near  (x,  x)  to  the  pair  [g„(x„),  g„ (>»„)]  near  to  the 
district  pair  {x*,  y*).  There  is  then  an  element  of  G  taking  x  to  the  two  dis- 
tinct points  X*  and  y*.  From  this  contradiction  the  theorem  follows. 

Corollary.  The  group  G^"  =H,  idle  on  all  of  R",  contains  only  the  identity 
and  the  group  Gp  is  itself  the  rotation  group  of  space. 

10.  Theorem  6.   The  group  G  is  transitive  on  the  space  E. 

It  has  already  been  remarked  that  G(x)  is  closed  for  any  x  in  E.  In  particu- 
lar G(p)  is  closed,  and  in  order  to  prove  our  theorem  it  suffices  to  prove  that 
G{p)  is  open. 

We  know  in  the  plane  case  as  well  as  in  the  space  case  that  Gp  is  a  proper 
subgroup  of  G  and  there  must  be  an  element  g  in  G  and  a  point  q  distinct 
from  p  such  that  g(p)=q.  The  set  Gp{q)  is  a  sphere.  Let  q'  denote  another 
point  of  Gpiq)  and  let  t  be  a  varying  element  of  Gp  which  takes  q  continuously 
to  q'.  There  is  a  neighborhood  t/  of  5  so  small  that  its  translation  U'  to  a 
neighborhood  of  q'  has  no  point  in  common  with  its  original  position.  The 
set  U'  is  the  image  of  U  under  the  terminal  element  of  the  parameter  t. 

There  is  a  neighborhood   V  of  p  so  small  that  giV)  is  inside  U.  As  q  is 
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swept  continuously  to  q'  it  must  come  in  contact  with  the  g-image  of  every 
sphere  about  p  and  within  V. 

Now  let  5  be  any  point  of  V  and  let  5  =  Gp{s)  be  its  sphere  orbit  under  Gp. 
There  is  a  /  such  that  l{q)  is  in  g{_S),  that  is, 

t[g{p)\  =iiq)=giV) 
for  some  g'  in  Gp.  Then 

i'-'g-'tgip)  =  s. 

In  other  words  p  may  be  carried  to  any  element  of  V  by  some  element  in  G. 
Therefore  p  is  an  interior  point  of  G{p)  and  every  point  of  G(p)  must  be  an 
interior  point. 

11.  The  fact  that  G  is  transitive  on  E  tells  us  the  nature  of  Gx  when  x  is 
distinct  from  p.  Let  x=g{p).  Then  Gx=gGpg~^  and  G^  is  also  the  rotation 
group  and  in  a  proper  system  of  coordinates  "centered"  on  the  point  x  it  acts 
as  the  rotation  group  ordinarily  does. 

12.  Before  such  geometric  concepts  as  lines  and  planes  can  be  studied,  we 
need  to  analyze  the  nature  of  G  as  a  topological  transformation  group.  It  is  in 
this  that  we  encounter  the  principal  difficulties  implicit  in  our  use  of  the 
"two-point"  form  rather  than  Hilbert's  "three-point"  axiom.  In  much  of  this 
work  we  shall  continue  to  treat  the  plane  and  space  cases  together. 

Lemma  6.  Let  x„  be  a  sequence  of  points  converging  to  x  and  let  g„  in  G  be 
such  that  gn{xn)  approaches  x.  Then  for  any  z  in  E,  the  set  g„(s)  is  bounded. 

Let  0  be  the  interior  of  an  orbit  5  of  d  which  is  so  large  that  it  surrounds 
z,  all  of  the  .r„'s,  and  all  of  the  points  g„(x„).  Let  O*  be  the  interior  of  a  larger 
orbit  5*  so  that  5  is  interior  to  0*.  Let  zx„  be  arcs  of  0,  and  suppose  now  that 
for  infinitely  many  of  the  elements  g„  it  is  true  that  gn{z)  is  outside  or  on  S*. 
For  these  w's,  and  we  take  it  now  that  all  n's  are  such,  the  arcs  g„{Xnz)  have 
one  point  in  0*  and  one  point  not  in  0*.  They  therefore  have  a  first  point  2„' 
on  S*.  There  is  a  point  x,!  on  x„z  such  that  z„'  =g„ (:*:„' ).  We  may  suppose  that 
x^  converges  to  a  point  x'  which  is  in  0  or  S,  while  2„'  converges  to  a  point  z' 
on  S*.  There  must  be  an  element  g  in  G  which  leaves  x  fixed  and  carries  x'  to 
z'.  This  is  by  2.3  because  g„  takes  the  pair  (x„,  x„')  to  the  pair  [g„{x„),  z,!  ]. 
However  such  an  element  g  is  in  Gj  and  hence  leaves  5  and  its  interior  invari- 
ant so  that  a  contradiction  has  been  reached.  Hence  g„{z)  is  compact  because 
almost  all  its  elements  are  inside  S*. 

The  orbit  S*  was  subject  only  to  the  requirement  that  it  surround  S  so 
that  the  following  corollary  is  true. 

Corollary.  Let  .r„  be  a  seqtience  of  points  converging  to  x  and  let  g„  be  such 
that  g„ix„)  =x„.  Let  z  be  any  point  of  E.  Then  any  limit  point  of  the  set  g„(s)  is 
inside  or  on  any  orbit  of  Gx  which  includes  z  and  every  Xn. 
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Our  task  now  is  the  proof  of  the  following  theorem. 

Theorem  6.1.  Let  x„  approach  x  and  let  g,!  be  elements  of  G  such  that  g,!  {x„) 
approaches  y.  Then  there  is  a  subsequence  g„"  of  the  g„'  and  an  element  g*  of  G 
such  that  g„"  approaches  g*  (in  the  sense  of  pointwise  convergence). 

The  proof  of  this  theorem  is  rather  long  and  is  based  on  a  number  of 
preliminary  lemmas  to  which  we  now  turn.  Lemma  3.1  will  also  be  useful 
here.  As  usual  we  use  the  letter  g  for  an  element  of  G  and  we  use  the  letter  h 
for  a  homeomorphism  of  E  which  is  not  known  to  be  an  element  of  G.  Con- 
vergence of  homeomorphisms,  as  the  statement  of  the  theorem  implies,  is  al- 
ways taken  in  this  section  in  the  sense  of  pointwise  convergence,  that  is, 
h„  converges  to  h  provided  that,  for  each  x,  hn{x)  converges  to  h{x). 

Lemm.a.  6.12.  Let  g„  be  a  sequence  of  elements  of  G  converging  to  a  homeo- 
morphism h  of  E.  Let  F  be  an  arbitrary  compact  subset  of  E  and  let  a  positive 
number  e  be  given.  Then  there  exists  an  integer  N  such  that  if  y  and  z  are  any 
two  points  of  F for  which  d(y,  z)  <  \/N,  and  n> N  then 

d[g,.{y),hiz)]  <e. 

The  proof  of  this  lemma  which  is  quite  similar  to  various  preceding  proofs 
will  be  omitted. 

In  the  hypotheses  of  the  following  lemmas  it  will  frequently  occur  as  it 
did  in  the  preceding  lemma  that  there  is  a  sequence  g„  of  elements  of  G  con- 
verging to  a  homeomorphism  h  of  E.  From  now  on  we  shall  express  this  fact 
in  abbreviated  form  by  writing  gn—'h. 

Lemma  6.13.  Let  gn-^h  and  let  i  be  a  positive  integer.  Then  it  is  true  that 

g'n^hK 

The  proof  will  be  made  by  induction.  It  is  true  when  i  =  \  and  we  now 
assume  that  it  is  true  for  i—\. 

Let  x  be  any  point  of  E  and  let  F  be  the  set  made  up  of  the  points  x, 
h'^'^ix),  and  gn~\x),  (m  =  1,  2,  •  ■  •  ).  By  the  hypothesis  of  the  induction  F  is 
compact.  Let  e  be  any  positive  number.  By  the  preceding  lemma  there  is  an 
integer  TV  such  that  U  y  and  z  are  in  Fand  d(y,  z)  <\/N  then  for  n>  N 

d{g.{y),  h{z)]  <  e. 

On  the  other  hand  for  sufficiently  large  n,  say  n  greater  than  N', 

d[g„'\.v),  h''\.x)]  <  \/N. 

Hence  if  n  is  larger  than  (A'',  TV')  we  obtain  (letting  y  be  glT^x)  and  z  be 
h'-^{x)) 

d[g„i.v),h\x)]  <  e. 
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Lemma  6.14.  Let  gn-^h  and  let  g  be  an  arbitrary  element  of  G.  Then  ggn-^gh. 

For  an  arbitrary  x  we  know  that  gn{x)-^h{x).  It  is  then  an  immediate  con- 
sequence of  the  definition  of  homeomorphism  that  gg7i{x)—>-gk{x). 

Lemma  6.14L  Let  gn—^h  and  assjime  that  there  are  elements  g  and  g'  of  G 
such  that  ggn— >g'.  Then  g'  =gh  and  h  is  in  G. 

By  the  preceding  lemma  ggn-^gh  and  hence  g'=gh. 

Lemma  6.15.  Let  K  be  a  simple  closed  curve  and  let  T  be  a  nonidentical 
sense  preserving  homeomorphism  with  a  fixed  point.  Then  there  exists  a  pair  of 
points  X  and  y  of  K  such  that  T'{x)  =x  and  T'iy)—^x  as  i^>  <» . 

Choose  any  moving  point  y.  Then  T'(y)  must  approach  monotonically  a 
point  x  which  is  fixed. 

Lemm.a.  6.151.  Let  g„^h  and  suppose  that,  for  a  definite  point  q  of  E, 
h(q)  =q.  Then  h  must  leave  invariant  every  orbit  of  G,,  that  is,  for  all  x, 

hGq{x)  =  Gg{x) . 

Let  X  be  any  point.  Since  gn—*h  we  know  that  gn{x)-^h{x)  and  gniq)^*h(q) 
=  q.  Hence  there  is  an  element  of  G  taking  g  to  g  and  x  to  h{x).  This  element 
is  in  G,  and  we  have  thus  shown  that  hGg{x)  is  in  Gq{x).  The  equality  must 
hold  because  of  the  nature  of  Gqix)  in  the  two  cases. 

Lemma  6.152.  Let  Xn  be  a  sequence  of  points  converging  to  a  point  x  of  E. 
Let  gn  of  G  be  such  that  g„{xn)—^x.  Then  there  exists  a  homeomorphism  h  of  E 
such  that  g,[  —^hfor  a  subsequence  g,l  of  g„. 

The  proof  here  is  similar  to  that  of  Lemma  4,  but  it  depends  also  on  Lem- 
ma 6. 

Lemma  6.16.  Let  x^—^x  and  let  g„'  be  such  that  g„'  (xn)  =yn—>y-  Let  g  [in  G) 
be  such  that  g{y)  =x.  Then  g„=ggn  has  a  subsequence  g„"  which  converges  to  a 
homeomorphism  h  and  h{x)  =x. 

Since  >'„-*y,  g(.yn)-^g(y)  =x.  Then  gjxn)  =ggn  {xn)  =giyn)-^x.  By  the  pre- 
ceding lemma  there  is  a  subsequence  g„"  and  a  homeomorphism  h  such  that 
gn'-^h.  By  Lemma  3.1,  g„"  (a;„)— >/j(a:)  and  hence  h{x)  =x. 

We  are  now  ready  to  prove  Theorem  6.1  for  the  plane  and  we  restate  it 
here  for  this  case. 

Theorem  6.1'.  Let  x„~^x  and  let  g„'  be  elements  of  G  such  that  g,!  (x„)~^y. 
Then  there  is  a  subsequence  gn"  of  the  gn  and  an  element  g*  of  g  such  that 
g:'^g*.{ForE2.) 

Let  gn'  and  //  be  as  in  Lemma  6.16.  The  elements  g„"  are  sense  preserving 


1940]  RIGID  SPACE  GEOMETRY  35 

and  consequently  h  is  sense  preserving.  For  all  s  distinct  from  x,  Gx(z)  is  a 
simple  closed  curve.  Since  hGx{z)  is  in  G^iz)  and  since  h  is  a  homeomorphism, 
hGx(z)  =Gx{z)  and  h  is  sense  preserving  on  ^^,(2)  (see  Lemma  6.151). 

For  convenience  let  K  =  GAz)  for  an  arbitrary  point  2  distinct  from  x,  and 
let  z'  =  h{z).  Since  d  is  transitive  on  K,  there  is  a  g'  in  Gx  such  that  g'iz')  —z, 
that  is,  g'h{z)  =z.  By  a  previous  lemma  g'g„"-^g7j.  Since  g'  is  in  Gx, 

g'Kx)  =  g'(x)  =  X. 

It  follows  that  W  =g'h  preserves  the  orbits  of  Gx  and  in  particular  it  follows 
that  h'  is  a  sense  preserving  homeomorphism  of  K.  Moreover  h'{z)—z. 

We  wish  to  prove  that  h'  is  the  identity  on  E  and  we  begin  by  proving 
that  h'  is  the  identity  on  K. 

If  h'  is  not  the  identity,  then  there  is  a  pair  of  distinct  points  x*  and  3"* 
such  that  h'^{x*)  =x*  and  h''(y*)  approaches  x*  as  i  approaches  infinity.  For 
a  fixed  i  we  know  that  g*'^h''  where  g*  =g'g^' ~^g'h  =  h'.  In  view  of  these 
two  facts  we  see  that  g*'  for  some  n  and  i  takes  x*  and  y*  into  a  specified 
neighborhood  of  x*  which  violates  the  two-point  condition.  Hence  h'  is  the 
identity  on  K. 

We  shall  show  next  that  the  set  of  points  of  E  —  x  on  which  h'  is  the  iden- 
tity contains  only  inner  points.  Let  2'  be  any  point  in  E  —  x  which  is  fixed 
under  h'.  Since  h'{z')  =2',  /;'  must  leave  invariant  the  orbits  Gx'{z*)  for  any  2* 
in  E.  Let  K'  =  Gx(z').  By  the  argument  above  we  see  that  h'  leaves  every 
point  of  K'  fixed.  Let  f/  be  a  neighborhood  of  z'  so  small  that  points  of  K'  lie 
outside  of  U  and  let  F  be  a  neighborhood  of  2'  which  is  invariant  under  G^- 
and  is  contained  in  U.  For  any  point  2*  of  V  the  simple  closed  curve 
K*  =G,'{z*)  must  contain  a  point  of  K' .  This  is  a  fixed  point  of  h'  and  the 
argument  of  the  preceding  paragraph  shows  that  every  point  of  K*  is  fixed 
under  h' .  Then  it  follows  that  all  of  V  is  fixed  under  h' . 

Hence  the  set  of  points  fixed  under  h'  is  both  open  and  closed  in  E—x. 
This  set  of  fixed  points  therefore  includes  E  —  x  and  since  it  is  closed  it  must 
include  E.  Hence  h'  is  the  identity. 

Now  h'=g'h  so  that  h=g'~'^  and  h  is  an  element  of  Gx-  This  completes 
the  proof  of  the  theorem  for  the  case  of  the  plane.  To  see  this  assume  for 
convenience  that  g„"  and  gg„'  coincide.  Then  ggn—^h=g'~'^  and  gn'^g~^g'~'- 

We  turn  next  to  the  proof  of  the  theorem  for  £3. 

Theorem  6.1".  Let  x^^x  and  let  g,!  be  elements  of  G  such  that  g„'  (s:„)— >>>. 
Then  there  is  a  subsequence  g,',  '  of  g,[  and  an  element  g*  of  G  such  that  g„" '  -^g*. 
{For  £3.) 

Let  g,['  and  h  be  as  in  the  preceding  proof,  that  is,  as  in  Lemma  6.16. 
The  transformations  g„" ,  and  therefore  h  also,  are  sense  preserving  in  E.  The 
point  X  is  fixed  under  h  and  h  preserves  orbits  Gx{z),  these  orbits  being  two- 
spheres.  Let  2  be  a  definite  point  of  E  distinct  from  x  and  let  S  =  Gx{z).  Since 
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h,  being  sense  preserving,  has  at  least  one  fixed  point  on  5  we  may  assume 
that  2  is  such  a  fixed  point.  Then  h  will  preserve  orbits  G^{y)  for  all  y  of  E. 

We  are  going  to  look  for  some  simple  closed  curve  K,  on  S,  invariant 
under  d  and  d  and  also  invariant  under  h.  Let  S'  denote  a  sphere  orbit 
under  G^  such  that  some  points  of  5  are  outside  S' .  Let  F  denote  the  closed 
intersection  of  5  and  S'  and  let  D  denote  the  component  of  5  — F  which  con- 
tains z. 

Now  5  and  S'  are  invariant  under  h  and  their  intersection  F  must  also 
be  invariant  under  h.  Hence  S—F\s  invariant  and  D  must  be  invariant  under 
h  since  it  is  a  component  with  a  fixed  point.  Let  K  be  the  boundary  of  D 
on  S.  It  is  this  set  which  will  be  shown  to  be  a  simple  closed  curve.  Observe 
at  the  moment  that  K  is  invariant  under  h  and  is  a  subset  of  F. 

The  group  dz  leaving  x  and  s  fixed  is  a  circle  group  and  F  is  invariant 
under  dz.  Let  y  denote  any  point  of  K  above.  Then  K  =  Gxz{y).  Hence  K'lsa. 
simple  closed  curve  invariant  under  h.  Furthermore  h  in  its  action  on  K  must 
be  sense  preserving  for  otherwise  it  would  have  to  interchange  the  two  com- 
ponents oi  S  —  K  which  it  cannot  do  since  we  know  that  D  contains  a  fixed 
point. 

Since  dz  is  transitive  on  K  there  is  an  element  g'h  =  h'  which  has  all  the 
properties  of  h  which  we  need  to  use  and  in  addition  has  a  fixed  point  on  K. 

We  wish  to  show  that  h'  is  the  identity  on  5  ultimately  enlarging  the  set 
of  fixed  points  to  include  all  of  E.  By  a  familiar  argument  h'  must  leave  all 
of  K  fixed.  The  following  lemma  will  be  useful  to  us  as  we  proceed. 

Lemm.4  6.17.  //  /;'  leaves  fixed  a  point  p  and  a  continuum  on  an  orbit 
S*  =Gp(q),  then  h'  leaves  all  of  S*  fixed. 

Let  F  be  the  set  of  fixed  points  of  h'  on  5*,  and  let  M  =  S*-F.  Let  0 
be  a  component  of  AT,  and  let  B  be  the  boundary  of  O.  Now  from  the  hy- 
pothesis B  cannot  be  zero  dimensional,  for  if  it  were  B  would  be  all  of  F  and 
so  F  would  not  contain  a  continuum.  Hence  B  is  one  dimensional,  and  it  must 
contain  a  continuum  C  which  contains  a  point  b  which  is  accessible  from  O. 
Let  f/be  a  neighborhood  of  b  (in  S*)  so  small  that  any  simple  closed  curve  in 
U  surrounding  b  must  meet  C.  Let  Gb(y)  be  an  orbit  so  small  that  its  inter- 
section with  5*  is  in  U.  Then  by  an  argument  given  above  there  is  a  simple 
closed  curve  in  the  intersection  of  Gb{y)  and  S*  which  is  invariant  under  h'. 
Furthermore  /;  preserves  sense  on  this  curve.  Since  this  curve  surrounds  b  it 
must  meet  C  and  consequently  h'  must  leave  all  the  curve  fixed.  As  this  curve 
was  arbitrarily  small  we  see  that  b  cannot  be  accessible  from  0.  This  is  a 
contradiction  which  proves  the  lemma. 

We  can  of  course  conclude  now  that  h'  leaves  all  of  5  fixed.  Furthermore 
any  small  "sphere"  with  center  on  5  will  also  be  left  fixed  by  h'  since  it  will 
intersect  5  in  a  one  dimensional  set.  The  set  of  "spheres"  about  .r  forms  a  ray 
(the  end  point  of  the  ray  being  of  course  a  point  orbit).  The  above  considera- 
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tions  show  that  the  "spheres"  of  this  ray  left  entirely  fixed  by  h'  form  a  set 
which  is  both  open  and  closed.  Therefore  h'  leaves  every  point  of  E  fixed  and 
is  the  identity. 

Now  as  in  the  plane  case  h=g'h  and  Ji=g'~^  so  that  A  is  in  G  and  indeed 
in  Giz.  This  completes  the  proof  as  in  the  former  case. 

12.1.  Lemma  6.2.  If  gn-^g,  then  gn^^>g~^. 

Let  X  be  any  point  of  E.  By  hypothesis  g„{x)^>g{x).  Also  gng''^{x)—*gg~^{x) 
=  x.  If  we  knew  that  ggZ^{x)-^x  we  could  conclude  that  gn^{x)^>g~^{x).  The 
proof  of  the  lemma  is  therefore  reduced  to  the  proof  of  the  following  special 
case.  If  g„  is  in  G  and  gn(x)^x,  then  gn^{x)—^x. 

In  order  to  prove  this  proposition  let  5  be  any  sphere  about  x.  We  shall 
show  that  almost  all  the  points  gir''{x)  are  inside  5.  If  this  is  not  true  we  arrive 
at  a  contradiction  as  follows.  For  each  g^H^)  not  inside  S  choose  a  short  arc 
joining  x  to  gn{x),  call  it  xgnix).  Then  gn^ixgnix))  will  be  an  arc  joining  g^^ix) 
to  X.  It  will  therefore  contain  a  point  y„  on  5.  Now  g„  takes  the  pair  (y^,  x)  to 
a  pair  (g„(yn),  gnix))  both  elements  of  this  pair  being  near  x.  The  points  3/„ 
will  have  a  limit  y  on  5  and  there  will  have  to  be  a  g  in  G  taking  both  y  and  x 
to  X.  This  contradiction  establishes  the  lemma. 

Lemma  6.3.  If  gn-*g  and  g„'  -^g',  then  g„g^  — »gg'. 

Let  X  be  any  point  of  E.  Then  g,!  (x)—^g'(x).  Hence  gn[gn  (x)]--^gg' (x) 
which  we  wanted  to  prove. 

Theorem  6.2.  Let  (ai,  •  •  •  ,  at)  and  (Ai,  ■  •  ■  ,  Ak)  be  any  two  sets  of  k 
points.  Let  (a",  ■  ■  ■  ,  al)  approach  (ai,  •  •  ■  ,  ak)  and  let  {AI,  ■  ■  ■  ,  A^)  ap- 
proach (Ai,  ■  ■  ■  ,  Ak)-  If  there  is  for  each  n  an  element  g„  in  G  such  that 

gja,)  =  Ai,  i  =  I,  ■  ■  ■  ,  k, 

then  there  exists  an  element  g  in  G  such  that 

g{ai)  =  Ai,  J  =  1,  •  •  •  ,  *. 

Let  g„'  be  an  element  of  G  such  that  g„'  (a,)  =a".  Then  g„gn  (a,)  =A"—*Ai. 
Letting  f  =  1  we  see  that  g„g,!  (ai)—*Ai.  Since  ai  certainly  approaches  at,  Theo- 
rem 6.1  tells  us  that  the  sequence  gr,gn  contains  a  subsequence  converging  to 
an  element  g*  in  G.  We  assume  that  our  original  sequence  above  is  taken  as 
this  convergent  subsequence.  An  application  of  Theorem  6.1  to  the  sequence 
g„'  (remembering  that  g„' (ai)  =a"— >ai)  shows  that  for  a  subsequence  of  n's 
(which  we  now  take  for  the  whole  sequence)  g„'  — >g'  where  g'  is  in  G.  We  have 
now  arrived  at  the  following  situation : 


By  the  preceding  results  g,'    'g,7^^g*~'--  Hence 
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g,:  (g„'- V)  =  gr'-^  g'g*-' ,  g.  ->  g*g'~K 

Now  for  any  i  (1  Si^k) 

a'!  =  g„{a")^g*g'    (a.)- 
But  A"—^Ai  and  hence 

g*g'-'{ai)  =  .4,. 

The  element  g*g'~^  therefore  has  the  desired  properties. 

This  theorem  apphed  to  the  plane  case  (and  with  k  =  3)  yields  Hilbert's 
Axiom  III.  It  is  worth  pointing  out  that  we  have  actually  proved  a  great  deal 
more  than  Hilbert's  axioms;  we  have  also  obtained  many  of  the  results  of 
his  paper.  But  as  we  are,  at  the  moment,  only  interested  in  establishing  that 
our  weaker  axioms  suffice  for  the  plane,  we  leave  the  plane  case  and  turn  our 
entire  attention  to  the  three  dimensional  case.  From  now  on  it  is  to  be  under- 
stood that  we  are  dealing  with  this  latter  case. 

13.  By  a  G-straight,  or  more  simply  a  straight  or  a  line  we  shall  mean  a 
topological  line  which  is  the  set  of  points  left  fixed  by  a  circular  subgroup  of 
some  Gx-  Through  every  point  of  space  there  is  clearly  a  large  family  of 
straights.  Now  let  x  and  y  be  any  two  distinct  points  of  the  space.  In  the  group 
Gx  there  is  one  and  only  one  circular  subgroup  leaving  y  fixed.  Let  this  group 
be  called  Kxy  It  clearly  leaves  fixed  a  topological  line,  call  it  Lxy.  We  have 
therefore  seen  that  there  is  at  least  one  G-straight  through  every  two  distinct 
points  of  space.  We  know  that  Lxy  is  the  set  of  all  fixed  points  of  Kxy  We  have, 
therefore,  the  following  theorem. 

Theorem  7.   Through  each  pair  of  distinct  points  of  E  there  passes  one  and 

only  one  G-straight. 

13.1.  It  is  worth  noting  that  if  an  element  g  in  G  leaves  fixed  three  points 
X,  y,  z  not  all  on  the  same  straight  then  g  leaves  all  of  £  fixed.  For  since  g 
leaves  x  fixed  it  is  in  Gx-  Since  it  leaves  y  fixed  it  is  in  the  circular  subgroup 
Kxy  of  Gx\  and  since  it  leaves  fi.xed  z,  a  point  not  on  the  "axis"  of  Kxy,  it  must 
leave  all  of  E  fixed. 

The  symbol  xy  will  be  used  to  denote  the  closed  portion  of  the  line  Lxy 
which  is  contained  between  the  points  x  and  y.  This  set  of  points  will  be  called 
an  interval  or  the  interval  xy,  or  a  segment. 

Let  Lxy  be  a  straight,  left  fixed  by  the  circular  group  Kxy,  and  let  g  be 
any  element  of  G.  Then  the  set  of  points  g{Lxy)  is  the  set  left  fixed  by  gKxyg~^. 
In  other  words  the  image  of  a  straight  under  any  element  of  G  is  also  a  straight. 
It  follows  that  the  image  of  a  segment  is  a  segment. 

Two  configurations  of  the  space  E  are  said  to  be  congruent  if  one  of  them 
is  carried  into  the  other  by  some  element  of  G. 

Any  two  straights  are  congruent  and  in  fact  any  two  marked  straights  are 
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congruent.  By  a  marked  straight  we  mean  a  straight  with  some  one  of  its 
points  particularly  "marked."  It  is  furthermore  true  that  any  marked  straight 
can  be  taken  to  any  other  so  that  a  given  direction  on  the  one  goes  to  a  given 
direction  on  the  other.  These  facts  follow  from  the  transitivity  of  G  and  the 
nature  of  the  rotation  group. 

14.  As  we  have  said,  a  sphere  is  defined  to  be  any  two  dimensional  orbit 
of  any  group  G^.  The  point  x  is  called  the  center  of  the  sphere. 

Theorem  8.  A  straight  and  a  sphere  can  intersect  in  two  points  at  most. 

Let  X  be  the  center  of  5  the  sphere  and  let  L  be  the  straight.  Suppose  a 
and  b  are  two  points  of  intersection  of  L  and  S.  There  exists  an  element  of  Gx 
which  interchanges  a  and  b.  This  element  must  carry  L  into  itself  since  L  is 
determined  by  any  two  of  its  points.  Then  there  exists  a  non-trivial  subgroup 
of  Gx  which  leaves  L  invariant.  This  subgroup  which  will  be  denoted  by  Q 
is  compact.  Such  a  compact  group  acting  on  a  line  can  contain  only  two  dis- 
tinct transformations,  the  identity  and  a  reflection.  Hence  under  this  group 
the  orbit  of  a  consists  of  the  two  points  a  and  b.  It  follows  that  there  can  be 
no  other  point  c  of  Z  on  5,  for  otherwise  there  would  be  an  element  of  Q  inter- 
changing a  and  c  and  a  would  have  at  least  three  points  in  its  orbit.  This  com- 
pletes the  proof. 

Theorem  9.  If  p  and  q  are  inside  a  sphere  S,  then  the  segment  pq  is  inside  S. 

The  straight  Zp,  is  not  compact  in  either  direction.  In  going  along  Lp, 
from  p  to  q  and  on  we  must  meet  S  in  some  point.  Similarly  we  must  meet  5 
in  going  from  q  to  p  and  on  out.  The  straight  Zp,  meets  5,  then,  in  two  points 
neither  of  which  is  in  the  interval  pq.  Therefore  no  point  of  the  interval  can 
be  outside  5  for  this  would  imply  that  some  point  of  the  interval  was  on  5 
and  this  would  mean  that  Lp,  had  at  least  three  distinct  points  on  5. 

15.  Theorem  10.  If  x„-^x  and  yn—^y  then  x^yn-^xy. 

Let  s„,  M  =  1,  2,  3,  •  •  •  ,  be  a  point  of  x„y„.  Any  sphere  surrounding  xy 
surrounds  almost  all  the  s„,  so  that  for  a  proper  subsequence  of  the  n  and  a 
suitable  point  s,  Zn—^z.  We  have  to  prove  that  s  is  on  xy.  There  exist  elements 
g„  such  that  g„x„=x,  and  g„yn  is  on  L^y  on  the  same  side  of  :*;  as  the  point  y. 

Now  we  know  that  there  is  a  subsequence  of  the  g„  and  an  element  g  such 
that  gn^g.  Further  gx=x,  gny^^—^gy,  and  g„z„^gz.  Now  g„y„  is  on  Zx„  so  that 
gy  must  also  lie  on  Lxy.  On  the  other  hand  gy  belongs  to  diy).  Then  it  is  clear 
that  gy^y.  Therefore  g  belongs  to  K^^,  g~'-  belongs  to  K^y  and  z=g~^(gz)  is 
a  point  of  Zi„  since  gz  is  a  point  of  L^y.  It  is  now  a  trivial  matter  that  z  is  on 
xy  and  that  every  point  of  xy  is  a  limit  point  of  some  sequence  2„. 

It  should  be  remarked  that  under  the  same  hypothesis  the  line  Zr„„„  con- 
verges to  the  line  Zi„.  By  this  we  mean  that  every  sequence  3„  of  points  from 
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Li„„„  either  has  no  Hmit  point  or  every  Hmit  point  which  it  has  is  on  L^y. 
Furthermore  every  point  of  Lxy  is  a  limit  point  of  such  a  sequence. 

Let  us  now  take  a  point  z„,  n  =  l,  2,  3,  ■  ■  ■  ,  on  I.x„i/„  and  assume  that  the 
sequence  z„  converges  to  a  point  z.  The  intervals  x„z„  then  converge  to  xz 
and  y„Zn  converge  to  yz.  It  may  be  assumed  that  the  points  s„  are  outside  the 
interval  x„y„  say  in  the  order  x„y„z„.  The  segment  xz  then  contains  xy  and  yz, 
so  that  xz  is  clearly  part  of  the  line  Lxy. 

The  argument  that  every  point  of  Ljy  is  such  a  limit  is  not  difficult. 

16.  Theorem  11.  Let  x  and  y  be  any  two  points  of  the  sphere  S.  Then  the 
interval  xy,  except  for  x  and  y,  is  inside  S. 

Let  x„  and  _v„  be  sequences  of  points  inside  5  converging  respectively  to  x 
and  y.  By  a  preceding  theorem  the  intervals  Xny^  must  be  contained  in  the 
interior  of  S.  The  limit  of  these  intervals  will  then  be  inside  or  on  5.  This 
limit  is  xy.  This  shows  that  xy  is  entirely  contained  in  S  and  its  interior.  But 
Lxy  can  have  no  point  besides  x  and  y  on  5.  The  conclusion  therefore  follows. 

17.  A  point  y  is  said  to  be  the  midpoint  of  the  segment  or  interval  xz  if  it 
is  on  xz  and  if  there  is  an  element  of  G  leaving  y  fixed  and  interchanging  x 
and  z.  The  point  y  is  then  the  center  of  a  sphere  containing  x  and  z  as  anti- 
podal points. 

Theorem  12.  Every  segment  has  a  unique  midpoint. 

We  begin  by  showing  the  existence  of  the  midpoint.  Let  y  be  a  variable 
point  of  the  segment  xz.  There  is  in  G„  an  element  of  order  two  which  moves  x 
to  a  unique  point  of  Lxz-  Let  this  unique  point  be  denoted  by  f{y).  Now 
fix)  =x;  and/(2)  lies  on  Lxy  and  has  the  order  xzf(z).  Therefore  if  fiy)  is  con- 
tinuous it  will  assume  for  some  y  the  value  s.  We  have  only  to  show  therefore 
tha.tf(y)  is  continuous. 

Let  yn  approach  yn.  Lemma  6  shows  that  f(yn)  is  a  bounded  set,  and  we 
may  assume  that  f{y„)  approaches  a  point  w  of  the  line  Lx,.  We  wish  to  show 
that  •w=f{yo).  Assume  that  this  is  not  true  and  that  w  is  distinct  iromfiya). 
The  pair  [x,  y„)  is  carried  by  an  element  of  the  group  to  the  pair  [fiyj,  y„]- 
There  must  be  an  element  g  of  the  group  taking  the  pair  (x.  yo)  to  the  pair 
(w,  yo).  There  is  also  an  element  g'  taking  the  pair  (x,  yo)  to  the  pair  ifiyo),  yo)- 
That  is 

iiyo)  =  g'iyo)  =  vo 


six)  =  w,         g'i.v)  =  fiyo). 

Hence  g'g~'-  leaves  yo  fixed  and  takes  w  tof(yo).  This  is  impossible  because 
g'g-^  is  in  the  compact  group  G„„  and  the  points  w  and/(yo)  are  both  on  the 
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same  side  of  yo  on  the  line  Z.^.  Hence/(3')  is  continuous  and  the  midpoint  of  xz 
exists. 

Assume  now  that  there  are  two  midpoints  y  and  y'  of  the  segment  xz. 
Each  of  them  gives  rise  to  a  reflection  interchanging  x  and  2  and  leaving  itself 
fixed.  The  product  of  these  two  reflections  of  Lxz  is  a  [transformation  of  Lxz 
leaving  x  and  s  fixed  and  moving  other  points  on  the  line.  This  is  impossible. 

18.  The  next  geometric  concept  to  be  defined  will  be  the  projection  of  a 
point  z  on  a  line  L.  If  z  is  on  Z  this  projection  is  defined  to  be  z  itself.  If  2 
is  not  on  L  let  g  be  an  element  of  order  two  in  Kl  which  is  the  circular  group 
leaving  every  point  of  L  fixed.  Let  z'=g{z);  evidently  g{z')=z.  The  line  L^^' 
and  the  segment  zz'  are  invariant  under  g,  so  that  g  is  a  reflection  of  the  line 
and  segment  with  a  fixed  point  p.  Since  this  point  p  is  fixed  under  an  element 
of  K  not  the  identity,  it  is  fixed  under  all  of  K  and  is  on  L.  The  point  p  is 
now  defined  to  be  the  projection  of  z  on  L. 

Theorem  13.   The  projection  of  z  on  L  is  a  continuous  function  of  z. 

Suppose  z„  converges  to  z.  Then  g(2„)  =s,'  converges  to  a  point  s',  g  being 
the  element  of  order  two  in  the  group  leaving  L  fixed.  The  segments  s„z„' 
converge  to  the  segment  zz' .  The  points  />„  have  some  limit  point  on  zz' . 
But  a  limit  point  of  the  /)„'s  must  be  fixed  under  g  and  can  only  be  the  point  p. 

19.  The  space  E  is  given  to  us  as  a  metric  space.  Our  purpose  now  is  to 
introduce  a  new  metric  equivalent  to  the  old  which  will  be  invariant  under  G. 

Let  L  be  any  straight  in  E  and  let  G*  be  the  set  of  elements  of  G  which 
transform  L  into  itself  while  preserving  direction.  Any  element  of  G*  which 
leaves  a  point  of  L  fixed  leaves  every  point  of  L  fixed.  Let  gn  be  a  sequence  of 
elements  of  G*  such  that  for  some  point  a  in  L  the  sequence  g„{a)  approaches 
a.  Then  for  any  b  m  L  the  sequence  g„{b)  approaches  h.  It  follows  from  the 
fact  mentioned  here  that  if  two  homeomorphisms  of  G*  act  approximately 
the  same  way  on  a  single  point  of  space  then  they  act  approximately  the  same 
way  over  any  bounded  part  of  the  line. 

It  will  be  useful  to  note  also  that  if  ah  is  an  interval  of  L  and  g  takes  L 
into  itself  with  direction  reversed  and  if  g{b)  =a  it  follows  that  g{a)  =b.  With 
the  aid  of  G*  we  shall  now  see  how  L  becomes  the  carrying  space  of  a  topologi- 
cal group. 

19.1.  Let  o  be  a  point  of  L  fixed  but  arbitrary.  Let  a  and  Z)  be  any  two  points 
of  L.  Let/  be  an  element  of  G*  which  moves  0  to  a,  and  let  g  be  an  element  of 
G*  which  moves  0  to  b.  Then  by  definition  a  ■  b  =fg{o).  This  definition  of  multi- 
plication on  L  is  associative.  It  has  an  inverse,  and  hence  all  the  group  axioms 
are  satisfied.  If /(o)  =a,  the  inverse  of  a  is  f~^{o).  Another  way  to  obtain  a~' 
is  to  define  it  as  the  position  to  which  a  goes  by  an  element  which  reverses 
direction  on  L  while  leaving  0  fixed.  The  latter  definition  shows  that  the  oper- 
ator "inverse"  is  continuous. 

Now  assume  that  a„  approaches  a  and  6„  approaches  b.  Let/„(o)=a„, 
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g„(o)  =b„,  f{o)  =a,  and  g{o)  =b.  By  the  remarks  in  §19/„  is  near/  for  large  m 
and  any  bounded  portion  of  the  line.  A  similar  statement  may  be  made  about 
gn  and  g.  Therefore /„g„(o)  is  near  fg{o).  This  shows  that  the  group  multiplica- 
tion a- bis  simultaneously  continuous  in  a  and  b. 

Thus  with  multiplication  as  above  defined  L  becomes  the  carrier  of  a 
topological  group.  But  it  is  known  that  such  a  group  must  be  bicontinuously 
isomorphic  to  the  additive  group  of  real  numbers.  The  line  L  may  now  be 
metrized  with  the  metric  of  the  real  numbers  carried  by  it  in  this  way.  That 
is,  if  X  and  y  are  any  two  points  of  L,  then  d*{x,  y),  the  new  distance,  is  defined 
to  be  the  absolute  value  of  the  difference  of  the  real  numbers  corresponding 
to  X  and  y. 

Now  suppose  that  the  segment  xy  is  translated  to  x'y'  by  an  element  g 
of  G*.  Thus: 

Kix)  =  x',  g(y)  =  y'. 

If  g(o)=s,  then 

z-x  =  x',  z-y  =  y'. 

Therefore  x-y  is  translated  to  x' -y'  by  an  operation  of  the  topological  group 
defined  above  and  therefore  d*{x,  y)=d*{x',  y'). 

Any  element  of  G  which  reverses  sense  on  L  also  preserves  the  new  dis- 
tance. This  is  because  there  is  one  sense  reversing  transformation  which 
merely  changes  the  ends  of  a  given  interval.  This  transformation  leaves  the 
length  of  the  interval  invariant.  Any  other  sense  reversing  transformation  is 
the  product  of  this  one  and  an  element  of  G*,  from  which  our  statement  now 
follows. 

19.2.  We  may  now  define  the  new  distance  for  any  two  points  x  and  y  of 
space.  There  is  some  element  in  G  which  carries  x  and  y  to  two  points  x' 
and  y'  of  L.  The  distance  d*{x,  y)  is  defined  as  equal  to  d*{x',  y').  By  its  very 
definition  this  new  distance  extended  as  it  now  is  to  all  of  E  is  invariant  un- 
der G.  In  fact  any  two  pairs  of  points  are  congruent  if  and  only  if  they  have 
the  same  distance  d*. 

19.3.  To  show  that  the  new  distance  <f*  is  equivalent  to  the  old  it  is  only 
necessary  to  show  that  it  is  a  continuous  function. 

Theorem  14.   The  distance  d*(x,  y)  is  a  continuous  function  of  x  and  y. 

Let  x„'s  converge  to  x  and  3'„'s  to  y.  We  saw  in  the  proof  of  Theorem  10 
that  G  contains  an  element  which  takes  a:„  to  x  and  y„  to  the  line  Lxv,  near  y. 
But  on  L  and  hence  on  Zx„,  d*  is  a  continuous  function.  This  shows  that  d*  of 
the  transformed  pair,  which  is  the  same  as  d*  for  the  original  pair  (x„,  y„), 
is  near  d*{x,  y). 

19.4.  Theorem  15.   The  distance  d*(x,  y)  satisfies  the  triangle  axiom. 
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Let  A,  B,  and  C  be  any  three  points  of  E.  We  wish  to  prove  that 

d*(,A,  C)  +  d*{C,  B)  ^  d*{A,  B). 

If  C  is  on  the  line  Lab  we  know  this.  When  C  is  between  A  and  B  the  equality 
holds,  and  this  will  be  the  only  case  of  equality. 

Suppose  now  that  C  is  not  on  Lab  and  let  C  be  the  projection  of  C  on  the 
line.  To  prove  the  desired  inequality  it  will  suffice  to  show  that  d*iA,  C) 
>d*{A,  C)  and  d*{C,  B)>d*{C',  B).  This  follows  from  the  following  lemma. 

Lemma  7.  Let  x,  y,  and  z,  not  on  a  line,  be  such  that  z  is  the  projection  of  y 
on  Lxz-  Then  d*(x,  y)  >d*ix,  z). 

Let  5  be  the  sphere  about  x  which  goes  through  y,  that  is,  the  sphere  with 
center  x  and  radius  d*(x,  y).  Let  g  be  the  element  of  order  two  in  iT^  and  let 
y'=g(y).  The  segment  yy'  has  z  as  midpoint,  so  that  certainly  z  is  on  yy'. 
The  point  y'  is  on  5  because  xy  and  xy'  are  congruent  under  g.  If  now 
d*{x,  z)  =d*(x,  y),  there  would  have  to  be  a  point  z'  on  the  segment  xz  such 
that  d*{x,  z')=d*(x,  y).  Since  y  and  y'  are  on  the  sphere,-  z  is  inside  it.  Of 
course  x  is  inside  the  sphere  and  hence  z'  is  also  inside  it,  contrary  to  the  pre- 
ceding equality. 

It  should  be  noted  that  all  points  of  yy'  except  y  and  y'  are  inside  5  so  that 
for  any  point  w  of  yy'  distinct  from  y  and  y',  d*(x,  w)  <d*{x,  y). 

It  is  clear  that  we  have  established  the  metric  characterization  of  a 
straight  line:  three  points  are  on  a  straight  line  if  and  only  if  their  distances 
in  proper  and  unique  order  satisfy  the  triangle  equality.  From  this  point  on, 
the  distance  d*,  now  called  d,  will  be  the  only  distance  used. 

20.  Let  L  and  L'  be  two  lines  having  in  common  the  single  point  p  and 
such  that  there  exists  an  element  of  order  two  in  Kl  under  which  the  line  L' 
is  invariant.  In  this  case  L'  is  said  to  be  orthogonal  or  perpendicular  to  L.  If  x 
is  a  point  on  L' ,  its  projection  on  L  is  the  point  p. 

Consider  the  rotation  group  Gp  and  the  coordinate  system  that  goes  with 
it  which  makes  Gp  the  three-space  rotation  group.  Since  there  is  an  element  of 
order  two,  that  is,  a  half-rotation  in  Gp  which  leaves  L  fixed  and  L'  invariant, 
there  is  also  a  half-rotation  in  Gp  which  leaves  L'  fixed  and  L  invariant.  In 
other  words  L  is  also  orthogonal  to  L'  and  the  relation  of  orthogonality  is 
symmetric.  It  can  be  seen  also  that  orthogonality  is  a  group  invariant. 

20.  L  The  transitivity  of  G  and  the  nature  of  the  rotation  group  enables  us 
to  state  the  following  two  theorems. 

Theorem  16.  Let  L  and  N  be  two  lines  both  orthogonal  to  a  line  M  at  a 
point  p.  There  is  then  an  element  of  Km  which  carries  L  to  N. 

This  makes  it  clear  incidentally  that  the  locus  of  points  on  lines  orthogo- 
nal to  Z,  at  p  is  a  topological  plane. 
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Theorem  17.  Let  L  and  L'  be  orthogonal  at  p  and  let  M  and  M'  be  orthogo- 
nal at  q.  There  is  then  an  element  g  in  G  such  that  g{p)=q,  g{L)  =  M  and 
g{L')  =  ]\r .  Furthermore  this  element  may  he  so  chosen  as  to  take  any  desired 
directions  on  L  and  M  to  any  desired  directions  on  L'  and  M' . 

20.2.  Let  L  and  L'  be  a  pair  of  orthogonal  lines  intersecting  in  a  point  p. 
Let  X  and  y  be  two  points  of  L'  on  opposite  sides  of  p  and  at  equal  distances 
from  p.  A  half-rotation  about  L  must  then  interchange  x  and  v.  If  q  is  any 
point  of  L,  the  half-rotation  carries  the  segment  qx  to  qy,  so  that  q  is  equidis- 
tant from  X  and  y.  We  may  express  this  result  by  saying  that  if  two  lines  are 
orthogonal  any  point  on  one  of  them  is  equidistant  from  any  pair  of  sym- 
metrically placed  points  on  the  other. 

20.3.  A  triangle  is  defined  in  the  natural  way  as  the  system  of  three  seg- 
ments joining  pairs  of  a  set  of  three  points.  Other  simple  geometric  concepts 
will  sometimes  be  used  without  definition  when  the  definition  is  perfectly 
straightforward. 

As  a  sort  of  converse  to  the  result  of  the  preceding  section  the  following 
theorem  is  given  at  this  point. 

Theorem  18.   The  altitude  of  an  isosceles  triangle  bisects  the  base. 

Let  q,  X,  and  _v  be  three  points  such  that  qx  and  qy  are  congruent.  Let  p 
denote  the  projection  of  q  on  L^y.  Then  Lp^  is  orthogonal  to  Ljry.  Consider 
the  half  rotation  which  leaves  Lp,  fi.xed  and  Lxy  invariant.  This  carries  x 
and  y  to  .r'  and  y',  all  four  points  being  on  the  same  line.  All  four  segments 
qx,  qy,  qx',  and  qy'  are  equal  and  the  line  L^y  must  meet  the  sphere  G^{x) 
in  four  points,  x,  y,  x',  and  y'.  At  most  two  of  these  are  distinct  and  we  know 
that  x  and  y  are  distinct.  This  makes  it  clear  that  y'  is  x  and  x'  is  y,  so  that  p 
is  the  midpoint  of  the  segment  .vv. 

21.  Let  L  denote  a  line  and  p  a  point  on  it.  Let  7r  denote  the  set  of  all 
points  of  space  whose  projection  on  L  is  the  point  p.  Such  a  set,  by  definition, 
is  a  plane  of  our  geometry.  It  is  clear  that  any  line  M  orthogonal  to  L  at  the 
point  p  belongs  to  tt,  and  that  every  point  of  tt  is  on  one  such  line.  Now  let 
X  and  x'  be  a  pair  of  points  symmetrically  situated  about  p  on  the  line  L. 
Then  all  points  of  ir  are  equidistant  from  x  and  .r':  conversely  any  point 
equidistant  from  these  must  lie  on  tt.  Our  planes  may  therefore  be  character- 
ized as  the  locus  of  points  equidistant  from  some  pair  of  points.  If  we  consider 
the  circle  group  which  leaves  fixed  the  line  L  =Lxi',  we  see  that  every  line  M, 
as  abov^e,  is  generated  by  this  group  from  any  arbitrary  one.  It  follows  at 
once  that  our  planes  have  the  topological  structure  which  they  should. 

21.1.  To  show  that  our  planes  are  linear  sets  we  shall  borrow  from 
Kerekjarto  the  notion  of  introducing  a  simple  antipodal  transformation  a, 
not  an  element  of  G,  defined  on  the  whole  space  as  follows.  Under  a  the  point  p 
is  fixed:  a  point  q  goes  to  that  point  q'  on  the  line  pq  which  is  symmetrically 
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disposed  about  p.  It  is  obvious  that  the  straight  lines  through  p,  and  only 
these,  are  invariant  under  a. 

Our  metric  is  invariant  under  this  transformation  a.  To  see  this,  following 
Kerekjarto,  we  need  merely  show  that,  for  an  arbitrary  pair  of  points,  a  co- 
incides with  an  appropriate  element  of  G.  To  this  end,  let  q  and  5  be  two 
points,  distinct  from  /?,  and  let  L'  denote  a  line  orthogonal  to  pq  and  ps. 
Let  g  denote  a  half-turn  about  L' .  It  is  clear  that  gand  5  have  the  same  images 
under  this  half-turn  as  under  the  antipodal  transformation  a.  It  now  follows 
immediately  from  the  invariance  of  our  metric  that  a  carries  straight  lines  of 
space  to  straight  lines,  for  these  as  we  have  seen  are  metrically  characterized. 

21.2.  Consider  now  the  line  L  and  the  plane  tf  orthogonal  to  it  at  the  point 
p.  Perform  upon  space  the  antipodal  transformation  a.  followed  by  a  half- 
turn  about  L.  It  is  clear  that  the  points  of  7r  are  fixed  points  under  this 
product-transformation.  But  it  is  important  to  observe  that  they  are  the  only 
fixed  points:  this  follows  from  the  fact  that  all  lines  through  p  are  invariant 
under  a  and  only  those  remain  invariant  under  the  half-turn  which  are  or- 
thogonal to  L  at  p.  Now  take  two  points,  q  and  5,  in  tt.  The  line  through  these 
must  be  invariant  because  our  composite  transformation  carries  it  to  a  line 
through  q  and  5,  since  these  are  fixed  points.  This  transformation,  moreover, 
preserves  distances.  Since  it  has  a  pair  of  fixed  points  it  must  leave  all  of  the 
line  fixed.  Therefore  the  line  through  q  and  5  must  lie  in  tt,  the  locus  of  fixed 
points.  Then  we  have  shown  that  with  every  pair  of  its  points  our  plane  con- 
tains the  line  determined  by  these  points. 

22.  As  we  know,  the  plane  tt  is  invariant  under  the  circle  group  Kl-  We 
want  to  show  next  that  associated  with  every  point  g  of  tt  there  is  a  similar 
circle  group  leaving  tt  invariant.  Such  a  step  will  enable  us  to  see  that  there  is 
nothing  special  about  the  point  p  and  to  conclude  that  tf  is  either  a  euclidean 
or  hyperbolic  plane  under  the  subgroup  G"'  of  G  which  leaves  tf  invariant. 
This  group  is  transitive  on  tt. 

22.1.  Let  us  introduce  the  notion  of  the  projection  of  a  point  x  on  the 
plane  tt.  This  is  defined  as  that  point  x'  of  tt  which  is  nearest  to  x.  In  order 
to  see  that  x'  is  determined,  let  2  denote  a  point  of  tt  and  let  5  denote  a  sphere 
with  center  at  x  and  radius  xz.  The  solid  sphere  intersects  tt  in  a  compact  set. 
For  any  point  of  w  not  in  this  intersection  the  distance  to  x  must  exceed  xz. 
On  the  compact  set  there  certainly  is  one  "nearest"  point,  but  conceivably 
more  than  one.  Now  there  can  be  at  most  one  such  nearest  point.  For  sup- 
pose x'  and  x"  are  two  points  of  7r  at  the  same  distance  from  x.  Then  the  mid- 
point of  x'x"  is  in  ir  and  is  nearer  to  x  than  x'  and  x"  are.  It  is  clear  from  the 
continuity  of  distance  and  the  uniqueness  of  projection  that  this  projection 
operation  is  continuous.  We  shall  use  this  continuity  in  the  following  theorem. 

Theorem  19.  Every  point  q  of  w  is  the  projection  of  at  least  one  point  q' 
not  on  TV. 
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Consider  a  sphere  about  P  large  enough  to  have  the  point  q  inside  of  it. 
This  sphere  meets  tt  in  a  circle,  call  it  C.  Let  S  denote  one  of  the  hemispheres 
associated  with  C.  Let  5*  denote  the  set  of  projections  of  5.  Since  C  can  be 
deformed  on  5  to  a  point  of  S,  it  can  be  deformed  on  5*  to  a  point  of  S*. 
During  this  deformation  it  must  meet  q  since  g  is  in  the  domain  bounded  by  C. 
This  means  that  g  is  a  point  of  S*  as  was  to  be  shown. 

22.2.  Let  g'  be  a  point  not  on  tt  and  let  q,  distinct  from  p,  be  its  protection 
on  TT.  Let  tt'  denote  the  plane  of  lines  orthogonal  to  qq'  at  q.  This  plane  con- 
tains all  straight  lines  of  which  it  contains  a  pair  of  points,  by  2L2. 

Theorem  20.   The  planes  w  and  tt'  are  identical. 

It  will  first  be  shown  that  tt'  includes  tt.  Consider  the  line  Zp,.  This  line 
is  in  both  planes.  The  coordinate  system  around  P  shows  us  that  there  is  one 
and  only  one  line  in  7r  which  goes  through  p  and  is  orthogonal  to  Lpg.  Let  L' 
denote  any  line,  distinct  from  this  one,  through  p  and  in  x.  Let  5  denote  the 
projection  of  q  on  the  line  L'.  The  point  s  is  distinct  from  p  by  our  choice  of  L'. 
Since  5  and  q  are  points  of  x,  L^q  belongs  to  ir.  Since  it  is  a  line  of  x  which 
goes  through  q  it  is  also  in  x'.  Therefore  5  and  p  are  both  points  of  x'  and  Lp, 
belongs  to  x'.  The  set  of  points  on  such  lines  is  dense  in  x,  and  the  closure 
of  this  set,  which  is  x,  must  also  belong  to  x'. 

We  will  now  show  that  x  contains  x'.  The  plane  x  has  the  property  that 
each  of  its  points  is  interior  to  a  two-cell,  and  it  must  therefore  be  an  open  set 
in  x'.  On  the  other  hand  it  is  a  closed  subset  of  space  and  is  therefore  closed 
in  x'.  Then  it  must  coincide  with  x'. 

23.  Let  (x,  p)  denote  a  jnarked  plane,  that  is  to  say  a  plane  x  with  some 
one  of  its  points  p  particularly  specified. 

Theorem  21.  Any  two  marked  planes  are  congruent. 

Let  (x,  p)  and  {a,  s)  be  the  two  marked  planes.  Let  L  denote  a  line  or- 
thogonal to  X  at  p.  Such  a  line  shall  be  by  definition  a  line  through  p  orthogo- 
nal to  every  line  of  x  through  L.  This  orthogonal  line  always  exists  and  is 
unique,  for  it  is  the  locus  of  points  p'  which  project  on  p  when  they  are  pro- 
jected on  X.  This  we  will  see  as  follows.  Let  L*  be  the  totality  of  points 
projecting  on  p.  As  we  know  L*  must  contain  at  least  one  point  p'  distinct 
from  p.  Hence  from  previous  considerations  L*  must  be  the  line  L^p'. 

Now  let  L'  denote  a  line  orthogonal  to  <r  at  s.  The  marked  line  {L,  p) 
may  be  carried  to  the  marked  line  (L',  s).  Since  these  lines  completely  de- 
termine X  and  a,  (x,  p)  must  go  into  {a,  s)  by  the  element  which  takes  {L,  p) 
to  (L',  s).  If  we  carry  the  line  L'  into  itself  by  any  half  turn  about  the  point  s, 
the  plane  a  must  go  into  itself  with  orientation  reversed.  The  marked  planes 
are  therefore  congruent  with  a  matching  of  any  orientations  that  we  choose 
on  them. 

24.  The  geometric  concepts  have  now  been  analyzed  sufficiently  for  us  to 
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be  able  to  see  that  they  satisfy  the  axioms  usually  given  for  a  geometry,  with 
the  exception  of  the  parallel  axiom.  Axioms  I,  II,  III,  and  V  as  given  by 
Hilbert  [4]  for  example  are  all  satisfied. 

It  is  clear  that  there  are  two  possible  geometries  satisfying  our  axioms  for 
the  space  case,  the  euclidean  and  the  hyperbolic.  We  now  sketch  rapidly  one 
method  for  seeing  that  there  are  not  more  than  two. 

Let  IT  be  any  plane  in  E.  The  subgroup  of  G  which  takes  tt  into  itself  and 
preserves  orientation  on  tt  can  be  seen  to  satisfy  the  axioms  of  Hilbert's  paper 
[5].  The  plane  is  therefore  either  euclidean  or  hyperbolic. 

Since  all  planes  are  congruent  to  any  given  plane,  we  see  that  either  every 
plane  is  hyperbolic  or  every  plane  is  euclidean.  We  wish  to  show  that  the 
geometry  induced  by  G  is  either  euclidean  or  hyperbolic  according  to  the  char- 
acter of  the  planes. 

Let  (E,  G)  and  (£',  G')  be  two  systems  satisfying  all  the  axioms  for  the 
space  case  and  assume  that  in  the  two  systems  planes  are  of  the  same  char- 
acter. 

Let  (tt,  P)  be  a  marked  plane  in  E  and  let  (tt',  p')  be  a  marked  plane  in  E' . 
Let  H  denote  a  congruence  correspondence  between  these  two  planes.  Let  L 
and  L'  be  the  unique  lines  of  E  and  E'  which  are  orthogonal  to  tt  and  tt' 
at  p  and  p'.  The  unit  of  length  gives  us  a  unique  correspondence  between  L 
and  L',  the  only  choice,  and  it  is  an  arbitrary  one,  being  which  half  of  Lis 
mapped  on  which  of  L'.  Assume  that  this  choice  has  been  made  so  that  we 
have  really  chosen  an  upper  and  a  lower  half  for  E  and  also  for  E' . 

We  can  now  choose  coordinates  in  E  and  E'  and  extend  -ffby  letting  points 
with  the  same  coordinates  correspond.  The  correspondence  H  as  thus  ex- 
tended is  isometric.  It  preserves  segments,  orthogonality,  lines,  planes,  and 
in  fact  all  geometric  concepts.  The  function  H  also  associates  with  every  g 
in  G  an  element  g'  in  G'  and  we  are  therefore  led  to  the  conclusion  that  (£,  G) 
and  (£',  G')  are  equivalent  provided  the  planar  character  of  the  two  systems 
is  the  same. 

Appendix 

For  the  space  case  an  alternative  set  of  axioms  might  be  chosen  as  follows. 
Let  (£3,  G)  be  a  system  consisting  of  a  set  G  of  sense  preserving  homeo- 
morphisms  of  £3.  Let  the  following  axioms  be  satisfied. 

2.1".   The  same  as  2.1'. 

2.2".   There  is  a  point  p  such  that  Gp  satisfies  the  conditions  (a),  (b),  and  (c) : 

(a)  Gp  is  a  proper  subgroup  of  G. 

(b)  For  each  x  distinct  from  p,  Gp{x)  contains  at  least  three  points. 

(c)  For  a  sequence  of  points  />„  approaching  p,  Gp(pn)  is  at  least  one  dimen- 
sional. 

2.3".   The  same  as  2.3'. 
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We  will  show  that  these  axioms  imply  2.2'  from  which  it  follows  that  they 
suffice  for  the  foundation  of  space  geometry. 

Quite  as  in  the  paper  we  can  arrive  at  the  situation  of  §5.  W'e  have  then 
an  open  set  i?i  with  a  closure  Ri,  and  Hi  is  a  compact  effective  transformation 
group  of  Ri.  The  orbits  of  Hi  are  the  same  as  those  of  Gp. 

Let  H*  be  the  component  of  the  identity  of  Hi.  The  set  H*(x)  has  the 
same  dimension  as  Hi{x)  and  Hi  must  have  orbits  of  dimension  at  least  one 
in  Ri. 

Assume  now  that  //*  is  one  dimensional.  Then  //*  is  the  circle  group.  As 
H*  leaves  fixed  an  "axis"  of  points  of  i?i,  not  every  x  distinct  from  p  has  3 
points  in  its  orbit  under  H*.  Therefore  //*  does  not  exhaust  Hi.  But  H*  di- 
vides Ri  locally  (near  p)  into  a  decomposition  space  which  is  essentially  a 
half  plane.  Hi  —  H*  must  act  on  this  half  plane  and  the  only  compact  group 
which  can  act  on  a  half  plane  is  a  group  of  order  two  which  reflects  its  edge. 
Hence  in  any  case  points  on  the  "axis"  of  //*  will  have  orbits  of  at  most  two 
points  under  Hi.  This  shows  that  Hi  cannot  be  one  dimensional.  But  since 
it  is  now  seen  to  be  of  dimension  greater  than  one  it  must  also  have  orbits  of 
dimension  greater  than  one  by  arguments  in  our  earlier  papers.  This  con- 
cludes the  reduction  of  the  present  system  of  axioms  to  those  of  this  paper. 

It  should  be  remarked  here  that  in  the  presence  of  condition  (b)  above 
it  is  altogether  likely  that  condition  (c)  can  be  relaxed  perhaps  merely  to 
assert,  with  Hilbert,  that  Gp(pn)  is  infinite.  This  appears  to  have  all  of  the 
difficulty  which  attends  the  problem  of  showing,  if  it  is  true,  that  a  zero 
dimensional  topological  transformation  group  of  three-space  is  necessarily 
finite. 

We  might  mention  in  conclusion  that  it  seems  to  us  of  some  interest  to 
determine  the  three-space  geometries  through  appropriate  reflection  groups, 
along  the  lines  on  which  this  was  done  for  the  plane  by  Cairns.  While  it  is 
clear  that  suitable  conditions  on  "reflections"  of  three-space  could  be  made 
to  yield  the  axioms  of  this  paper,  the  characterization  of  the  fixed  points  of 
reflection  of  three-space  by  P.  Smith  might  lead  to  an  interesting  approach. 

Added  in  proof:  Kerekjarto  has  informed  us  that  he  has  published  a 
further  paper  on  this  same  subject  in  the  Proceedings  of  the  Hungarian 
Academy  of  Sciences  (1928)  (in  Hungarian).  He  is  about  to  publish  another 
paper  on  this  subject  in  the  Acta  Mathematica. 
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TWO-DIMENSIONAL  SPACES  IN  WHICH  THERE  EXIST 
CONTIGUOUS  POINTS* 

BV 

E.  C.  KLIPPLE 

In  a  recent  number  of  The  Rice  Institute  Pamphletf  R.  L.  Moore  has 
formulated  a  set  of  axioms  in  terms  of  the  undefined  notions  "point,"  "re- 
gion," and  "contiguous  to."  These  axiomsf  (Axioms  A,  B,  C,  0,  1,  and  2  of 
this  paper)  serve  as  the  basis  for  the  proofs  of  a  considerable  number  of 
theorems  of  ordinary  point  set  theory,  including  a  large  proportion  of  the 
theorems  of  the  first  two  chapters  of  Moore's  book.§  Nevertheless,  there  exist 
spaces  satisfying  these  axioms  in  which  an  arc  may  contain  only  a  finite  num- 
ber of  points  and  in  which  a  region  may  consist  of  a  finite  number  of  points. 

In  the  present  paper  a  study  is  made  of  spaces  which  satisfy  the  above 
mentioned  axioms  and  some  additional  axioms  which  restrict  the  spaces  to 
being,  in  a  certain  sense,  two  dimensional.  The  ordinary  euclidean  plane  is  a 
space  which  satisfies  all  the  axioms. 

I  wish  to  acknowledge  my  indebtedness  to  Professor  R.  L.  Moore,  and  to 
thank  him  for  suggesting  the  problem  and  for  many  helpful  criticisms  in  the 
course  of  its  development. 

For  definitions  of  terms  used  but  not  defined  here  the  reader  may  refer  to 
S.C.P. 

Definitions.  A  simple  closed  curve  is  a  compact  continuum,  containing  at 
least  two  distinct  non-contiguous  points,  which  is  disconnected  by  the  omission 
of  any  two  of  its  non-contiguous  points.  A  triune  is  a  set  of  three  distinct  points 
such  that  each  of  them  is  contiguous  to  each  of  the  others. 

Axiom  A.  No  point  is  contiguous  to  itself. 

Axiom  B.  //  the  point  A  is  contiguous  to  the  point  B,  then  B  is  contiguous 
to  A. 


*  Presented  to  the  Society,  October  28,  19S3;  received  by  the  editors  August  18,  1937. 

t  Vol.  2,3  (1936),  no.  1.  In  the  present  treatment  the  abbreviation  S.C.P.  will  be  used  to  designate 
part  1  of  this  paper. 

t  It  being  understood  that  in  the  statement  of  .Axiom  2  of  S.C.P.  the  word  "non-degenerate"  is 
to  be  omitted.  It  is  clear  from  the  conte.xt  that  the  retention  of  this  word  was  not  intended. 

§  Foundations  of  Point  Set  Theory,  .American  Mathematical  Society  Colloquium  Publications, 
vol.  13,  New  York,  1932.  In  the  present  treatment  the  abbreviation  P.S.T.  will  be  used  to  designate 
this  book. 
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Axiom  C.  //  M  is  a  closed  point  set  and  every  point  of  the  set  H  is  contiguous 
to  some  point  of  M,  then  no  point  of  S  —  M  is  a  limit  point  of  H. 

Axiom  0.  Every  region  is  a  point  set. 

Axiom  1.  There  exists  a  sequence  Gi,  G^,  d,  ■■  ■  such  that  (1)  for  each  n, 
G„  is  a  collection  of  regions  covering  S,  (2)  for  each  n,  G„+i  is  a  suhcollection  ofG„, 
(3)  if  R  is  any  region  whatsoever,  and  if  X  is  a  point  of  R  and  Y  is  a  point  of  R 
either  identical  with  X  or  not,  then  there  exists  a  natural  number  m  such  that  if  g 
is  any  region  belonging  to  the  collection  G„,  and  containing  X,  then  g  is  a  subset 
of  (R—  Y)+X,  (4)  if  Ml,  M2,  Ms,  ■  ■  ■  is  a  sequence  of  closed  point  sets  such 
that  M„  contains  Mn+i  for  each  n  and  there  exists  a  region  g^  of  the  collection  G„ 
such  that  M„  is  a  subset  of  gnfor  each  n,  then  there  is  at  least  one  point  common  to 
all  the  point  sets  of  the  sequence  Mi,  Mi,  Ms,  ■  ■  ■  . 

Axiom  2.  If  P  is  a  point  of  a  region  R,  there  exists  a  connected  domain  con- 
taining P  and  lying  in  R. 

Axiom  3.  If  J  is  a  simple  closed  curve  or  triune,  then  S—J  is  the  sum  of  two 
mutually  separated  connected  point  sets  such  that  J  is  the  boundary  of  each  of 
them. 

In  this  paper  I  deal  very  frequently  with  complementary  domains  of 
simple  closed  curves  and  triunes.  If  /  is  a  simple  closed  curve  or  triune  and 
w  is  a  point  of  S  —  J,  then  bj'  the  interior  of  J  with  respect  to  u,  is  meant  that 
complementary  domain  of  /  which  does  not  contain  co.  Similarly,  that  com- 
plementary domain  of  /  which  contains  co  is  called  the  exterior  of  J  ivith  respect 
to  u).  In  case  no  ambiguity  arises,  the  terms  interior  and  exterior  of  /  will  be 
used  without  making  specific  reference  to  a  point  w. 

Theorem  1.  Let  Ji  and  Ji  denote  two  point  sets  each  of  which  is  either  a 
simple  closed  curve  or  a  triune.  Let  /i  and  1%  denote  the  interiors  of  J\  and  Ji, 
respectively,  and  suppose  Ji  is  a  subset  of.  Ji+Zi.  Then  li  is  a  subset  of  /i. 

Theorem  2.  If  J  is  a  simple  closed  curve,  and  AB  separate  C  and  D  on  J, 
and  A  XB  is  an  arc  such  that  the  segment  A  XB  is  a  subset  of  I,  the  interior  of  J , 
and  no  point  of  the  segment  AXB  is  constiguous  to  any  point  of  J  —  (A+B), 
then  (1)  /i,  the  interior  of  AXBCA,  is  a  subset  of  I,  (2)  the  segment  ADB  is  a 
subset  of  the  exterior  of  AXBCA,  and  (3)  h  has  no  point  in  common  with  h, 
the  interior  of  A  XBDA . 

Theorem  3.  Under  the  hypothesis  of  Theorem  2, 1  =  Ii+Ii+segment  AXB. 

Proof.  Suppose  7(/i 4-/2+ segment  AXB)  =M,  where  M  is  a  non-vacuous 
point  set.  Let  P  be  a  point  of  M .  By  Theorem  38  of  S.C.P.  there  exists  an 
arc  PA'  from  P  to  A'  lying  in  /.  The  arc  PA'  contains  an  arc  PA"  such  that 
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PX'  —  X'  is  a  subset  of  M,  and  -Y'  is  a  point  of  the  segment  AXB.  Similarly, 
there  exists  an  arc  Pw  lying  in  £2,  the  exterior  of  AXBDA.  The  arc  Pu  con- 
tains an  arc  PC,  such  that  PC  —  C  is  a  subset  of  M,  and  C  is  a  point  of 
the  segment  ACB.  Let  T  denote  the  first  point  in  the  order  from  A''  to  P 
which  X'P  has  in  common  with  PC .  If  no  point  of  the  interval  X'T  of  X'P, 
except  possibly  T,  is  contiguous  to  any  point  of  (TC'  —  T),  where  TC  de- 
notes the  interval  of  PC  from  T  to  C,  then  X'T+TC  is  an  arc  from  X' 
to  C.  If  there  exist  points  of  X'T—T  which  are  contiguous  to  points  of 
TC'  —  T,  there  must  be  a  first  such  point  in  the  order  from  X'  to  T.  For 
otherwise,  there  would  be  infinitely  many  such  points,  and  the  set  of  all  such 
points  would  have  a  limit  point  in  X'T—T.  But  by  Axiom  C,  every  limit 
point  of  such  a  set  must  belong  to  TC,  and  a  contradiction  is  reached.  Let  W 
denote  the  first  point  of  X'T  —  T  which  is  contiguous  to  a  point  of  TC'  —  T. 
By  Axiom  C,  IF  is  contiguous  to  only  a  finite  number  of  points  of  TC'  —  T. 
Let  V  denote  the  last  point  in  the  order  from  T  to  C  which  is  contiguous  to 
W.  Let  X'W  denote  the  interval  of  A'T  from  ,Y'  to  W  or  the  point  A"  accord- 
ing as  W  is  not  or  is  identical  with  A''.  Let  VC  denote  the  interval  of  TC 
from  V  to  C  or  the  point  C  according  as  T'  is  not  or  is  identical  with  C. 
The  point  set  X'W-\-VC'  is  an  arc  containing  at  least  three  points.  Thus,  in 
any  case,  the  point  set  PX'  +  PC  contains  an  arc  X'P'C,  such  that  the  seg- 
ment X'P'C  contains  at  least  one  point  and  is  a  subset  of  M.  Similarly,  we 
may  show  the  existence  of  an  arc  X"P"C"  such  that  (1)  the  segment 
X"P"C"  contains  at  least  one  point  and  is  a  subset  of  h  and  (2)  the  points 
X"  and  C"  are  points  of  the  segments  AXB  and  ACB,  respectively.  Let 
X'X"  denote  the  point  A"  or  the  arc  of  the  segment  AXB  from  A"  to  A'", 
according  as  X"  is  or  is  not  identical  with  A".  Also  let  CC"  denote  the  point 
C  or  the  arc  of  the  segment  ACB  from  C  to  C" ,  according  as  C"  is  or  is  not 
identical  with  C .  By  means  of  repeated  applications  of  Axiom  C  it  may  be 
shown  that  the  point  set  X' P'C +C'C" +  X" P"C" -\-X'X"  contains  a  sim- 
ple closed  curve  J' ,  which  contains  at  least  one  point  of  each  of  the  segments 
X'P'C  and  X"P"C".  Let  7'  denote  the  interior  of  J'.  Now  /'  is  a  subset 
of /by  Theorem  1.  Thus  the  segment  ADB  is  a  subset  of  £',  the  exterior  of /'. 
Since  the  connected  set  h  plus  the  segment  ADB  contains  no  point  of  7'  but 
does  contain  a  point  of  E' ,  it  follows  that  h  plus  the  segment  ADB  is  a  sub- 
set of  E' .  Furthermore  7'  cannot  contain  a  point  of  the  segment  AXB.  For, 
suppose  r  contains  the  point  7^  of  the  segment  AXB.  The  connected  set 
F+I2  contains  no  point  of  J'  but  contains  points  of  both  complementary 
domains  of  J' .  We  conclude  from  this  contradiction  that  the  segment  AXB 
is  a  subset  of  J'  +  E' .  Now  I'  cannot  be  a  subset  of  M  since  there  exists  a 
point  of  J'  I\  which  is  either  a  limit  point  of  7'  or  contiguous  to  a  point  of  7', 
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and  M  and  /i  are  two  mutually  separated  domains.  Also,  /'  cannot  be  a  sub- 
set of  /]  since  there  exists  a  point  of  J'  -M  which  is  either  a  limit  point  of  /' 
or  contiguous  to  a  point  of  /',  and  M  and  h  are  two  mutually  separated 
domains.  Also  /'  cannot  be  a  subset  of  M  +  Zi  and  contain  points  of  both  M 
and  /i  since  /'  would  thus  be  the  sum  of  two  mutually  separated  sets,  con- 
trary to  Axiom  3.  Thus  in  any  case  we  reached  a  contradiction,  and  the  theo- 
rem is  established. 

Theorem  4.  //  the  points  A  and  B  separate  the  points  C  and  D  on  the  sim- 
ple closed  curve  J,  and  if  the  segments  AXB  and  CYD  are  both  subsets  of  I,  the 
interior  of  J,  then  these  segments  have  at  least  one  point  in  common. 

Proof.  Suppose  the  segments  AXB  and  CYD  have  no  point  in  common. 
There  exists  an  arc  A'u  such  that  A'w  —  A'  is  a  subset  of  E,  the  exterior  of  /, 
and  such  that  ^'  is  a  point  of  the  segment  CAD  of ./.  Similarly,  there  exists 
an  arc  B 'w  such  that  B'co  —  B'  isa.  subset  of  £  and  5 '  is  a  point  of  the  segment 
CBD.  The  point  set  A  'u+B'w  contains  an  arc  A  'X'B'  such  that  the  segment 
A'X'B'  is  a  subset  of  E.  Let  A  A'  denote  the  point  A  or  the  arc  of  the  seg- 
ment CAD  from  A  to  A '  according  as  A '  is  or  is  not  A ,  and  let  BB'  denote  the 
point  B  or  the  arc  of  the  segment  CBD  from  B  to  B'  according  as  5'  is  or  is 
not  B.  It  may  be  shown  that  there  exists  a  simple  closed  curve  /*  satisfying 
the  following  conditions:  (1)  /*  is  a  subset  of  AA'+BB'+AXB+A'X'B', 
(2)  J*  contains  at  least  one  point  of  each  of  the  segments  AXB  and  .1  'X'B', 
and  (3)  J*  J  is  the  sum  of  two  mutually  separated  continua  which  separate 
C  and  D  on  J;  therefore  J  —J*J  =gi+g2,  where  ^i  and  g^  are  mutually  sepa- 
rated segments  containing  C  and  D,  respectively.  Since  J*  contains  no  point 
of  the  arc  CYD,  it  follows  that  the  connected  point  set  CYD+gi+gi  is  a  sub- 
set of  /*,  a  complementary  domain  of  /*.  Thus  /  is  a  subset  of  I*-\-J*.  Hence, 
by  Theorem  1,  either  /  or  £  is  a  subset  of  /*.  But  each  of  the  sets  /  and  E 
contains  a  point  of  /*,  and  /*  contains  no  point  of  /*.  Thus  we  reach  a  con- 
tradiction, and  the  theorem  is  established. 

Theorem  5.  ///  is  a  simple  closed  curve  or  triune,  then  I,  the  interior  of  J, 
contains  infinitely  many  points. 

Proof.  Suppose  /  contains  exactly  n  points,  where  n  denotes  a  natural 
number.  Thus  every  point  of  /  is  contiguous  to  some  point  of  /.  If  there  are 
infinitely  many  points  of  /,  the  closed  point  set  /  contains  a  limit  jK)int  of  J 
by  Axiom  C.  But  this  is  impossible  since  /  is  closed.  Hence  /  contains  only  a 
finite  number  of  points.  Let  A  and  B  be  two  contiguous  points  of  J ,  and  let  A'o 
be  a  point  oi  J  —  {A  +B).  Let  X  be  a  point  of  /  which  is  contiguous  to  A  and 
Y  a  point  of  /  contiguous  to  B.  Let  XY  denote  the  point  .Y  or  an  arc  from  .Y 
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to  Y  lying  in  /,  according  as  V  is  or  is  not  identical  with  A'.  The  point  set 
XY+A+B  contains  a  simple  closed  curve  or  triune  7i  which  is  a  subset  of 
/  +  /  and  contains  A,  B,  and  a  point  .Yi  of  /  but  is  such  that  Xo  is  in  the  ex- 
terior of  Ji.  Similarly,  there  exists  a  simple  closed  curve  or  triune  Ji  which  is 
a  subset  of  /i  plus  its  interior  and  contains  A ,  B,  and  a  point  X2  of  the  interior 
of  /]  but  is  such  that  Xi  is  in  the  exterior  of  J^.  By  continuing  the  indicated 
process  «  +  !  times  we  reach  a  contradiction,  since  .Yi,  A%,  X3,  ■  ■  ■  ,  -Y„_i  are 
distinct  points  of  /.  Hence  /  must  contain  infinitely  many  points. 

Theorem  6.  Let  J  denote  a  simple  closed  curve  whose  interior  I  contains 
a  point  P  which  is  contiguous  to  at  least  three  distinct  points  of  J.  Let 
Pi,  Pi,  ■  ,  Pn,  («^3),  he  points  of  J  {in  the  order  indicated  if  n>3),  and 
let  /3  =  Pi+P2+  •  ■  ■  +Pt,-  Suppose  /3  is  the  set  of  all  points  of  J  that  are 
contiguous  to  P.  Let  P^Pk+i,  ik  =  \,  2,  ■  ■  ■  ,  n),  denote  that  arc  of  J  which 
contains  only  the  points  Pk  and  P1.+1  of  the  set  j3,  and  let  P„+i  denote  Pi.  Let  Ik, 
(^  =  1,  2,  •  •  ■  ,  n),  denote  the  interior  of  the  triune  or  simple  closed  curoe 
P+PkPk^i.ThenI  =  P^-Yl=,Tk. 

Proof.  By  Theorem  1,  /a,  (^  =  1,  2,  ■•■,»),  is  a  subset  of  /.  Also,  if  kj^f, 
then  Ik  and  /,-  are  mutually  exclusive.  Suppose  /—  (-P+St-i-^*)  =M,  where 
If  is  a  non-vacuous  point  set,  and  let  Mi  denote  a  component  of  M.  Now  M 
is  a  domain ;  hence  Mi  is  a  domain.  Let  a  denote  the  set  of  all  points  of  /, 
each  of  which  is  either  a  limit  point  of  Mi  or  contiguous  to  a  point  of  Mi. 
There  exists  at  least  one  point  of  a.  For  let  Qi  denote  any  point  of  Mi,  and 
let  Qiw  denote  an  arc  from  Qi  to  co  lying  in  the  exterior  of  the  simple  closed 
curve  or  triune  P  +  PiP^.  Let  Ql  denote  the  first  point  that  Qiu  has,  in  order 
Qi  to  03,  in  common  with  /.  Now  Q{  is  obviously  a  point  of  a,  since  Q(  is 
the  first  point  of  Qiio,  in  order  Qi  to  co,  which  does  not  belong  to  Mi. 

Suppose  there  exist  two  points  A'  and  Y  of  a,  which  do  not  lie  together 
on  one  of  the  arcs  PiPi,  P^Pi,  ■■  ■  ,  PnPi-  Since  X  and  Y  are  non-contiguous 
points  of  J,  it  follows  that  /  is  the  sum  of  two  arcs  from  A"  to  Y  having  noth- 
ing in  common  except  their  end  points  such  that  the  corresponding  segments 
of  these  arcs  are  mutually  separated.  There  exists  a  point  Pr  of  /3  on  one  of 
these  segments  and  a  point  P,  of  (3  on  the  other.  Since  Pr  and  P,  are  both 
points  of  (8,  Pr  +  P+Ps  is  an  arc  lying  in  I+J—{M+X+Y).  There  exists  an 
arc  PrQPi  which  is  a  subset  of  J+E—{X+  Y),  where  E  denotes  the  exterior 
of  /,  and  is  such  that  PrQP^  ■  J  is  the  sum  of  two  mutually  separated  con- 
nected point  sets  Mr  and  M  which  contain  Pr  and  P,,  respectively,  but  no 
other  points  of  /3,  and  which  separate  X  and  Y  on  /.  The  point  set  P+PrQP, 
is  a  simple  closed  curve  /'  which  contains  P  and  is  such  that  /'  ■  J  is  the  sum 
of  two  mutually  separated  connected  point  sets  which  separate  A'  and  Y  on  /. 
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Thus  J  — J'  J  is  the  sum  of  two  mutually  separated  segments  gx  and  gy 
which  contain  A'  and  F,  respectively.  Now  J'  separates  X  from  Y ,  for  other- 
wise gx  and  gY  would  lie  together  in  /',  a  complementary  domain  of  /';  there- 
fore by  Theorem  1 ,  either  I  or  E  would  be  a  subset  of  /',  which  is  contrary  to 
the  fact  that  both  /  and  E  contain  points  of  /'.  Since  X  and  F  are  boundary 
points  of  Ml  lying  in  different  complementary  domains  of  /',  it  follows  that 
there  are  points  of  Mx  lying  in  dififerent  complementary  domains  of  /'.  This 
is  impossible  since  Mx  contains  no  point  of  J' .  From  this  contradiction  we 
conclude  that  if  X  and  F  are  any  two  distinct  points  of  a,  then  there  exists 
an  arc  of  the  set  PiP^,  PiPz,  •  ■  ■  ,  PnP\  which  contains  both  X  and  F. 

Thus,  if  /— 18  contains  a  point  X  of  a,  then  the  arc  of  the  set  P\P%, 
Pi.Pi,  ■  ■  ■  ,  PnPi  which  contains  X  must  contain  all  of  a.  Now  if  a  is  not  a 
subset  of  one  of  the  arcs  of  the  set  PiPi,  P2P3,  ■  ■  ■  ,  PnPi,  it  follows  that 
J— /3  contains  no  point  of  a.  Furthermore,  it  follows  that  n  =  i  and 
a=^  =  Pi+P2+P3.  In  this  case,  since  /  is  not  a  triune,  one  of  the  seg- 
ments P1P2,  P2P3,  P3P1  exists.  Suppose  the  segment  P3P1  is  non-vacuous. 
Using  methods  similar  to  those  used  in  the  early  part  of  the  proof  to  get  /', 
we  obtain  a  simple  closed  curve  J*  satisfying  the  following  conditions:  (1)  7* 
is  a  subset  of  P+J+I3+E,  (2)  J*  contains  P,  Pi,  a  point  of  the  segment 
P3P1,  a  point  of  E,  and  a  point  of  I3,  and  (3)  J*  •  /  is  the  sum  of  two  mutually 
separated  connected  point  sets  which  separate  Pi  and  P3  on  /,  and  J —J*- J 
is  therefore  the  sum  of  two  mutually  separated  segments,  one  containing  Pi 
and  the  other  containing  P3.  The  argument  used  above  to  show  that  J'  sepa- 
rates X  and  F  may  be  applied  here  to  show  that  J*  separates  Pi  and  P3. 
Hence  /*  separates  two  points  P(  and  Pi  of  Mi,  since  Pi  and  P3  are  points 
of  a.  But  this  is  impossible  since  Mi  is  connected  and  contains  no  point  of  J*. 
Thus  we  reach  a  contradiction,  and  we  conclude  that  there  exists  an  arc 
PiPi+i  of  the  set  of  arcs  P1P2,  PiPi,     ■     ,  PuP\  which  contains  a. 

Let  Ei  denote  the  exterior  of  the  simple  closed  curve  or  triune  (P-|-P,Pi+i). 
The  domain  £,•  contains  Mi,  and  we  write  £,  =  l/i  +  (£,  — Mi).  The  boundary 
of  Ml  is  a  subset  of  (P+PiPi+i).  Hence  Mi  and  Ei  —  Mi  are  mutually  sepa- 
rated, contrary  to  Axiom  3.  Thus  we  reach  a  contradiction,  and  the  theorem 
is  established. 

Theorem  7.  Lei  Pi,  P^,  ■  ■  ■  ,  P^,  {n'^i),  be  points  of  the  simple  closed  curve 
J  {in  the  order  indicated  if  n>i).  Let  Ai,  A2,  ■  ■  ■  ,  Ak,  {k^2),  be  points  of  the 
arc  AiAk  (in  the  order  indicated  if  k>2)  where  AiA^  is  a  subset  of  I,  the  interior 
ofJ.Letfi  =  Pi+P2+  ■  •  ■  +P„,andlety  =  Ai+Ai+  ■  ■  ■  +Ak.  Suppose ^  is 
the  set  of  all  points  of  J  each  of  which  is  contiguous  to  at  least  one  point  of  AiA  u, 
and  suppose  7  is  the  set  of  all  points  of  A  i.4 ;,.  each  of  which  is  contiguous  to  at 
least  one  point  of  ^.  Suppose  furthermore  that  no  point  of  ^  is  contiguous  to  both 
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A I  and  A^,  but  that  Pi  is  contiguous  to  Ai  and  to  no  other  point  of  y  and  P„  is 
contiguous  to  Ai,  and  to  no  other  point  of  y.  It  foUoics  that  if  j<j',  and  if  Pj 
is  contiguous  to  Ai  and  Pj-  is  contiguous  to  Ai',  then  i^i'.  Let  PjPj^i, 
{j=\,  2,  ■  ■  ■  ,  n),  denote  that  arc  of  J  from  Pj  to  Pj+i  n'hich  contains  no 
other  point  of  0,  where  Pn+i  denotes  Pi.  Let  AiA,+i,  {i  =  l,  2,  ■  ■  ■  ,  k—  1),  denote 
the  arc  of  A  lA  *  from  Ai  to  A  ,+i.  Let  //,  (j  =  1 ,  2 ,  ■  ■  •  ,  w  —  1 ) ,  denote  the  interior 
of  Cj,  where  Cj  denotes  the  triune  or  simple  closed  curve  (PjPj+i-'rAi)  in  case  Pj 
and  Pj+i  are  both  contiguous  to  At.  or  Cj  denotes  the  simple  closed  curve 
(PjPj+i+AiAi+i)  in  case  no  point  of  y  is  contiguous  to  both  Pj  and  Pj+i, 
but  where  Pj  is  contiguous  to  .4,  and  Pj+i  is  contiguous  to  Ai+i.  Let  /„  denote 
the  interior  of  the  simple  closed  curve  {PnPi+AiAk).  If  Pj  is  contiguous  to  each 
of  the  points  Ai-,  Ai-+i,  ■  ■  ■  ,  Ai-+kj,  let  Iji,  In,  ■  ■  •  ,  Ijkj  denote  the  interiors  of 
{Pi-\-Ai-Ai-+i),  (P,+^.-.+i^.-^-+2),  ■  •  •  ,  and  {Pj+Ai^+kj-iAi-+k,),  respectively. 
Then 

I  =  AiA,+  Z/;+    LZ/;<, 

;=1  ,=  1     (=1 

where  Ijt  is  a  null  set  if  Pj  is  contiguous  to  only  one  point  of  y. 
The  theorem  is  illustrated  by  Fig.  1. 


Fig.  1 


Proof.  First  I  shall  prove  the  assertion  made  in  the  statement  of  the  theo- 
rem to  the  effect  that  if  /</',  and  if  Pj  is  contiguous  to  .4,-  and  Pj-  is  con- 
tiguous to  Af,  then  i-^i' .  Suppose  there  exist  two  integers j  andj'  such  that 


1938]  TWO-DIMENSIONAL  SPACES  257 

j <j',  Pj  and  Pi'  are  contiguous  to  At  and  Ai^,  respectively,  and  i>i' .  It  fol- 
lows that  i>\  and  i'  <k.  Also  since  Pi  is  contiguous  to  Ai  but  to  no  other 
point  of  7,  we  see  that  1  <j.  Again,  since  P„  is  contiguous  to  Ak  but  to  no 
other  point  of  y,  we  see  thatj'  <«.  Thus  1  <}  <j'  <n\  hence  Pi  and  Py  sepa- 
rate Pj  and  P„  on  /.  Let  yl,,-  be  the  point  of  y  with  lowest  subscript  which 
is  contiguous  to  Py,  and  let  yl,,  be  the  point  of  y  with  the  highest  subscript 
which  is  contiguous  to  Pj.  Let  AiAi^-  denote  the  arc  AiAj^^  of  A-^Ak  or  the 
point  Ai  according  as  i(  is  not  or  is  1,  and  let  Ai^Ak  denote  the  arc  Ai^Ak 
of  AiAk  or  the  point  Au  according  as  n  is  not  or  is  k.  Now  Pi+Aiyl,,'+P,' 
and  Pj+Ai^Ak-\-Pn  are  arcs  satisfying  the  conditions  of  Theorem  4.  Hence 
AiAi^'  and  .4,,.4s  have  a  point  in  common.  But  1  ^U  ^i' <i^ii^k;  there- 
fore .4 1.4 ,,'  and  A ,,^  k  cannot  have  a  point  in  common.  Thus  we  reach  a  con- 
tradiction, and  we  conclude  that  ii  j  <j',  and  if  P;  and  Py  are  contiguous  to 
Ai  and  .4,-,  respectively,  then  i^i'. 

This  result  enables  us  to  verify  the  following  implications  made  in  the 
statement  of  the  theorem:  (1)  there  do  not  exist  two  distinct  points  of  y  each 
of  which  is  contiguous  to  both  Pj  and  Py+i;  (2)  if  no  point  of  y  is  contiguous 
to  both  Pj  and  Py+i,  then  there  exists  an  integer  /  such  that  Ai  is  contiguous 
to  Pj  and  Ai+i  is  contiguous  to  Py+i;  and  (3)  if  no  point  of  /3  is  contiguous  to 
both  Ai  and  .4,+i,  then  there  exists  an  integer  ;  such  that  /<m  and  Pj  and 
P,+i  are  contiguous  to  Ai  and  Ai+i,  respectively. 

Suppose  T—{AiAk+'^j^Ji+'^%iYl%Jii)=M  is  a  non-vacuous  point 
set.  Let  Ml  be  a  component  of  the  domain  M,  and  let  a  denote  the  boundary 
of  Ml.  Obviously  a  is  a  subset  of  J+AiAk.  Furthermore,  a  contains  at  least 
one  point  of  /  and  at  least  one  point  of  A\Ak.  For  let  P  be  a  point  of  Mi, 
and  let  Pu>  be  an  arc  from  P  to  w  lying  in  the  exterior  of  (yli^;£+P„Pi).  Now 
Pw  obviously  contains  a  point  of  a  /.  Similarly,  let  PA\  denote  an  arc  from  P 
to  Ai  which  lies  in  /.  Now  PA\  contains  a  point  of  a-  A\Ak. 

Suppose  /  contains  two  non-contiguous  points  X  and  Y  of  a.  If  A'  and  Y 
do  not  lie  together  on  any  one  of  the  arcs  PxP-y,  P2P3,  •  •  ■  ,  P„Pi,  there  exist 
two  points  Pr  and  P,  of  |8  which  separate  A^  and  F  on  /;  hence  there  exists  a 
simple  closed  curve  /'  such  that:  (1)  J'  is  a  subset  of  E-\-J -\-A\Ak\  (2) 
J'  J  =  Mr+Ms  where  Mr  and  M,  are  two  mutually  separated  continua  which 
contain  Pr  and  P,,  respectively,  and  which  separate  A'  and  Y  on  /;  therefore 
J  —  J'J=gx+gr  where  ^a-  and  gy  are  mutually  separated  segments  contain- 
ing A'  and  F,  respectively;  (3)  /'  contains  at  least  one  point  O  of  £  and  at 
least  one  point  of  i4i^A..  If  X  and  F  lie  together  on  the  arc  PjPi+\  of  the  set 
P1P2,  P2P3,  •  •  •  ,  P„Pi,  there  exists  a  simple  closed  curve  /'  such  that:  (1)  /' 
is  a  subset  of  E  plus  the  segment  A'F  of  PyP/+i  +  /;-|-^i/lA  +  (/-PyP;-i-i); 
(2)  ./'•/  is  the  sum  of  two  mutually  separated  continua  which  separate  X 
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and  F  on  J;  hence  J  —  J'  J  =gx+gY  where  gx  and  gr  are  mutually  separated 
segments  containing  A^  and  Y,  respectively;  (3)  /'  contains  at  least  one  point 
O  of  jE  and  at  least  one  point  of  AiA;,.  Now,  in  either  case  it  may  be  readily 
shown  that  /'  separates  A'  from  Y  and  hence  that  /'  separates  two  points 
A"  and  Y'  of  Mi.  But  this  is  impossible  since  i/i  is  connected  and  contains 
no  point  of  /'.  From  this  contradiction  we  conclude  that  a- J  consists  either 
of  a  single  point  or  of  two  contiguous  points.  By  an  analogous  argument  it 
may  be  shown  that  a-AiA^  consists  either  of  a  single  point  or  of  two  con- 
tiguous points. 

Now  I  wish  to  show  that  a  is  a  subset  of  a  simple  closed  curve  or  triune  /*, 
which  is  a  subset  of  J+AiA^,  satisfying  the  condition  that  either  there  exists 
an  integer  7  such  that  />  is  the  interior  of  J*,  or  there  exists  a  pair  of  integers 
(j,  t)  such  that  /,(  is  the  interior  of  /*.  If  a/  is  a  subset  of  P„Pi,  then 
J*=P„Pi-\-AiA,!.  If  a  J  is  not  a  subset  of  P„Pi,  we  shall  use  the  following 
procedure. 

Case  1.  Suppose  that  P,P,+i,  (jV«),  is  the  only  arc  of  the  set  PiPi, 
P2P3,  ■  ■  ■  ,  PnPi  which  contains  a- J.  It  follows  that  if  X  denotes  either 
Pj  or  Pj+\,  then  PjPj+i  —  X  contains  at  least  one  point  Z  of  a.  If  P,  and 
Pj+i  are  both  contiguous  to  the  point  Ai  of  7,  then  we  may  show  that 
Ai  =  aAiAic.  Suppose  the  contrary.  Let  F  denote  a  point  of  aAiA^  which 
is  different  from  Ai.  Now  F  either  precedes  or  follows  Ai,  in  the  order  Ai 
to  Ak.  Suppose  F  precedes  .1,.  Then  19^1  and  7V 1,  and  F  is  not  contiguous 
to  P,+i.  There  exists  a  simple  closed  curve  J'  having  the  following  properties: 
(1)  J'  is  a  subset  of  J+AiAk+In',  (2)  /'■/  is  a  connected  point  set  such  that 
the  connected  point  set  J— J'  J  contains  P„  +  (PjPj+i  —  Pi);  (3)  J'  AiA^  is  a 
connected  set  such  that  AiA^.—J'-AiAk  is  either  a  connected  set  containing 
F  and  Ai,  or  the  sum  of  two  mutually  separated  connected  sets,  one  contain- 
ing F  and  Ai  and  the  other  containing  Ak',  (4)  /'  contains  at  least  one  point 
of  /„  and  at  least  one  point  of  J  —  P„Pi.  By  means  of  these  four  conditions 
imposed  on  /'  we  may  readilj-  show  that  J'  separates  F  from  Z  and  hence 
that  J'  separates  two  points  F'  and  Z'  of  Mi.  But  this  is  impossible  since  Mi 
is  connected  and  contains  no  point  of  /'.  Thus  we  conclude  that  F  cannot 
precede  At  on  AiAk-  Similarly  F  cannot  follow  Ai  on  AiAk.  Therefore 
Ai  =  aAiAk.  Thus  (Ai+PjPj+i)  is  a  simple  closed  curve  or  triune  J*  which 
contains  a  and  whose  interior  is  /,. 

If  there  exists  no  point  of  7  which  is  contiguous  to  both  P,  and  P,+i,  then 
there  exists  an  integer  i  such  that  Pj  is  contiguous  to  Ai  and  P,+i  is  con- 
tiguous to  ^,+1.  In  this  case  we  show  that  aAiAk'is  a.  subset  of  AiAi+i.  Sup- 
pose the  contrary.  Let  F  denote  a  point  of  a-AiAk  not  on  AiAi+i.  Either  F 
precedes  Ai  or  F  follows  vl,+i,  in  the  order  Ai  to  Ak.  Suppose  F  precedes  Ai. 
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Then  iVl  and  jVl  or  n.  Now  there  exists  a  simple  closed  curve  /'  hav- 
ing the  following  properties:  (1)  J'  is  a  subset  of  J-\-AiAk+In;  (2)  /'•/ 
is  a  connected  point  set  such  that  the  connected  set  J— J'  J  contains 
P„  +  {PjPj+i  —  Pj);  (3)  J'  AiAkis  connected,  and  AiAk—J'AiAk  is  the  sum 
of  two  mutually  separated  connected  point  sets,  one  containing  Y  and  Ai, 
and  the  other  containing  A  ,+i  and  A  t;  (4)  /'  contains  at  least  one  point  of  /„ 
and  at  least  one  point  of  J  —  P„Pi.  Thus  again  /'  separates  V  from  Z  and 
hence  separates  two  points  Y'  and  Z'  of  Mi.  Again  we  reach  a  contradiction, 
and  we  conclude  that  Y  cannot  precede  A ,.  The  same  argument  applies  to 
show  that  Y  cannot  follow  Ai+i.  Hence  AiAk  is  a  subset  of  AiAi+i,  and 
(PjPj+i+AiAi+i)  is  therefore  a  simple  closed  curve  /*  containing  a.  The  in- 
terior of  /*  is  /;. 

Case  2.  If  there  exists  no  integer  r  such  that  P,Pr+\  is  the  only  arc  of  the 
set  PiPi,  PiPi,  ■  ■  ■  ,  PnPi  which  contains  a- J,  it  follows  that  a/  is  a  point 
Pj  of  /3.  The  case  in  which  aJ  =  Pn  has  been  disposed  of  in  the  paragraph 
preceding  Case  1.  Hence  suppose  y<«.  Let  Ai  be  the  point  of  y  with  lowest 
subscript  which  is  contiguous  to  P„  and  let  Ai  be  the  point  of  7  with  highest 
subscript  which  is  contiguous  to  Pj.  By  means  of  an  argument  like  that  used 
in  Case  1 ,  it  may  be  shown  that  no  point  oiaAxAu  precedes  A  ,•  or  follows  A ,' 
in  the  order  from  A,,  to  A,,.  If  l  =  i' ,  then  a-  AxAi,  =  Ai.  Thus  (P;P,+i+/l,)  or 
(P;P,+i+^,v4,+i),  according  as  P,  and  Py+i  are  or  are  not  both  contiguous 
to  Ai,  is  a  triune  or  simple  closed  curve  J*  which  contains  a  and  whose  in- 
terior is  /,-.  If  ir^i' ,  then  the  arc  AiAi  of  A^Ai  contains  a-AiAk.  Further- 
more, since  a-AiAk  consists  either  of  a  single  point  or  of  two  contiguous 
points,  it  follows  that  a-AiAk  is  a  subset  of  one  of  the  arcs  of  the  set 
A iA i+i,  A i+iA i+2,  ■  ■  ■  ,  A i>^iA i' .  Suppose  the  arc  A ,+  i-iA ,+ ,  contains  a-AiA k. 
Then  since  A,,  (i^s^i'),  is  contiguous  to  P„  it  follows  that  {Pj+At+t-iAi+i) 
is  a  simple  closed  curve  or  triune  J*  which  contains  a  and  whose  interior 
is  /,(.  Thus  for  any  case  it  has  been  shown  that  a  is  a  subset  of  a  simple 
closed  curve  or  triune  J*  satisfying  the  condition  that  either  there  exists  an 
integer  j  such  that  /,  is  the  interior  of  J*,  or  there  exists  a  pair  of  integers 
{j,  t)  such  that  Iji  is  the  interior  of  J*. 

Let  E*  denote  the  exterior  of  /*.  Now  E*  contains  Mi;  hence  E*  =  Mi 
+  {E*  —  Mi),  where  both  Mi  and  E*  —  Mi  are  non-vacuous  point  sets  neither 
of  which  contains  a  point  of  a.  Thus  E*  is  the  sum  of  two  mutually  separated 
sets,  contrary  to  Axiom  3;  and  the  theorem  is  established. 

Theorem  8.  Let  the  following  changes,  and  none  other,  be  made  in  the  hy- 
potheses of  Theorem  7 :  Ai,  A2,  ■  ■  ■  ,  Ak,  (k^l),  are  points  of  an  arc  AiT  {in 
the  order  indicated  if  k>\)  where  AiT  —  T  is  a  subset  of  I  and  T  is  a  point  of 
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the  segment  P„Pi,  (n  ^  2).  The  set  7  =  .1 1 +-I2+  •  ■  ■  +--1  a  is  the  set  of  all  points 
of  AiT—T  li'hich  are  contiguous  to  points  of  J;  l3  =  Pi+P2+  ■  ■  ■  +Pn  is  the 
set  of  all  points  of  J  which  are  contiguous  to  points  ofy.  The  point  P„  is  no  longer 
restricted  to  be  contiguous  to  A,,  alone  of  the  set  y;  /„  denotes  the  interior  of 
PnT  +  Ai.T;  and  h  denotes  the  interior  of  A\T+TPi.  Then 

,=0  ;=1    (  =  1 

//iS  =  Pi  +  P2  +  P3+  .  .  .  and  7=.4i+.42+.4.,+  ■  •  ■  ,u'here  /3  and  y  are  infi- 
nite sets  each  having  T  as  its  only  limit  point,  then 

,=0  /=i  (=1 

Theorem  9.  Let  the  follo2i'ing  changes,  and  none  other,  be  made  in  the  hy- 
potheses of  Theorem  7:  V,  Ai,  A2,  ■  ■  ■  ,  A/,,  T,  (^^1),  are  points  of  the  arc 
VAiT  in  the  order  indicated,  where  the  segment  VAiT  is  a  subset  of  I,  and 
where  V  and  T  are  points  of  J  in  the  order  V,  Pi,  P2,  ■  ,  P„,  T,  (w^  1).  The 
set  7  =-4 1+^2+  ■  •  •  +Ak  is  the  set  of  all  points  of  the  segment  VAiT  which 
are  contiguous  to  points  of  J,  and  fS  =  Pi-\-P2+  ■  ■  ■  +Pnis  the  set  of  all  points 
of  J  which  are  contiguous  to  points  of  7.  The  points  Pi  and  P„  are  no  longer  re- 
stricted as  to  the  number  of  points  of  7  to  which  they  are  contiguous.  If  I  a,  /„, 
and  /*  denote  the  interiors  of  (Ffi+F^O,  {PnT-\-AuT),  and  {TV-^-VAiT), 
respectively,  where  TV  is  that  arc  of  J  not  containing  Pi,  then 

n  n        h  j 

I  =  segment  VAiT  +  /*  +  Z  ^;  +  E  E  !><■ 

,=0  ,-1  (=1 

If  ^  =  Pi-\-P2+Pz+  ■  ■  ■  <7K(f  7  =  -4i+.42+.43-t-  ■  •  •  are  infinite  sets  each  hav- 
ing T  as  its  only  limit  point,  then 

00  X        hi 

I  =  segment  VAiT  +  I*  +  T.  ^ i  +  H  Jl  hf 

,_o  ,--1  (=1 

A  similar  formula  holds  for  the  case  in  which  each  of  the  points  V  and  T 
is  approached  sequentially  by  a  sequence  from  /S  and  by  a  sequence  from  7. 

Theorem  10.  Let  the  following  changes  be  made  in  the  hypotheses  of  Theo- 
rem 7:  Pi  is  contiguous  to  both  Ai  and  At:  but  to  no  other  point  of  y.  Either  each 
of  the  points  Ai  and  Ak  is  contiguous  to  some  point  of  ^  —  Pi  or  else  k>2.  Then 
either  it  is  true  that  if  Pj  and  Pj-  are  contiguous  to  At  and  A ,-,  respectively,  and 
if  j<j',  then  i^  i',  or  it  is  true  that  if  Pj  and  Py  are  contiguous  to  A ,  and  Ai', 
respectively,  and  if  j  <]',  then  i^i'.  If  the  former  condition  holds,  if  I*  denotes 
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the  interior  of  A  xA  i+Pi,  and  if  I„  denotes  the  point  set  obtained  by  substituting  n 
forj  in  the  definition  of  I j  given  in  the  statement  of  Theorem  7,  then 

I  =  A,A,  +  /*  +  E  ^/  +  i:  E  //,. 

The  theorem  is  illustrated  by  Fig.  2. 


1-"IG.  2 


If  in  Theorem  10,  l3  =  Pi  +  P2,  where  Pi  and  A  are  non-contiguous,  then 
J  is  the  sum  of  two  arcs,  P1XP2  and  PiYP>,  and  is  such  that  the  correspond- 
ing segments  are  mutually  separated.  Suppose  k'^i.  (1)  If  at  least  one 
of  the  points  .li  and  Ak,  say  ^1,  is  contiguous  to  Po,  then  by  Theorem  3, 
I  —  Ai  =  Di  +  Di,  where  Di  and  A  are  the  interiors  of  the  simple  closed  curves 
PiXP^+Ai  and  PiYPi-\-Ai,  respectively.  Let  h  denote  that  domain  above 
which  docs  not  contain  A^.  Suppose  Ii  =  Di.  Let  h  denote  the  interior  of 
PiYPi+Ak  or  of  PiYP2+Ak-iAk,  according  as  A  1,  is  or  is  not  contiguous 
to  P2.  (2)  If  neither  /li  nor  yl*.  is  contiguous  to  P2,  then  I -AxA2  =  D*  +  D**, 
where  D*  and  D**  are  the  interiors  of  PiXP^+AiAi  and  P1YP2+A1A2,  re- 
spectively. Let  /i  denote  the  domain  above  which  does  not  contain  A^-  Sup- 
pose Ii  =  D*.  Let  I2  denote  the  interior  of  PiYP2-\-Ak-iAk.  Then  in  either  of 
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these  two  cases  we  have,  in  accordance  with  the  above  notation,  the  following 
theorem : 

Theorem  U.  /  =  ^i.l,+7*+/i+/2+X;fii^2,. 
This  theorem  is  illustrated  by  Fig.  3. 


Fig.  3 


Theorem  12.  Lei  J  and  C  denote  two  point  sets,  each  of  which  is  either  a 
simple  closed  curve  or  a  triune.  Let  I  and  D  denote  the  interiors  of  J  and  C,  re- 
spectively, and  suppose  P  is  a  point  of  I  D.  Then  there  exists  a  simple  closed 
curve  or  triune  Q  such  that  (1)  Q  is  a  subset  of  J+C,  and  (2)  the  interior  of  Q 
contains  P  and  is  a  subset  of  I  D. 

Indication  of  proof.  If  at  least  one  of  the  two  sets  /  and  C  is  a  triune,  one 
of  the  sets  is  a  subset  of  the  other  plus  its  interior  and  hence  will  have  the 
properties  required  of  Q. 

A  similar  situation  exists  if  both  /  and  C  are  simple  closed  curves  and  one 
of  them  is  a  subset  of  the  other  plus  its  interior. 

If  neither  of  the  simple  closed  curves  /  and  C  is  a  subset  of  the  other  plus 
its  interior,  let  A  be  a  point  oi  J  D,  and  let  PA  be  an  arc  from  P  to  ^  lying 


1938]  TWO-DIMENSIONAL  SPACES  263 

wholly  in  D.  Let  0  denote  the  first  point,  in  the  order  P  to  yl,  that  PA  has 
in  common  with  /.  I  wish  to  show  the  existence  of  a  simple  closed  curve  or 
triune  Q'  such  that  (1)  ()'  is  a  subset  of  C +/•£>,  (2)  Q'  C  is  connected, 
(3)  Q'  J  D  is  connected  and  contains  0,  and  (4)  the  interior  of  Q'  contains 
(PO  —  0).  Obviously,  the  existence  of  Q'  will  be  established  if  it  can  be  shown 
that  there  exists  a  point  set  K  (which  shall  contain  Q'  JD)  which  is  a  con- 
nected subset  of  J  containing  O  and  which  satisfies  with  respect  to  C  those 
conditions  satisfied  by  any  one  of  the  point  sets  P,  AiAk,  segment  AXB, 
(AiT—T),  segment  VAiT,  AiAk,  or  AiA^  with  respect  to  the  corresponding 
given  simple  closed  curve  of  Theorems  6,  7,  3,  8,  9,  10,  and  11,  respectively. 
There  are  several  cases. 

Case  1.  Suppose  0  is  not  contiguous  to  any  point  of  C.  Let  B  denote  a 
point  oi  J  ■  E.  The  set  /  is  the  sum  of  two  arcs  from  0  to  B,  say  OXB  and 
OYB.  Let  M  denote  the  closed  point  set  consisting  of  C  together  with  all 
points  Z  oi  D  such  that  Z  is  contiguous  to  at  least  one  point  of  C.  Let  Ai  and 
A2  denote  the  first  points  that  OXB  and  OYB  have  in  common  with  M,  in  the 
order  O  to  B.  If  both  Ai  and  Ai  are  points  of  C,  the  hypothesis  of  Theorem  3 
is  satisfied,  and  the  segment  A1OA2  is  the  desired  point  set  K. 

Case  2.  Suppose  0  is  not  contiguous  to  any  point  of  C  and  that  one  of 
the  points  Ai  and  Ai  described  in  Case  1,  say  Ai,  is  a  point  of  D,  while  the 
other,  ^2,  is  a  point  of  C.li  Ai  is  contiguous  to  two  or  more  points  of  C,  then 
the  hypotheses  of  Theorem  8  are  satisfied ,  and  {A  lOA  2  —  ^  2)  is  the  desired  point 
set  K.  If  Ai  is  contiguous  to  only  one  point  F  of  C,  and  F  is  not  contiguous  to 
^2,  then  the  hypotheses  of  Theorem  3  are  satisfied,  and  (A1OA2—A2)  is  the  de- 
sired point  set  K.  If  F  is  contiguous  to  A2,  let  A{  denote  the  first  point  of 
OXB,  in  the  order  O  to  B,  which  is  either  a  point  of  D  that  is  contiguous  to  a 
point  of  C-P  or  else  a  point  of  C.  Now  if  Ai  is  a  point  of  D,  the  hypothesis 
of  Theorem  8  is  satisfied,  and  (A{0A2—Ai)  is  the  desired  point  set  K.  If  A{ 
is  a  point  of  C,  the  hypothesis  of  Theorem  9  is  satisfied,  and  the  segment 
A1OA2  is  the  desired  point  set  A'. 

The  remaining  cases  may  be  treated  with  similar  methods. 

If  Q'  is  a  triune,  Q'  has  the  properties  required  of  Q,  since  the  interior 
of  Q'  cannot  contain  any  points  of  /.  (No  simple  closed  curve  may  contain  a 
point  of  each  complementary  domain  of  a  triune.) 

If  Q'  is  a  simple  closed  curve  whose  interior  contains  no  point  of  /,  then 
Q'=Q.  If  the  interior  of  Q'  contains  any  points  of  /,  let  M  denote  the  set 
of  all  such  points  of  /.  Now,  M+Q'  contains  a  simple  closed  curve  Q  having 
the  required  properties.  The  proof  of  this  last  statement  is  little  different  from 
the  proof  for  spaces  in  which  there  do  not  exist  contiguous  points. 

As  an  immediate  result  of  Theorem  12  we  have  the  following  theorem: 
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Theorem  13.  Let  Ji,  J2,  ■  ■  ■  ,  Jn  denole  n  point  sets  each  of  which  is  either 
a  simple  closed  curve  or  a  triune;  and  suppose  that  /i,  h,  ■  ■  ,  In,  the  interiors 
of  J  I,  J2,  ■  ■  ,  Jn,  respectively,  have  a  point  0  in  common.  Then  there  exists  a 
simple  closed  curve  or  triune  J  which  is  a  subset  of  J1+J2+  ■  ■  ■  +Jn  and  is 
such  that  I,  the  interior  of  J,  is  a  subset  of  Ii  h In  and  contains  0. 

Theorem  14.  Suppose  each  of  the  sets  Ji  and  J2  is  either  a  simple  closed 
curve  or  a  triune.  Let  I\  and  h  denote  the  interiors  of  Ji  and  J 2,  respectively,  and 
suppose  I1+I2  is  connected.  Then  there  exists  a  simple  closed  curve  or  triune  J 
which  is  a  subset  of  J\-\-Ji  and  whose  interior  is  a  subset  of  h  ■  h- 

Indication  of  proof.  Assume  the  theorem  false.  Then  by  Theorem  12 
/i/2  =  0.  Hence  there  exist  points  Pi  and  P2  of  h  and  h,  respectively,  such 
that  Pi  is  contiguous  to  P2.  Thus  Pi  is  a  point  of  J2  and  P2  is  a  point  of  Ji. 
There  exists  a  point  F  of  /1/2  and  an  arc  PiF  of  Ji  such  that  PiF  —  F  is  a 
subset  of  1 1.  Let  PiF  denote  an  arc  of  Ji.  The  point  set  PiF+P^F  contains  a 
simple  closed  curve  or  triune  J'  containing  Pi  and  Pi,  whose  interior  /'  is  a 
subset  of  /i.  The  set  J'  +  I'Ji  contains  a  simple  closed  curve  or  triune  J 
satisfying  the  required  conditions.  Thus  the  assumption  is  false,  and  the  theo- 
rem is  established. 

With  the  help  of  Theorems  12  and  14,  the  following  theorem  may  be  es- 
tablished: 

Theorem  15.  Let  Ji  and  Ji  denote  two  point  sets,  each  of  which  is  either  a 
simple  closed  curve  or  a  triune.  Let  Ii  and  li  denote  the  interiors  of  Ji  and  Ji, 
respectively.  Suppose  Ii  +  h  is  connected.  Then  there  exists  a  simple  closed  curve 
or  triune  J  which  is  a  subset  of  Ji-\-Ji,  and  whose  interior  contains  Ii+Ii. 

Theorem  16.  Let  Ji,  J2,  ■  ■  •  ,Jn  denote  n  point  sets  each  of  which  is  either  a 
simple  closed  curve  or  a  triune.  Let  /i,  h,  ■  ■■  ,  I„  denote  tlie  interiors  of 
J  I,  Ji,  ■  ■■  ,  Jn,  respectively.  Suppose  Ii+Ii+  ■  ■  ■  +I„  is  connected.  Then 
there  exists  a  point  set  J  which  is  either  a  simple  closed  curve  or  a  triune,  which 
is  a  subset  of  Ji+Ji-\-  ■  ■  ■  +Jn,  and  which  is  such  that  I,  the  interior  of  J, 
contains  1 1  + 1 i+  ■  ■  ■  +/„. 

Theorem  17.  // ./  is  a  simple  closed  curve  or  triune,  then  I,  the  interior  of  J , 
contains  at  least  one  point  which  is  not  contiguous  to  any  point  of  J . 

Proof.  Suppose  each  point  of  /  is  contiguous  to  some  point  of  /.  Let  P 
be  anj^  point  of  /.  I  wish  to  show  the  existence  of  two  distinct  points  of  /, 
each  contiguous  to  P.  Since  /  is  connected  and  contains  infinitely  many 
points,  P  is  either  contiguous  to  a  point  of  7  or  is  a  limit  point  of  /.  By 
Axiom  C,  J  contains  all  limit  points  of  7;  hence  P  must  be  contiguous  to  a 
point  Q  of  7.  In  case  there  exists  a  point  Pi  of  J  which  is  contiguous  to  both 
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P  and  Q,  then  h,  the  interior  of  the  triune  PQPi,  is  a  connected  subset  of  /. 
Since  J  contains  all  the  Hmit  points  of  /i,  it  follows  that  P  is  contiguous  to  a 
point  T  of  /i.  Thus  for  this  case  there  exist  two  distinct  points  {Q  and  T)  of 
/,  each  contiguous  to  P.  In  case  no  point  of  J  is  contiguous  to  both  P  and  Q, 
let  Pi  and  Qi  denote  points  of  J  which  are  contiguous  to  P  and  Q,  respectively, 
and  let  PiQi  denote  an  arc  of  /.  The  point  set  PiQi+P-\-Q  contains  a  simple 
closed  curve  J2,  which  contains  P  and  Q.  Let  h  denote  the  interior  of  J^.  The 
argument  used  above  may  be  used  here  to  show  that  P  is  contiguous  to  a 
point  T  of  h. 

Let  QT  denote  an  arc  lying  in  /.  The  point  set  QT  +  P  contains  a  simple 
closed  curve  or  triune  /'  whose  interior  /'  contains  infinitely  many  points, 
no  one  contiguous  to  any  point  of  J.  Thus  we  reach  a  contradiction,  and  the 
theorem  is  established. 

Example  1 .  In  the  euclidean  plane  let  Ci,  d,  and  C3  denote  three  circles, 
each  tangent  externally  to  each  of  the  others.  Denote  their  centers  by  Pi,  P2, 
and  P3,  respectively,  and  their  radical  center  by  O.  Let  Ai  =  CiC2,  ^2  =  C2C3, 
and  ^3  =  C3Ci.  Let  Bi,  B2,  and  Bs  denote  points  on  the  rays  OAi,  OA2,  and 
0^13,  respectively,  such  that  d{0,  Bi)=d{0,  Bi)=d(0,  B^),  and  J(0,  5i) 
>d(0,  Ai).  Let  BiBu  B1B2.  and  B^B^  be  circular  arcs  having  Pi,  P2,  and  P3, 
respectively,  as  centers  and  lying  on  the  non-0  sides  of  the  lines  B^Bi,  B1B2, 
and  B2B3,  respectively.  Let  /3u  =  J535,+053+OSi,  i3ii  =  BiB2+OBi+OB2, 
^u^BiB^+OBs+OBi.  For  each  point  P  of  0a  and  each  j,  (i  =  \,  2,  3; 
7  =  1,  2,  3,  •  •  ),  let  Qpii  denote  the  point  of  the  interval  PiP  such  that 
d(P„  Qp/i)=d{Pi,  A,)+[d(Pi,  P)-d(Pi,  A,)]/],  and  let  /3.y  denote  the  set 
of  all  points  Qph.  Let  P.,  (z  =  1,  2,  3),  denote  d  plus  its  interior.  Let  5  denote 
the  following  collection:  (1)  P„  {i=\,  2,  3),  is  an  element  of  5,  and  (2)  each 
point  of  the  plane  not  in  Pi  +  Pa  +  Ps  is  an  element  of  5.  For  each  positive 
integer  n,  let  G„  denote  the  following  subsets  of  S:  (1)  the  interior  of  each 
circle  of  radius  \/n  or  less  which  neither  encloses  nor  contains  a  point  of 
P1  +  P2  +  P3  is  an  element  of  G„;  (2)  for  each  pair  {i,  j),  (i=l,  2,  3; 
y  =  w,  w  +  1,  •  ■  )>  the  set  consisting  of  P,  and  all  elements  of  5  enclosed  by 
|8„  is  an  element  of  G„.  If  each  element  of  5  is  called  a  "point,"  each  element 
of  Gi  is  called  a  "region,"  and  each  of  the  "points"  Pi,  P2,  and  P3  is  "con- 
tiguous to"  each  of  the  others,  then  each  of  the  axioms  of  this  paper  is  non- 
vacuously  satisfied. 

Example  2.  In  a  euclidean  space  let  5,,  52,  S3,  S4,  and  Ss  denote  the  spheres 
whose  equations  are  (x-l)HvHs^  =  3/2^  (x+\/2y+(y-(3y'y2Y+z'  =  3/2\ 
and  U-  + 1/2)2+ (y  +  (3)"V2)^+2='  =  3/2^  ^2+3,2+(2_(3)l/2/l2)2  =  3/12^  and 
xH/+(^  +  (3)"V12)2  =  3/12^  respectively.  Each  of  these  spheres  is  tangent 
externally  to  each  of  the  others.  For  each  /,  (i=\,  •  •  •  ,  5),  let  P.-  denote  Si 
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plus  its  interior.  Let  S  denote  the  collection  defined  as  follows:  (1)  For  each  i, 
(i  =  l,  ■  ■  ■  ,  5),  Ti  is  an  elenient  of  S.  (2)  Let  A'  denote  the  {x,  3')-plane.  Each 
point  of  the  unbounded  component  of  K  —  K{Ti-\-Ti-\-T3)  is  an  element  of  5. 
(3)  For  each  set  of  three  distinct  positive  integers  i,  j,  and  k,  such  that  each 
integer  is  less  than  6  and  at  least  one  integer  is  either  4  or  5,  let  M^jk  denote 
the  plane  which  contains  the  centers  of  the  spheres  5,-,  s,-,  and  Sk.  Each  point 
of  the  bounded  component  of  Mijk  —  Mijk{Ti  +  Tj+Tk)  is  an  element  of  5. 
For  each  positive  integer  n,  let  G„  denote  the  subsets  of  S  defined  as  follows: 
(1)  The  interior  of  each  circle  of  radius  1/m  or  less  which  is  a  subset  of  5  ■  M^k 
or  of  5  A  is  an  element  of  G„.  (2)  In  each  of  the  sets  S-Afnk,  construct  three 
sequences  of  segments  like  the  three  sequences  of  segments  constructed  within 
the  triune  of  Example  1,  and  in  SK  construct  three  sequences  of  segments 
like  those  constructed  in  the  exterior  of  the  triune  of  Example  1 .  For  each 
pair  (i,  j),  (^'  =  1,  •  •  ■  ,  5;  j  =  n,  n+l,  ■  ■  ■  ),  the  subset  of  5  consisting  of  T, 
together  with  all  elements  of  S—{Ti,  T^,  ■  ■  ■  ,  T^  each  of  which  is  enclosed 
by  Ti  plus  theyth  segment  of  one  of  the  sequences  constructed  is  an  element 
of  G„.  If  each  element  of  S  is  called  a  "point,"  each  element  of  Cn  is  called  a 
"region,"  and  each  of  the  "points"  Ti,  ■  ■  ■  ,  T^  is  "contiguous  to"  each  of  the 
others,  then  all  the  axioms  of  this  paper  are  non-vacuously  satisfied. 

Example  2  shows  that  Theorem  6  fails  to  hold  if  /  denotes  a  triune  in- 
stead of  a  simple  closed  curve. 

Theorem  18.  //  /  is  a  simple  closed  curve,  if  I  is  the  interior  of  J,  and  if  H 
and  K  are  mutually  exclusive  compact  continua  lying  in  J+I,  then  no  two  points 
of  H  separate  two  points  of  K  on  J. 

Proof.  Suppose  on  the  contrary  that  the  points  A  and  B  ol  H  separate 
the  points  C  and  D  of  A'  on  /.  It  follows  from  Theorem  24  of  S.C.P.  that  K 
contains  an  irreducible  continuum  T  from  K  ACB  to  KADB.  By  Theorem 
28  of  S.C.P.,  r  —  r/  is  a  connected  set  having  boundary  points  Ci  and  A 
in  segments  ACB  and  ADB,  respectively.  It  may  be  readily  shown  that  the 
component  of  S—  (J+H)  which  contains  T  —  TJ  contains  a  segment  dYDi, 
where  C2  and  D2  are  points  of  segments  ACB  and  ADB,  respectively,  and 
neither  point  belongs  to  H.  Thus  the  arc  C2YD2  contains  no  point  of  H  and 
lies,  except  for  its  end  points,  in  /. 

The  above  argument  may  be  repeated  to  show  that  there  exists  an  arc 
AiXBi  which  contains  no  point  of  C0YD2,  where  the  segment  A^XB^  lies  in  /, 
and  A2  and  B2  separate  d  and  D2  on  /.  But  this  contradicts  Theorem  4. 

Theorem  19.  The  interior  of  a  simple  closed  curve  or  triune  is  not  a  subset 
of  any  simple  closed  curve  or  triune. 
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Proof.  Let  /  denote  the  interior  of  a  simple  closed  curve  or  triune  /.  By 
Theorem  5,  7  is  not  a  subset  of  a  triune.  Suppose  7  is  a  subset  of  a  simple 
closed  curve  C.  By  Theorem  17,  there  exists  a  point  P  of  7  which  is  not  con- 
tiguous to  any  point  of  /.  Now  P  is  either  a  limit  point  of  5  — Cor  is  contigu- 
ous to  a  point  of  5  — C.  If  7*  is  a  limit  point  of  S  —  C,  let  7?  be  a  connected 
domain  containing  P,  but  containing  no  point  of  /,  and  let  ()  be  a  point  of 
R{S  —  C).li  Pis  not  a  limit  point  of  5  -  C,  let  Q  be  a  point  of  5  —  C  which  is 
contiguous  to  P.  In  either  case,  Q  belongs  to  7  (5  — C). 

Theorem  20.  If  neither  of  the  contiguous  points  X  and  Y  separates  the 
point  A  from  the  point  B,  then  their  sum  does  not  separate  A  from  B. 

Proof.  Suppose  5  —  (X+  F)  =5.4  +Sb,  where  Sa  and  Sb  are  mutually  sepa- 
rated sets  containing  A  and  B,  respectively.  There  exists  an  arc  a  from  A 
to  B  which  does  not  contain  Y.  The  arc  a  contains  X;  hence  a  contains  an 
arc  yl.Y.  Similarly,  there  exists  an  arc  A  Y.  The  point  set  AX+A  Y  —  {X+Y) 
is  connected  and  hence  lies  in  Sa-  The  set  AX+A  Y  contains  a  simple  closed 
curve  or  triune  /  which  contains  A""  and  Y  and  is  a  subset  of  ^.i-f-A'-j-F.  Let 
Q  be  any  point  of /  — (AT-I-F),  and  let  7  and  71  denote  the  two  complementary 
domains  of  /.  Since  ^  is  a  point  of  Sa  and  is  a  boundary  point  of  each  of  the 
connected  sets  7  and  E,  it  follows  that  7  and  E  are  subsets  of  5.4.  Hence  5  is  a 
subset  of  5.4-hA'-l-F.  Thus  we  reach  a  contradiction,  and  the  theorem  is  es- 
tablished. 

Axiom  4.  If  P  and  Q  are  two  distinct  non-contiguous  points,  there  exists  a 
simple  curve  or  triune  which  separates  P  from  Q. 

With  the  help  of  Axiom  4,  the  Borel-Lebesgue  theorem  (Theorem  5  of 
S.C.P.),  and  Theorem  16,  the  next  theorem  may  be  established. 

Theorem  21.  If  H  and  K  are  two  mutually  separated  compact  continua, 
there  exists  a  simple  closed  curve  or  triune  ivhich  separates  H  from  K. 

Theorem  22.  If  J  is  a  simple  closed  curve  or  triune  containing  the  contigu- 
ous points  A  and  B,  I  is  the  interior  of  J ,  and  P  is  a  point  of  J+I  which  is  not 
contiguous  to  A ,  then  there  exists  a  simple  closed  curve  or  triune  J*  satisfying 
the  following  conditions:  (1)  It  is  a  subset  of  J+I.  (2)  Its  intersection  with  J 
is  an  arc  containing  A  and  B.  (3)  Its  exterior  contains  P. 

Proof.  Suppose  the  theorem  is  false.  If  may  be  readily  shown  that  there 
exists  a  simple  closed  curve  or  triune  which  satisfies  conditions  (1)  and  (2). 
Furthermore  it  may  be  readily  shown  that  if  P  is  any  point  of  /  not  contigu- 
ous to  /I ,  or  if  P  is  a  point  of  7  not  contiguous  to  A  such  that  there  is  a  simple 
closed  curve  or  triune  J'  containing  P  and  satisfying  conditions  (1)  and  (2), 
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then  there  exists  a  simple  closed  curve  or  triune  satisfying  conditions  (1),  (2), 
and  (3).  Hence  our  supposition  implies  that  P  is  a  point  of  /,  and  every  simple 
closed  curve  or  triune,  satisfying  conditions  (1)  and  (2),  encloses  P.  Let  PX 
denote  an  arc  from  P  to  some  point  A'  of  /  —  (/I  +B)  such  that  PX  —  X  is  a 
subset  of  /.  Let  Si  denote  the  set  consisting  of  P  and  all  points  Y  of  PX  —  X 
such  that  every  simple  closed  curve  or  triune  satisfying  conditions  (1)  and  (2) 
encloses  the  interval  PY  of  PA',  and  let  ^2  denote  PX  —  Si.  By  the  Dedekind- 
cut  proposition  (P.S.T.,  chap.  1,  Theorem  64)  there  exists  a  point  Q  which  is 
either  the  last  point  of  Si  or  the  first  point  of  S2,  in  the  order  P  to  A^. 

Suppose  Q  is  the  first  point  of  S^.  There  exists  a  simple  closed  curve  or 
triune  J'  satisfying  the  following  conditions:  If  Q  =  X,  then  J'  =  J ;  if  Qt^X, 
then  /'  contains  Q,  satisfies  conditions  (1)  and  (2),  and  encloses  PQ  —  Q{  =  Si). 
There  exists  a  third  simple  closed  curve  or  triune  /i,  which  is  a  subset  of  J' 
plus  its  interior  and  is  such  that  J'  Ji  is  an  arc  containing  A  and  B  but  not 
containing  Q.  Thus  Q  is  exterior  to  Ji\  hence  PQ  —  Q  either  intersects  Ji  or 
is  exterior  to  Ji.  Both  these  possibilities  are  ruled  out  since  /i  satisfies  condi- 
tions (1)  and  (2)  and  hence  encloses  PQ  —  Q.  Thus  Q  is  not  the  first  point  of  S2. 

Suppose  Q  is  the  last  point  of  Si.  By  means  of  an  argument  analogous  to 
that  used  in  the  last  paragraph,  it  may  be  shown  that  Q  is  not  contiguous  to  a 
point  of  S2.  Thus  ()  is  a  limit  point  of  52.  Now  Q  cannot  be  contiguous  to  both 
A  and  B;  for  if  such  were  the  case,  the  triune  ABQ  would  satisfy  conditions 
(1)  and  (2)  and  hence  would  enclose  PQ  =  Si  and,  in  particular,  the  point  Q. 
Let  C  denote  a  point  of  the  pair  (A,  B)  which  is  not  contiguous  to  (),  and 
let  Co;  be  an  arc  from  C  to  w  lying  in  /  plus  its  exterior  and  containing  no 
point  of  /  which  is  contiguous  to  Q.  By  Theorem  21,  there  exists  a  simple 
closed  curve  or  triune  /'  which  separates  Q  from  Cw.  Since  ()  is  a  limit  point 
of  52,  it  follows  that  /',  the  interior  of  J' ,  contains  a  segment  QW  of  52.  There 
exist  a  point  F  of  the  segment  QW,  and  a  simple  closed  curve  or  triune  Ji 
which  satisfies  conditions  (1)  and  (2)  and  is  such  that  F  is  in  £1,  the  exterior 
of  /].  Let  1 1  denote  the  interior  of  Ji.  By  Theorem  12,  there  exists  a  simple 
closed  curve  or  triune  Jt,  which  is  a  subset  of  Ji+J'  and  whose  interior  h 
contains  Q  and  is  a  subset  of  Ij  I'.  There  exists  a  point  T  of  J2  I'Ji.-  It 
may  be  readily  shown  that  the  point  set  Ji  —  T-\-{Ji  —  T)  contains  a  simple 
closed  curve  or  triune  /*  which  satisfies  conditions  (1)  and  (2).  Furthermore, 
since  h.+  T  +  Ei  is  a  connected  point  set  containing  Q  and  w  but  no  point 
of  J*,  Q  is  exterior  to  ,/*.  Hence  Q  is  not  a  point  of  5i. 

Thus  we  have  reached  a  contradiction  and  the  theorem  is  established. 

Theorem  23.  The  interior  of  every  triune  is  non-compact  and  so  is  the  in- 
terior of  every  simple  closed  curve  which  contains  two  contiguous  points. 
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Proof.  Let  /  denote  a  simple  closed  curve  or  triune  containing  the  con- 
tiguous points  A  and  B,  and  let  /  denote  the  interior  of  /.  Suppose  that  /  is 
compact.  It  follows  that  /  +  /  is  compact,  completely  separable,  and  metric. 
Let  Di,  D«,  Di,  •  ■  ■  be  a  sequence  of  domains  which  properly  covers  /  +  / 
and  with  respect  to  which  J  -\-I  is  completely  separable.  Let  «i  denote  the 
smallest  integer  (which  exists  in  view  of  Theorems  17  and  22)  such  that 
there  exists  a  simple  closed  curve  or  triune  /i  which  is  a  subset  of  J+I, 
and  such  that  J  Ji  is  an  arc  containing  .4  and  B,  and  Z)„,  is  exterior  to  Ji. 
Let  «i,  «2,  «3,  •  ■  •  be  an  increasing  sequence  of  positive  integers  satisfying 
the  following  conditions:  For  each  integer  ^>1,  n,,  is  the  smallest  integer 
greater  than  Wa._i  such  that  there  exists  a  simple  closed  curve  or  triune  Jk 
which  is  a  subset  of  /a_i  plus  its  interior,  and  such  that  Jt-i-Jk  is  an  arc  con- 
taining A  and  B,  and  D„t  is  exterior  to  /<-.  For  each  integer  r,  let  a^  denote 
the  point  Jr  —  (A  +B)  in  case  Jr  is  a  triune.  Otherwise,  let  ar  denote  an  arc 
PrQr  of  Jr-{A+B),  whcrc  Qr  is  either  contiguous  to  B  or  else  d(Qr,  B)<\/r, 
and  where  Pr  is  either  contiguous  to  A  or  else  d{Pr,  A)<\/r.  For  each  integer 
n  let  En  denote  the  exterior  of  /„.  For  each  integer  r  and  each  point  P  of  a, 
there  exists  an  integer  np  such  that  Enp  contains  P.  By  the  Borel-Lebesgue 
theorem,  there  exists  a  finite  collection  of  these  domains  covering  ar-  The 
domain  of  this  finite  collection  with  greatest  subscript  E„  contains  all  other 
domains  of  the  finite  collection ;  therefore  E,  contains  a,.  Hence  a^  ■  /» =  0,  and 
consequently  ara»  =  0.  Thus  there  exists  an  increasing  sequence  of  integers 
r\,ri,r^,  ■  ■  ■  such  that  for  each  integer  ^>0,  arta:rj(+i  =  0;  hence  ar,,  «,;,  •  ■  • 
is  a  sequence  of  mutually  exclusive  continua.  There  exists  a  subsequence  of 
this  sequence  which  converges  to  a  sequential  limiting  set  L  containing  A  and 
B.  Hence  by  Theorem  33  of  S.C.P.,  Z,  is  a  perfect  continuum  and  is  therefore 
uncountable.  For  each  integer  n,  Z,  is  a  subset  of  7„  plus  its  interior.  Hence 
if  L  contains  a  point  X  other  than  A  or  B,  then  X  is  contiguous  to  A  or  B. 
But  the  set  of  all  such  points  X  is  at  most  countable  by  Theorem  14  of  S.C.P. 
Hence  L  is  countably  infinite  or  finite.  We  have  thus  reached  a  contradiction, 
and  the  theorem  is  established. 

Theorem  24.*  If  H  and  K  arc  two  mutually  separated,  closed  and  compact 
point  sets  containing  the  points  A  and  B,  respectively,  then  there  exists  a  simple 
closed  curve  or  triune  J  which  separates  A  from  B  such  that  J  ■  (H  +  K)  =0. 

Proof.  Let  h.i  and  kg  denote  the  components  of  //  and  A"  containing  .4 
and  B,  respectively.  From  Theorem  21  it  follows  that  for  each  component  // 
of  H  there  exists  a  simple  closed  curve  or  triune  //,«  which  separates  It  from 

*  Cf .  L.  Zoretti,  Siir  les  fonctians  analytiques  uniformcs,  Journal  de  Mathematiqucs  Pures  et 
.\ppliquees,  vol.  1  (190.S),  pp.  9-11. 
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ks.  Let  DhB  denote  that  complementary  domain  of  Jhs  which  contains  h. 
The  collection  of  all  such  domains  Dm  covers  H\  hence  there  exists  a  finite 
collection  T  of  such  domains  covering  H.  Let  T*  denote  the  point  set  which 
is  the  sum  of  all  the  elements  of  T.  By  Theorem  16  there  exists  a  simple  closed 
curve  or  triune  J ab  whose  interior  with  respect  to  B  contains  that  component 
of  T*  which  contains  .4.  Furthermore,  (H+ks)  ■/.iij  =  0.  For  each  component 
k  oi  K  let  Jak-  denote  a  simple  closed  curve  or  triune  (which  exists  in  view  of 
the  preceding  argument)  which  separates  .4  from  k  and  is  such  that 
(n+K)JAk  =  0.  Let  DAk  denote  the  interior  of  JAk  with  respect  to  A. 
The  collection  of  all  such  domains  DAk  covers  A';  hence  there  exists  a  finite 
collection  G  of  such  domains  covering  A'.  Let  G*  denote  the  sum  of  the  ele- 
ments of  G.  By  Theorem  16  there  exists  a  simple  closed  curve  or  triune  J 
whose  interior  with  respect  to  ^4  contains  that  component  of  G*  which  con- 
tains 5.  Furthermore,  (^-|-A)  /  =  0. 

Theorem  25. f  //  H  and  K  are  two  mutually  separated  closed  and  compact 
point  sets,  and  if  neither  H  nor  K  separates  the  point  A  from  the  point  B,  then 
H+K  does  not  separate  A  from  B. 

Proof.  Suppose  H+K  separates  A  from  B. 

Case  1.  Suppose  H  is  connected.  With  the  help  of  Theorem  24,  it  may  be 
shown  that  there  exists  a  domain  D  which  contains  A  but  no  point  of  H  and 
is  the  sum  of  a  finite  number  of  components  each  of  which  is  bounded  by  a 
simple  closed  curve  or  triune  containing  no  point  of  H+K.  Let  AXB  denote 
an  arc  from  A  to  B  containing  no  point  of  K,  and  A  YB  an  arc  containing  no 
point  of  H.  Let  /i,  J2,  Js,  ■  ■  ■  ,  Jr  denote  the  boundaries  of  those  components 
of  D  which  have  points  in  common  with  AYB.  There  are  four  possibilities: 
(1)  ^  and  B  are  both  in  S  —  D,  (2)  A  and  B  are  the  same  component  of  D, 
(3)  A  and  B  are  in  different  components  of  D,  (4)  A  or  B  is  in  S  —  D  while 
the  other  is  in  Z>.  In  each  case  it  may  be  readily  shown  that  (.4  YB  —  AYBD) 
+J1+J2+  ■  ■  ■  +Jr+AXBD  contains  an  arc  from  A  to  B. 

Case  2.  Suppose  fl' has  only  a  finite  number  of  components,  hi,  //o,  ■  ■  ■  ,  h„. 
By  Case  1,  //iH-A  does  not  separate /I  from  £.  The  sets  //2  and  h+K  are  mutu- 
ally separated ;  hence  by  Case  1, /z2+(/!i+ A) does  not  separated  from5.  Con- 
tinuing this  process  we  obtain  the  fact  that  //„-f- (/'„-!+  •  -I-//1+A')  does 
not  separate  A  from  B. 

Case  3.  Suppose  H  has  infinitely  many  components.  Let  AXB  denote  an 
arc  containing  no  point  of  A'.  By  Axiom  C,  at  most  a  finite  number  of  compo- 
nents of  K  contain  points  which  are  contiguous  to  points  of  AXB.  Let 

f  Cf.  p.  .■\lexandrofT,  Sur  les  nndtiplicites  cantorieniies  et  te  theoreme  de  Phragmm-Browwer  gen- 
eralise, Comptes  Rendus  de  l'.\cad£mie  des  Sciences,  Paris,  vol.  183,  pp.  722-724. 
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^1,  ^2,  •  •  ,  k„  be  the  set  of  all  such  components  of  K.  By  Case  2  there  exists 
an  arc  AYB  which  contains  no  point  of  H-\-ki-\-  ■  ■  ■  +k„.  If  AYBK=0, 
the  theorem  is  established.  Suppose  A  YBKr^O.  For  each  component  k  oi  K 
which  intersects  A  YB,  the  set  H+AXB+K  is  the  sum  of  two  mutually  sepa- 
rated sets,  one  containing  A  and  the  other  containing  k,  by  Theorem  27  of 
S.C.P.  By  Theorem  24  there  exists  a  simple  closed  curve  or  triune  /j.  which 
separates  A  from  k  and  is  such  that  Ji,-  (H+AXB+K)=0.  Let  I^  denote 
the  interior  of  Jk  with  respect  to  A.  The  collection  of  all  such  domains  Ik 
covers  the  closed  point  set  AYBK;  hence  there  exists  a  finite  subcollection 
T  doing  so.  Let  T*  denote  the  sum  of  the  elements  of  T.  By  Theorem  16, 
for  each  component  /  of  T*  there  exists  a  simple  closed  curve  or  triune  Ct 
which  is  a  subset  of  the  boundary  of  /  and  whose  interior  with  respect  to  A 
contains  /.  Let  Ci,  C2,  •  ■  ■  ,  C\  be  the  set  of  all  simple  closed  curves  or  triunes 
thus  obtained.  The  point  set  (^F5-^F5r*)+Ci-|-C2+  ■  ■  •  -|-C  contains 
an  arc  from  A  to  B  which  contains  no  point  of  H-\-K. 

Theorem  26.  //  /  is  a  simple  closed  curve,  I  is  a  complementary  domain 
of  J ,  H  and  K  are  two  mutually  separated  subcontinua  of  J,  a  and  0  are  the  two 
components  of  J—  (H  +  K),  and  C  is  a  simple  closed  curve  which  separates  H 
from  K,  then  there  exists  an  arc  AXB  such  that  A  and  B  are  points  of  a  and  /3, 
respectively,  and  segment  AXB  is  a  subset  of  I  C. 

Proof.  Suppose  the  theorem  is  false.  Let  w  be  a  point  of  S  —  {J+I-\-C), 
which  exists  by  Theorem  19.  Let  D  denote  the  interior  of  C.  One  of  the  sets 
E  and  K,  say  H,  is  a  subset  of  D.  Obviously,  C  contains  at  least  one  point  of 
each  of  the  sets  a,  0,  and  /.  Let  P,  Q,  Z,  and  W  denote  points  of  aC,  j8C, 
H,  and  K,  respectively.  Let  a'  and  /3'  denote  continua  which  are  subsets  of  a 
and  0,  respectively,  and  which  contain  aC  and  ^-C,  respectively.  Now, 
ot'-\-fi'  +  I -C  is  the  sum  of  two  mutually  separated  continua  Mi  and  M2  con- 
taining a'  and  /3',  respectively.  Let  E  denote  the  last  point  of  the  arc  PZQ, 
in  the  order  P  to  Q,  which  is  either  a  point  of  Mi  or  contiguous  to  a  point  of 
Mi;  and  let  F  denote  the  first  point  of  PZQ  which  is  either  a  point  of  M2  or 
contiguous  to  a  point  of  M^-  It  may  be  readily  seen  with  the  help  of  Theorem  4 
that  if  E  and  F  are  distinct,  then  E  precedes  F  in  the  order  P  to  Q.  Suppose 
first  that  E  and  F  are  distinct  non-contiguous  points.  The  interval  EF  of 
PZQ  contains  at  least  one  point  of  H.  Furthermore,  there  exists  an  arc  OL 
where  Lisa  point  of  segment  EF  and  OL  —  L  is  a  subset  of  /  —  /  •  C.  By  Theo- 
rem 12  there  exists  a  simple  closed  curve  /'  which  is  a  subset  of  J+C  and 
contains  EF,  and  whose  interior  /'  is  a  subset  oi  ID  and  contains  OL  —  L. 
Now  /'  contains  no  point  of  K,  for  otherwise  H+I'+K  would  be  a  connected 
set  containing  no  point  of  C.  Thus  /'  contains  an  arc  E'F',  where  E'  and  F' 
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are  points  of  segments  LEW  and  LFW,  respectively,  and  the  segment  E'F' 
is  a  subset  of  IC.  Thus  segment  E'F'  is  a  subset  of  Mi  and  also  a  subset 
of  Mo.  From  this  contradiction,  it  follows  that  E  and  F  are  identical  or  con- 
tiguous. ^\Iso  (E+F)  ■  {Mi  +  Mi)=0.  Similarly,  if  T  denotes  the  last  point 
of  PWQ  which  is  either  a  point  of  Mi  or  contiguous  to  a  point  of  Mi,  and  if  V 
denotes  the  first  point  of  PWQ  which  is  either  a  point  of  M2  or  contiguous  to 
a  point  of  M2,  then  T  and  V  are  identical  or  contiguous.  Let  C  denote  a 
simple  curve  which  separates  Mi  from  M2.  Let  P'Q'  denote  an  arc  such  that 
P'  and  Q'  are  points  of  Mi  and  M2,  respectively,  and  segment  P'Q'  is  a  sub- 
set of  /-|-/  — (/-!-/)•  (C-I-jE -1-/^-1-7" -j-F).  Let  G  denote  a  point  of  segment 
P'Q'  which  belongs  to  C,  and  let  NY  denote  an  arc  which  is  a  subset  of  C' 
and  contains  G,  where  N  and  Y  are  points  of  /  and  segment  NY  is  a  subset 
of  7.  Now  N  and  Y  do  not  lie  in  different  components  of  /— (a'+/3'),  for 
otherwise,  H+K  +  NY  would  be  a  connected  set  containing  no  point  of  C. 
Suppose  both  A^  and  Y  are  points  of  that  component  of  7  — (q;'+/3')  which 
contains  77.  If  either  N  or  I'  preceded  E  in  the  order  PZQ,  we  would  have 
two  arcs  (one  a  subset  of  CMi  +  E,  the  other  a  subset  of  CM2-I- interval 
Q'G  of  arc  P'(3'-f  interval  iVG  of  arc  NY)  satisfying  the  hypothesis  of  Theo- 
rem 4  but  not  the  conclusion  of  this  theorem.  Similarly,  it  may  be  shown  that 
neither  .V  nor  Y  follows  F.  Hence  N  is  identical  with  Y  or  contiguous  to  Y. 
Again  a  contradiction  is  reached,  and  the  theorem  is  established. 

Theorem  27.  If  A ,  X,  B,  and  Y  arc  points  of  the  simple  closed  curve  J  in  the 
order  indicated,  if  I  is  the  interior  of  /,  and  if  77  and  K  are  mutually  separated 
closed  and  compact  subsets  of  J  +  1  such  that  H  ■  A  XB  =  0  and  K  ■  A  YB  =  0,  then 
there  exists  an  arc  AB  lying  in  J  +  I  —  (77  + A'). 

Proof.  Two  cases  will  be  considered. 

Case  1.  Suppose  there  exists  no  component  T  of  H  +  K  such  that 
T+J  —(A+B)  is  connected.  Let  Ni  and  A^  denote  continua  which  are  sub- 
sets of  segments  AYB  and  AXB,  respectively,  and  which  contain  7?-^ FJ? 
and  K  AXB,  respectively;  and  let  a  and  (3  denote  the  components  of 
J  —  {Ni  +  N2)  which  contain  A  and  B,  respectively.  By  Theorem  27,  of 
S.C.P.,  N1+N2+H+K  is  the  sum  of  two  mutually  separated  closed  sets 
Ml  and  M2  containing  A^i  and  A^2,  respectively.  Hence  by  Theorem  24  there 
exists  a  simple  closed  curve  C  which  separates  A'^i  from  A'2  and  contains  no 
point  of  Mi  +  Mi.  Thus  C  contains  no  point  of  H  +  K.  By  Theorem  26  there 
exists  an  arc  A'X'B',  where  A'  and  B'  are  points  of  a  and  /?,  respectively; 
and  segment  A'X'B'  lies  in  IC.  Now  A'X'B' +a+l3  contains  an  arc  AB 
lyingin  J  +  I ~  (H  +  K). 

Case  2.  Suppose  that  for  at  least  one  component  T  of  II  +  K,  T+J 
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—  {A+B)  is  connected.  With  the  help  of  Axiom  C,  it  may  be  shown  that 
there  is  only  a  finite  number  of  such  components.  Either  H  or  K,  say  H, 
contains  at  least  one  such  component.  There  exists  a  point  Vi  which  is  the 
first  point  of  segment  A  YB,  in  order  A  to  B,  which  is  either  a  point  of,  or 
contiguous  to  a  point  of,  such  a  component  of  H. 

First  suppose  there  exists  at  least  one  point  Q  oi  AYi—A  having  the  prop- 
erty that  there  is  a  component  Tq  of  A'  such  that  <2+r<3+segment  AXB  is 
connected.  Let  Qi,  Q2,  ■  ■  ,  Qn  denote  all  such  points  in  the  order  A  to  Yi. 
Obviously  Qi,  (i  =  l,  2,  ■  ■  ■  ,  n),  is  not  a  point  of  11 +  K.  If  the  segment  AQi 
of  AYi  contains  no  point  of  H,  let  «i  denote  the  interval  AQj.  If  segment 
AQi  contains  a  point  of  H,  it  may  be  shown  with  the  help  of  Theorem  18  and 
Case  1  of  this  theorem  that  there  exists  an  arc  ai,  from  A  to  Qi,  lying  in 
J+I  —  {H+K).  Similarly,  if  n>\,  there  exists  an  arc  a,,  {i  =  2,  3,  ■  ■  ■  ,  n), 
from  (2,-1  to  Qi,  lying  in  J  +  I  —  (H+K).  The  set  ai+a2+  ■  •  •  +a„  contains 
an  arc  «  from  A  to  Qn-  Now  let  A^  denote  the  last  point  of  segment  AXB,  in 
order  A  to  B,  for  which  there  exists  a  component  T2  of  H,  such  that 
Yi  +  Ti  +  Xi  is  connected.  If  Q„=  Fi,  and  if  there  exists  a  point  P  of  AXB 
between  A'2  and  B  for  which  there  is  a  component  T'  of  K  such  that 
Yi  +  T'  +  P  is  connected,  then,  denoting  Q„  by  Q',  we  have  an  arc  AQ'  =a 
having  the  following  properties:  (1)  The  arcyl()' lies  in  7+7— (fl'+A'),  (2)  Q' 
is  a  point  of  segment  A  YB  and  does  not  precede  I'l,  (3)  there  is  at  least  one 
component  r  of  7^  for  which  [T  +  segment  .4A'B+intervaM()' (of  .4  F5)  -A] 
is  connected,  but  T+Q'B—Q'  is  not  connected,  and  (4)  there  exists  no  com- 
ponent W  of  H+K  such  that  W+AYB-Q'  is  connected.  If  Qn=Yu  and  if 
there  exists  no  such  point  P,  let  Xi  denote  the  first  point  of  AXB,  such  that 
Yi  +  To  +  Xi  is  connected;  or  if  Qt^^Yu  let  A'l  denote  the  first  point  of  AXB 
for  which  there  exists  a  component  T  oi  H  such  that  Fi-|-r-f-A'i  is  connected. 
In  either  case.  A',  is  a  point  of  segment  ^  A'.B,and  with  the  help  of  Theorem  18, 
Case  1,  it  may  be  shown  that  there  exists  an  arc  13  from  Qn  to  A'l  lying  in 
J+I  —  (II  +  K).  If  A'lj^A's,  then  by  means  of  an  argument  like  that  used  in 
obtaining  a,  it  may  be  shown  that  there  exists  an  arc  y,  from  A',  to  A'2,  lying 
in  J  +  I -(H+K).  If  A'l  =  A'2,  let  7  denote  A',.  If  there  exists  no  point  A'  of 
AXB  between  A'2  and  B  for  which  there  is  a  component  T  of  A'  such  that 
segment  A  YB  +  T  +  X'  is  connected,  then  the  argument  for  obtaining  a  may 
be  used  here  to  obtain  an  arc  6,  from  A'2  to  B,  lying  in  J+I  — (H+K).  In  this 
case,  q;-|-/3-|-7-|- 5  contains  an  arc  from  A  to  J5,  and  the  theorem  is  established. 
If  there  e.xists  a  point  X',  as  described,  let  Q'  denote  the  first  point  of  seg- 
ment A  YB  for  which  exists  a  component  T  of  A',  such  that  Q'+T+segment 
X2B  is  connected.  It  follows  from  Theorem  18  and  Case  1,  that  there  exists  an 
arc  r?,  from  A'2  to  Q',  lying  in  J  +  I-(II  +  K).  In  this  case,  a+ff+y  +  n  con- 
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tains  an  arc  AQ'  having  the  four  properties  listed  above. 

Now  suppose  there  is  no  point  Q  as  described  above.  Let  .Yo  have  the 
same  meaning  as  above,  and  let  y  denote  an  arc  from  A  to  A'2  lying  in 
J+I  —  (H+K).  Again,  if  there  exists  no  point  X',  as  described  above,  let  5 
denote  an  arc  from  A'2  to  B  lying  in  J+I—(H+K).  In  this  case  y  +  8  con- 
tains an  arc  from  A  to  B,  and  the  theorem  is  established.  If  there  exists  a 
point  X',  as  described  above,  let  Q'  and  77  be  defined  as  before.  Now  7  +  77 
contains  an  arc  AQ'  with  properties  listed  above. 

Thus,  in  any  case  either  there  exists  an  arc  AB  lying  in  J+I  —  {H+K), 
or  else  there  exists  an  arc  AQ'  having  the  properties  listed  above.  In  the  latter 
case,  if  there  exists  no  point  V  of  A  YB,  between  Q'  and  B,  for  which  there 
exists  a  component  T  oi  H  such  that  F'  +  T  +  segment  AXB  is  connected, 
then  the  argument  for  obtaining  a  may  be  used  to  obtain  an  arc  Q'B  lying 
in  J-\-I  —  {H+K).  In  such  a  case,  AQ'+Q'B  contains  an  arc  from  A  to  B, 
and  the  theorem  is  established.  If  there  exists  a  point  Y',  as  described  above, 
let  Y2  denote  the  first  such  point  in  the  order  Q'  to  B.  Now  the  argument 
for  obtaining  AQ'  may  be  repeated  to  obtain  either  an  arc  Q'B  lying  in 
J+I  —  iH  +  K)  (in  which  case  AQ'+Q'B  contains  an  arc  from  .4  to  B,  and 
the  theorem  is  established),  or  an  arc  Q'Q"  of  such  nature  that  AQ'+Q'Q" 
contains  an  arc  AQ"  having  the  following  properties:  (1)  AQ"  lies  in 
J+I  —  (H+K),  (2)  Q"  is  a  point  of  segment  A  YB  and  does  not  precede  F2, 
(3)  there  are  at  least  two  components  of  H  such  that  if  T  denotes  either  of 
them,  then  [T+segment  ^X5+interval^Q"of  .-1  F.S— ^  ]  is  connected,  but 
[T+Q"B—Q"]  is  not  connected,  and  (4)  there  exists  no  component  W  of 
H+K,  such  that  TF+zl  YB  —  Q"  is  connected.  Since  there  is  only  a  finite  num- 
ber of  components  of  H  such  that  if  T  denotes  any  one  of  them,  T-\-J  —  {A  +B) 
is  connected,  the  above  process  may  be  repeated  until  we  have  obtained  either 
an  arc  AB  lying  in  J+I—(n  +  K),  or  an  arc  AQ'-''''  lying  in  J  +  I  —  {n+K), 
where  Q'*'  is  a  point  of  segment  A  YB,  and  there  is  no  point  1"  between  ()**> 
and  B  for  which  there  is  a  component  T  oi  H  such  that  r'-|-r-(- segment 
AXB  is  connected.  In  the  latter  case,  the  argument  for  obtaining  a  may  be 
used  to  obtain  an  arc  Q^'^^B  lying  in  J+I-{H+K).  The  set  AQ^'''>  +  Q^''?B 
contains  an  arc  AB  lying  in  J+I—{H+K);  and  the  theorem  is  established. 

Theorem  28.*  //  the  common  pari  of  the  dosed  and  compact  point  sets  H 
and  K  is  a  continuum,  and  if  neither  H  nor  K  separates  the  point  A  from  the 
point  B,  and  if  furthertnore,  H  —  HK  and  K  —  HK  arc  mutually  separated 
sets,  then  H  +  K  does  not  separate  A  from  B. 

*  CI.  S.  Janiszewski,  Sur  les  coupures  du  plan  faites  par  des  coiitiniis,  Prace  Matematyczno- 
Fizyczne,  vol.  26,  1913.  .Also  .\nna  M.  JluUikin,  Certain  theorems  relating  to  plane  connected  point  sets, 
these  Transactions,  vol.  24  (1922),  pp.  144-162. 
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Proof.  Suppose  on  the  contrary  that  H-\-K  separates  A  from  B.  Let 
M  =  H+K  and  T  —  HK.  Let  ^i  and  ^2  denote  the  components  of  5  — M 
which  contain  A  and  B,  respectively.  There  exist  arcs  AXB  and  AYB  such 
that  AXB  H  =  0  and  AYBK  =  0.  Let  A'l  and  W  denote  the  first  points  of 
AXB  and  A  YB,  respectively,  which  belong  to  the  boundary  of  52.  Thus  A'l 
and  Fi  belong  to  K—T  and  H—T,  respectively,  and  hence  are  not  contigu- 
ous to  each  other.  Let  AXi  and  AYi  denote  intervals  of  AXB  and  AYB, 
respectively.  The  set  AXi+A  Yi  contains  an  arc  XiA  i  Yi  such  that  A'i^4  iH  —  0 
and  /liFi  .ft^  =  0.  If  Xi  is  contiguous  to  any  point  of  52,  let  A'2  denote  such  a 
point,  and  let  A'iA"2  denote  the  arc  consisting  of  these  two  points.  Otherwise, 
let  R  denote  a  connected  domain  containing  A'l  but  containing  no  point  or 
boundary  point  (other  than  A'l)  of  H+AiYi,  let  A'2  denote  a  point  of  RSi, 
and  let  ^1X2  denote  an  arc  lying  in  R.  If  Fi  is  contiguous  to  any  point  of  52, 
let  F2  denote  such  a  point,  and  let  F1F2  denote  the  arc  consisting  of  these  two 
points.  Otherwise,  let  IF  denote  a  connected  domain  containing  Fi  but  con- 
taining no  point  or  boundary  point  (other  than  I'l)  of  iv +.4iA'i-|- A'iA'2,  let  F2 
denote  a  point  of  IF  52,  and  let  F1F2  denote  an  arc  lying  in  IF.  Let  A'2F2  de- 
note either  the  point  A'2  or  an  arc  lying  in  52  according  as  A'2  is  or  is  not  F2.  It 
may  be  readily  shown  that  the  set  A'i.4iFi  +  A'iA2  +  FiF2+A'2F2  contains  a 
simple  closed  curve  J  such  that  (1)  /  contains  Ai  and  a  point  Bi  of  A'2F2, 
and  (2)  of  the  two  segments  of  /  from  Ai  to  J5j,  one  contains  no  point  of 
H  and  the  other  contains  no  point  of  A'.  Let  7  denote  that  complemen- 
tary domain  of  /  which  does  not  contain  T,  and  let  Hi  =  II  {J  +1)  and 
A'i  =  A'- (/+/).  It  follows  from  Theorem  27  that  there  exists  an  arc  AiBi 
lying  in  /  +  /-(^i+Ai).  Thus  AiBi  contains  no  point  of  M.  But  this  is 
impossible  since  Ai  and  Bi  He  in  different  complementary  domains  of  M.  The 
theorem  is  thus  established. 

Theorem  29.  If  no  point  of  the  arc  XY  separates  the  point  A  from  the 
point  B,  then  XY  does  not  separate  A  from  B. 

Proof.  Suppose  5— XF  =  5.4+5b,  where  Sa  and  Sb  are  mutually  sepa- 
rated sets  containing  A  and  B,  respectively.  Let  5i  denote  the  set  consisting 
of  X  together  with  all  points  Z,  if  there  are  any,  such  that  the  interval  XZ 
does  not  separate  A  from  B,  and  let  52  =  A'F— 5i.  Now  52  contains  F,  and 
clearly  every  point  of  5i  precedes  every  point  of  52.  Hence  there  exists  either 
a  last  point  of  5i  or  a  first  point  of  52. 

Suppose  there  exist  a  point  0  which  is  the  last  point  of  5i  and  Q  which 
is  the  first  point  of  52.  By  Theorem  20  the  interval  OQ  does  not  separate  A 
from  B.  Hence  by  Theorem  28,  5i  +  0()  does  not  separate  A  from  B.  Thus 
XQ  does  not  separate  A  from  B,  contrary  to  the  fact  that  ()  is  a  point  of  52. 
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Suppose  that  there  exists  a  point  0  which  is  the  last  point  of  5i.  Let  |] 

Oi,  O2,  O3,  ■  ■  ■    be  a  sequence  of  points  of  S2  converging  to  0  such  that  '; 

each  precedes  the  next  in  the  order  Y  to  X.  By  Theorem  28,  the  interval 
00„  separates  .4  from  5.  Thus, by  Theorems,  Chapter  2, of  P. S.T.,  the  point  0 
separates  A  from  B. 

Suppose  there  exists  a  point  0  which  is  the  first  point  of  52.  Let 
Oi,  On,  O3,  ■  ■  ■  be  a  sequence  of  points  of  Si  converging  to  0  such  that  each 
precedes  the  next  in  the  order  X  to  F.  By  Theorem  28,  the  interval  0„0 
separates  A  from  B.  Hence  by  Theorem  5,  Chapter  2,  of  P.S.T.,  the  point  0 
separates  A  from  B.  Again  a  contradiction  is  reached  and  the  theorem  is  es- 
tablished. 

The  following  proposition  is  false: 

Proposition.  If  A,  B,  and  C  are  three  distinct  points,  and  if  A  is  not  con- 
tiguous to  either  B  or  C,  then  there  exists  a  simple  closed  curve  or  triune  which 
separates  A  from  B+C. 

In  Example  1,  let  A  be  any  point  of  the  triune  T1T2T3,  and  let  B  and  C 
be  points  of  different  complementary  domains  of  this  triune.  There  does  not 
exist  a  simple  closed  curve  or  triune  which  separates  A  from  B-\-C. 
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PLANE  PEANIAN  CONTINUA  WITH  UNIQUE  MAPS 
ON  THE  SPHERE  AND  IN  THE  PLANE* 

BY 

v.  w.  adkisson 
Introduction 

The  plane  peanian  continuumf  M  is  said  to  have  a  unique  map  on  a 
spherical  surface  (or  a  plane)  if,  and  only  if,  for  any  topological  image  M' 
of  M  on  a  sphere  (or  plane)  5'  and  any  topological  image  M"  of  M  on  a 
sphere  (or  plane)  S" ,  every  homeomorphism  of  M'  into  M"  can  be  extended 
to  a  homeomorphism  of  S'  into  S" . 

It  is  the  purpose  of  this  paper  to  characterize  the  plane  peanian  continua 
that  have  unique  maps  on  the  sphere  or  in  the  plane. f 

Definitions.  The  simple  closed  curve  J  of  a  cyclicly  connected  con- 
tinuum C  is  called  a  bounding  circuit  of  C  provided  that  for  any  two  maximal 
connected  components  H  and  K  of  C—J  the  sets  HJ  and  KJ  lie  respec- 
tively on  two  distinct  arcs  AXB  and  A  YB  of  J.§ 

A  split  circuit  is  a  bounding  circuit  /  such  that  C  —  J  contains  at  least  two. 
components. 

If  C  is  cyclicly  connected,  then  C  is  triply  connected  if,  and  only  if,  it  is 
impossible  to  express  C  as  the  sum  of  two  closed  connected  sets  A  and  B  such 
that  neither  A  nor  B  is  an  arc  and  the  set  ^  ■  J5  consists  of  two  distinct  points 
ofC.II 

Theorems  IV  and  V  state  the  principal  results  of  this  paper. 

Theorem  IV.  The  plane  peanian  continuum  M  has  a  unique  map  on  the 
sphere  if,  and  only  if,  one  of  the  following  conditions  holds: 

*  Presented  to  the  Society,  September  9,  1937;  received  by  the  editors  July  22,  1937. 

t  A  plane  peanian  continuum  is  a  peanian  continuum  (continuous  curve)  that  has  a  map 
(topological  image)  in  the  plane  or  on  the  sphere.  For  a  characterization  of  these  continua  see  W.  S. 
Claytor,  TopoJogkal  immersion  of  peanian  continua  in  a  spherical  surface,  Annals  of  Mathematics, 
vol.  35  (1934),  pp.  .S09-,S35.  See  also  Claytor,  Peanian  continua  not  imheddable  in  a  spherical  surface, 
ibid.,  vol.  3.S  (1937),  pp.  631-646. 

X  This  problem  was  suggested  by  J.  R.  KUne.  The  author  also  wishes  to  express  his  appreciation 
of  suggestions  by  Saunders  MacLane  which  have  led  to  improvements  in  this  paper. 

§  For  cyclicly  connected  continua  boutiding  circuit  is  equivalent  to  boundary  curve  as  defined 
by  Claytor,  loc.  cit.,  first  paper,  p.  809.  h  simple  closed  curve  /  of  M  is  called  a  boundary  curve  of  M 
provided  that  there  do  not  exist  in  M—J  distinct  components  H  and  A"  such  that  (1)  a  point  pair  of 
H  ■  J  separates  a  point  pair  of  KJ  on  J,  or  (2)  H  ■  J  =  K  ■  J  =  three  distinct  points.  Both  definitions 
will  be  found  useful  in  later  proofs. 

II  Cf.  definition  of  triply  connected  graphs,  H.  Whitney,  Congruent  graphs  and  the  connectivity 
of  graphs,  .'Xmerican  Journal  of  Mathematics,  vol.  54  (1932),  p.  158. 
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(1)  M  is  acyclic  and  consists  of  either  a  simple  arc  or  a  triad* 

(2)  M  contains  one  cyclic  element  Cf  which  is  a  maximal  triply  connected 
cyclic  curve  of  M,  and  M  —  C  consists  of  at  most  a  countable  number  of  arcs, 
fli,  02,  as,  ■  ■  •  ,  such  thatdidj=0,  (i^j),and  eachdiCis  a  single  point  which 
lies  on  only  one  bounding  circuit  of  C,f  provided  that  if  C  is  a  simple  closed 
curve,  then  M  —  C  is  at  most  a  simple  arc. 

Theorem  V.  The  plane  bounded  peanian  continuum  M  has  a  unique  map 
in  the  plane  if,  and  only  if,  M  is  one  of  the  following  curves: 

(1)  a  simple  arc, 

(2)  a  triod, 

(3)  a  simple  closed  curve, 

(4)  a  curve  M  such  that  M  contains  a  closed  2-cell  C  and  M  —  C  consists  of 
at  most  a  countable  number  of  arcs  ai,  a^,  a^,  ■  ■  ■  ,  such  that  didj  =  0,  (i^j), 
and  each  diC  is  a  single  point  which  lies  on  the  only  bounding  circuit  of  C.§ 

Preliminary  Theorems 

Theorem  I.  The  plane  cyclic  {cyclicly  connected)  peanian  continuum  C  is 
triply  connected  if,  and  only  if,  C  contains  no  split  circuit. 

Theorem  II.  The  plane  cyclic  peanian  continuum  C  has  a  unique  map  on  the 
sphere  if,  and  only  if,  C  is  triply  connected. 

Corollary  I.  If  J  is  a  bounding  circuit  of  C  which  is  not  a  split  circuit, 
then  in  every  map  of  C  on  the  sphere  {or  plane)  the  image  of  J  is  the  boundary  of 
a  complementary  domain  of  the  map  of  C. 

Corollary  2.  If  J  is  a  split  circuit  of  C  there  is  some  map  of  C  on  the  sphere 
{or  plane)  in  which  the  image  of  J  is  the  boundary  of  a  complementary  domain 
of  the  map  ofC.\\ 

DEFENfiTiON.  The  point  p  oi  M  is  a.  split-point  of  M,  if  and  only  if,  M  can 
be  expressed  as  the  sum  of  two  closed  connected  sets  A  and  B  such  that 
AB  =  p,  and  such  that  ii  A  or  B  is  an  arc,  then  p  is  not  an  end  point  of  that 
arc. 

Theorem  III.  //  the  plane  peanian  continuum  M  has  a  unique  map  on  the 
sphere  or  in  the  plane,  then  M  does  not  contain  a  split-point. 

*  Three  arcs  PA,  PB,  PC  with  P,  and  only  P,  common  to  any  two. 

t  G.  T.  Whyburn,  Concerning  the  structure  of  a  continuous  curve,  American  Journal  of  Mathe- 
matics, vol.  50  (1928),  p.  168. 

X  Each  point  Oi  •  C  is  a  non-local  cut-point  of  C.  See  Theorem  VI  and  the  alternative  statement 
of  Theorem  IV  at  the  end  of  this  paper. 

§  See  Claytor.  loc.  cit.,  p.  810,  Corollary  (C). 

II  This  is  a  generalization  of  Proposition  K,  Claytor,  loc.  cit.,  first  paper,  p.  828. 
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Proofs  or  Theorems  I-V 

Proof  of  Theorem  I.  Let  C  be  a  map  of  the  given  curve  on  a  plane  5,  and 
suppose  C  not  triply  connected.  There  exist  two  points  p  and  q  oi  C  such  that 
C=A  +B  and  A  B^p+q,  where  A  and  B  are  closed  connected  sets  neither 
of  which  is  an  arc.  Let  r  be  a  point  of  A  —p—q  and  s  a  point  oi  B—p—q.  Then 
on  any  arc  rxs  lying  in  S  —  p  —  q  there  is  a  last  point  of  A  from  r  to  s  and  a 
first  point  of  B.  Let  these  points  be  r  and  5  respectively.  The  open  arc  {rxs) 
lies  in  a  domain  R  complementary  to  C  with  boundary  J  Dr+5.  Hence  this 
circuit  J  must  pass  through  p  and  q.  But  since  neither  A  nor  B  is  an  arc  there 
must  exist  at  least  two  components  of  C—J;  one  in  A— A- J  and  one  in 
B—B  J.  Let  Ni  and  A'^2  be  any  two  components  of  C—J.  Then  two  points 
oiNiJ  cannot  separate  two  points  of  N^  ■  J  on  J.  For  Ni  and  A^2  are  connected 
sets  lying  in  S  —  R  and  cannot  intersect.  If  A^i-7  =  iV2-./  =  three  points,  then 
A^'i  and  iV2  must  intersect;  this  is  impossible.  Therefore,  since  C—J  contains 
at  least  two  components,  /  is  a  split  circuit. 

Now  assume  that  C  contains  a  split  circuit  /.  There  is  a  component  iVi  of 
C—J  with  limit  points  all  on  the  arc  gxh  of  J  and  a  component  N2  with  limit 
points  all  on  the  arc  gyh  =  J  —  {gxh).  The  arc  gxh  may  be  chosen  so  that  g 
and  h  are  points  of  NiJ.  Now  every  component  of  C  —  J  must  have  its  limit 
points  in  either  gxh  or  gyh.  For  suppose  some  component  N  of  C  —  J  has  a 
limit  point  d  in  {gxh)  and  a  limit  point  e  in  {gyh).  Every  arc  of  /  containing  d 
and  e  will  necessarily  contain  either  g  or  //,  limit  points  of  Ni  which  separate  d 
and  e  on  J .  But  this  contradicts  the  fact  that  7  is  a  split  circuit. 

Now  let  A  =gxh  +  Ni  plus  all  components  of  C  —  J  (different  from  iV2)  with 
limit  points  on  gxh,  and  let  B=gyh-\-Ni  plus  all  components  of  C— 7  not  in- 
cluded in  A.  Then  C  =A  -\-B,  where  A  and  B  are  closed  connected  subsets  of 
C;  neither  A  nor  .S  is  a  simple  arc;  and  A  ■  B=g-\-h.  Therefore  C  is  not  triply 
connected.  This  completes  the  proof  of  Theorem  I. 

Proof  of  Theorem  IL  Suppose  C  is  triply  connected.  Then  every  bounding 
circuit  of  C  has  an  image  which  is  a  c.d.b.*  In  every  map  of  C.  For  let  C 
be  any  map  of  C  on  a  sphere  S',  and  J'  any  bounding  circuit  of  C.  If  C  does 
not  consist  of  a  simple  closed  curve,  then  there  is  one,  and  only  one;  com- 
ponent of  C  —  J'  (Theorem  I),  and  this  component  must  lie  entirely  in  one 
of  the  regions  of  S'  bounded  by  J'.  The  other  region  of  S'  bounded  by  J' 
must  be  a  complementary  domain  of  C .  Obviously  every  c.d.b.  of  C  is  also 
a  bounding  circuit  of  C. 

Therefore  if  C  is  a  map  of  C  on  a  sphere  S'  and  C"  a  map  of  C  on  S" , 
every  homeomorphism  of  C  into  C"  must  preserve  complementary  domain 

*  "Complementary  domain  boundary"  will  be  abbreviated  "c.d.b." 
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boundaries  and  is  extendable  to  S'  and  S".*  Hence  C  has  a  unique  map  on 
the  sphere. 

Suppose  C  is  not  triply  connected.  Then  C  must  contain  a  split  circuit  J 
(Theorem  I).  We  shall  show  first  that  there  is  a  map  of  C  in  which  the  map  of 
7  is  a  c.d.b.  Let  C  be  any  map  of  C  on  a  sphere  S  and  suppose  /  is  not  a  c.d.b. 
of  C.  Let  Ri  and  i?2  be  the  two  regions  of  5  bounded  by  J.  Since  J  is  not  a 
c.d.b.  of  C  there  must  exist  a  component  Ni  of  C—J  in  Ri  and  a  component 
Ni  in  Ro.  Any  two  points  p  and  q  oi  NiJ  lie  on  some  c.d.b.  of  C  within  R2. 
For  if  every  arc  from  p  to  q  lying  in  R2  contains  a  point  of  C,  there  would 
then  exist  a  connected  subset  of  C  lying  in  R2  with  limit  points  on  J  that 
separate  p  and  g.f  But  such  a  connected  subset  would  belong  to  a  component 
of  C—J,  and  J  would  not  be  a  split  circuit.  Hence  p  and  q  lie  on  some  c.d.b. 
within  Ri.  Furthermore  any  three  points  p,  q,  r  oi  NiJ  lie  on  the  same  c.d.b. 
of  C  within  R2.  To  show  this  suppose  p,  q,  r  do  not  lie  on  the  same  c.d.b.  within 
i?2-  Then  there  are  three  complementary  domains  of  C  in  R2  each  containing 
a  pair  of  p,  q,  r  on  its  boundary  /,,  (i  =  l,  2,  3).  Let  /,  m,  n  be  three  arcs,  one 
from  each  of  the  boundaries  7,  such  that  l  +  m+n^ p+q+r  and  bounds  a 
region  R3  which  is  a  subset  of  R2  containing  no  points  of  Ji+Ji+J^-  This  is 
possible  since  no  two  arcs  of  /,  m,  n  can  have  a  common  point.  For  if  two  arcs, 
/,  m  do  have  a  common  point  (other  than  an  end  point)  there  would  exist  a 
component  Nsoil  +  m)  of  C—J  such  that  N3J  contains  p,  q,  r,  and  since 
NrJ  contains  p,  q,  r,  the  circuit  /  would  not  be  a  split  circuit  (definition). 
Now  any  two  points  of  p,  q,  r  lie  together  on  the  same  c.d.b.  of  C  within  R3. 
For  if  every  arc  from  p  to  q  (or  to  r)  lying  in  R3  contained  a  point  of  C,  there 
would  exist,  as  above,  a  connected  subset  of  C  lying  in  R3  and  having  points 
on  l+m+n  that  separate  p  and  q  on  l+ni  +  n.  There  would  then  exist  a 
component  N4  of  C  —  J  such  thatiV4-7  contains  /?,  9,  and  r;  but  this  is  impos- 
sible. Now  let  the  circuit  /i  above  be  the  boundary  of  a  domain  ri  complemen- 
tary to  C  and  lying  in  R2.  Let  /  be  the  arc  (of  the  three  /,  m,  n)  which  lies  on 
Ji  ^  p+q.  Then  since  R3  contains  no  points  of  J1+J2+J3,  the  domain  n  is  a 
subset  of  i?2,  but  not  of  R3,  and  has  p  and  q  on  its  boundary.  Let  rj  be  a  domain 
complementary  to  C  which  is  a  subset  of  R3  and  has  p  and  q  on  its  boundary-. 
Now  R3  is  not  a  complementary  domain  of  C  since  we  are  assuming  that  p,  q,  r 

*  V.  W.  Adkisson,  Cyclicly  connected  continuous  curves  whose  complementary  domain  boundaries 
are  homeomorphic,  preserving  branch  points,  Comptes  Rendus  des  Stances  de  la  Socifit^  des  Sciences 
et  des  Lettres  de  Varsovie,  Class  3,  vol.  23  (1930),  p.  167,  Theorem  2.  If  M  is  a  cyclicly  connected 
continuous  curve  lying  on  a  sphere  5,  and  T  is  a  continuous  (1-1)  correspondence  such  that 
T(M)  =  M,  a  necessary  and  sufficient  condition  that  T  be  extendable  to  5  is  that  for  every  boundary 
/  of  a  complementary  domain  of  M,  T(J)  be  also  the  boundary  of  a  complementary  domain  of  M . 

t  C.  Kuratowski,  Siir  le  probleme  des  courbes  gauches  en  lopologie,  Fundamenta  Mathematicae, 
vol.  15  (1930),  p.  274,  Lemma  III'. 
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do  not  all  lie  on  the  same  c.d.b.  in  R^.  The  above  process  can  then  be  repeated 
and  a  third  complementary  domain  rs  obtained  which  is  different  from  ri  and 
Ti  but  also  has  p  and  q  on  its  boundary.  This  process  may  be  continued  in- 
definitely. Hence  there  exists  an  infinite  number  of  domains  n,  ro,  n,  •  •  ■ 
each  complementary  to  C  and  having  p  and  q  on  its  boundary.  But  this  is  im- 
possible since  there  is  at  most  a  finite  number  of  complementary  domains  of  C 
of  diameter  greater  than  any  e  >0,*  and  the  diameter  of  each  r,-  is  equal  to  or 
greater  than  the  distance  between  p  and  q.  We  conclude  that  there  is  a  c.d.b. 
L  within  i?2  containing  p,  q,  r. 

Now  any  fourth  point  s  oi  NiJ  must  also  lie  on  L.  For  5  and  one  of  the 
three  points  p,  q,  r,  say  r,  must  separate  the  other  two,  p  and  q,  on  /.  Since 
r  and  5  must  lie  on  the  same  c.d.b.  of  C  in  Ri  there  exists  an  arc  {rs)  in  R2  such 
that  (r5)C=0,  and  in  like  manner  an  arc  {pq)  in  Ri  such  that  {pq)C=0.  But 
(rs)  and  (pq)  must  then  have  a  common  point  and  hence  lie  in  a  common 
complementary  domain  of  C.  Therefore  p,  q,  r,  and  5  all  lie  on  L,  and  all 
points  of  NiJ  must  lie  on  L. 

Let  Di  be  the  complementary  domain  of  C  bounded  by  L,  and  let  (N) 
represent  the  set  of  all  components  Ni  of  C—J  in  i?i  for  which  NiJ  =  NiL. 
Let  (A'')  be  a  topological  image  of  (TV)  in  A  such  that  C-(iV)-|-(A^')  is  a 
map  of  C.  This  is  always  possible  since  obviously  it  would  be  possible  if  C 
were  mapped  so  that  Z,  is  a  circle.  This  process  can  be  repeated  on  the  map 
C  —  {N)  +  {N')  so  that  finally  a  map  C  is  obtained  in  which  Ri  is  a  comple- 
mentary domain  of  C.  It  follows  by  well  known  methods  in  analysis  situs 
that  C  is  a  topological  map  of  C.  For  if  the  above  process  is  necessary  an 
infinitenumber  of  times, t  it  involves  complementary  domains  A,  A, -Ds,  •  ■  ■ 
of  C  of  which  only  a  finite  number  are  of  diameter  greater  than  any  e>0. 

By  the  same  method  as  above  it  is  possible  to  map  C  so  that  the  image  of 
the  split  circuit  J  is  not  a  c.d.b.  of  the  image  of  C  since  there  are  at  least  two 
components  of  C—J. 

Now  let  C  be  a  map  of  C  on  S'  in  which  the  image  of  /  is  a  c.d.b.  of  C 
and  C"  a  map  on  S"  in  which  the  image  of  /  is  not  a  c.d.b.  of  C".  Then  every 
homeomorphism  of  C  into  C"  is  not  extendable  to  5'  and  S"  since  comple- 
mentary domain  boundaries  are  not  preserved.  Hence  C  does  not  have  a 
unique  map,  and  the  theorem  is  proved. 

Corollaries  1  and  2  follow  directly  from  the  preceding  proof. 

*  Schoenflies  proved  (190S)  that  the  complementary  domains  of  a  continuous  curve  are  count- 
able, and  that  at  most  a  finite  number  have  diameters  greater  than  any  e>0.  See  R.  L.  Moore, 
Report  on  continuous  curves  from  the  viewpoint  of  analysis  situs,  Bulletin  of  the  .-Vmerican  Mathe- 
matical Society,  vol.  29  (1923),  pp.  290,  295. 

t  The  components  Xi  are  countable.  See  R.  L.  Wilder,  Concerning  continuous  curves,  Fundamenta 
Mathematicae,  vol.  7  (1925),  p.  360,  Theorem  9. 
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Proof  of  Theorem  III.  We  shall  assume  that  M  has  a  split  point  and  at 
the  same  time  a  unique  map  and  show  that  this  leads  to  a  contradiction. 

Let  Af  be  a  map  on  the  sphere  S,  p  a.  split  point  of  M,  and  A  and  B  two 
closed  connected  subsets  of  M  such  that  M  =  A+B,  AB  =  p,  and  such  that 
if  ^  OT  B  is  an  arc,  p  is  not  an  end  point  of  this  arc.  Let  Rhea,  complementary 
domain  of  M  whose  boundary  contains  points  of  both  A  and  B.  Let  xy^p 
be  a  point  of  A  in  the  boundary  of  R  and  Zr^p  a.  point  of  B  in  the  boundary 
of  R.  Let  (xyz)  be  an  arc  in  R,  xpz  an  arc  of  M,  ^  a  arc  xp,  and  B  3  arc  pz. 
Let  ^1  be  a  connected  component  of  A  —xp  such  that  Zi  has  a  point  r  on 
xp—x,  and  Bx  a  connected  component  of  B  —  pz  such  that  Bi  has  a  point  s 
on  pz  —  z.  Since  neither  A  nor  5  is  a  simple  arc  with  end  point  at  p,  it  is  possi- 
ble to  choose  X  and  z  so  that  this  latter  condition  may  be  satisfied.  There  are 
two  cases  to  consider. 

Case  1.  r9^s.  Let  M'  represent  a  map  of  M  on  the  sphere  S'.  Let  T  be  a 
homeomorphism  such  that  T(M)=M'  and  T(S)=S'.  This  is  possible  since 
we  assume  that  M  has  a  unique  map.  Throughout  this  proof  a  primed  set  will 
indicate  the  topological  image  under  T  of  the  unprimed  set.  Now  either  the 
set  Ai  lies  in  the  region  Di  of  5  bounded  by  the  simple  closed  curve  C =xpzyx 
while  Bi  lies  in  the  other  region  D^  bounded  by  C,  or  ^i  and  Bi  lie  in  the  same 
region,  say  Di.  We  shall  assume  the  latter,  but  the  proof  is  practically  the 
same  in  either  case. 

Since  T  is  extendable  to  5  and  5',  the  sets  Ai'  and  Bi  lie  in  D{ .  We  now 
construct  a  new  map  M" of  M  on  5'  as  follows :  Let  H(  ,{i  =  l,2),he  the  subset 
of  4 '-arc  x'p'  that  lies  on  D-  .  The  set  H{  includes  A{ .  Let  H{'  be  a  topo- 
logical image  of  H{  lying  in  A'  —B'Di,  and  Hi'  a  topological  image  of  Hi 
lying  in  DI  —B'D{  such  that  x'p'+H{'  +Hi'  is  a  topological  image  of  A'. 
Then  M"  =x'p' +Hi'  -\-Hi'  -\-B' .  Let  U  he  a  homeomorphism  such  that 
C/(M)=M"and  U{S)=S'. l.tt  U(xyz)  =x'y"z',  U  (H  i)  =  HI' ,  and  for  points 
in  B+xpz  let  U  =  T.  Since  U  is  extendable,  U{Di)  =D{'  is  a  region  of  S'  con- 
taining UiM-Di).  Let/be  any  arc  of  S'  from  a  point  of  A{'  (the  topological 
image  of  Ai  in  fl^i")  to  a  point  of  5/  which  lies  entirely  in  A"  including  end 
points.  Such  an  arc  must  intersect  C,  the  boundary  of  D{ ,  since  Bi  lies  in 
Z?i'  and  ^i"  lies  outside  D{  ;  and  since  x'p'z'  is  in  the  boundary  of  DC  the 
arc  /must  intersect  {x'y'z').  Then  any  arc  g  from  r'  to  5'  lying,  except  for 
end  points,  in  Di'  must  intersect  {x'y'z').  To  show  this  let  d  and  e  be  regions 
about  ;•'  and  s'  respectively,  that  do  not  contain  points  of  x'y'z'.  It  is  possible 
to  obtain  an  arc  /  that  lies  entirely  in  d  and  joins  a  point  of  g—r'  to  a  point 
of  AC .  In  like  manner  we  obtain  an  arc  u  in  e  joining  a  point  of  g  —  s'  to  a 
point  of  Bi .  The  arcs  t  and  u  plus  the  proper  subset  of  g  then  yield  an  arc  h 
from  Ai'  to  Bi  lying  entirely  in  Di' .  But  //  must  then  intersect  {x'y'z'),  and 
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since  neither  /  nor  u  can  intersect  {x'y'z')  the  arc  g  must  have  a  point  in  com- 
mon with  {x'y'z').  Hence  there  must  be  a  connected  subset  of  x'y'z'  lying  in 
DC  with  two  points  on  C"  =x'y"z'p'x'  (the  boundary  of  DC )  that  separate  r' 
and  s'  on  C" .*  One  of  these  points  must  obviously  lie  on  the  arc  r's'  of  C" 
where  r's'  c  {x'p'z').  But  this  is  impossible  since  {x'p'z')  and  {x'y'z')  have 
no  common  points.  Therefore  the  assumption  that  every  homeomorphism  of 
M  is  extendable  has  led  to  a  contradiction,  and  we  conclude  that  M  has  no 
unique  map. 

Case  2.  r  =  s=p.  We  use  the  same  notation  as  in  Case  1  and  obtain  in  the 
same  manner  the  map  M".  Any  arc  joining  a  point  of  A('  to  a  point  of  B{ 
and  lying  entirely  in  DC  must  intersect  {x'y'z').  Let  d  he  a  region  about  p' 
that  contains  no  points  of  x'y'z'.  Let/ be  an  arc  from  A{'  to  Bi  lying  in  DC 
and  also  in  d.  Then  /  cannot  intersect  {x'y'z')  but  must  intersect  {x'y'z'). 
This  contradiction  shows  that  M  has  no  unique  map  and  completes  the  proof 
of  Theorem  III. 

Proof  of  Theorem  IV.  First,  assume  that  M  has  a  unique  map.  If  M  is 
acyclic  it  must  consist  of  either  a  simple  continuous  arc  or  a  single  triod  since 
M  contains  no  split  point  (Theorem  III).  Obviously  these  are  the  only  two 
acyclic  peanian  continua  without  split-points. 

If  M  is  not  acyclic  it  contains  at  least  one  cyclic  element  C  which  is  a 
maximal  cyclic  curve  of  M.  Since  M  cannot  contain  a  split-point  there  is  only 
one  such  cyclic  element  C.  For  if  there  were  a  second  cyclic  element  Ci  which 
is  a  maximal  cyclic  curve  of  M,  there  would  exist  a  cut-point  pol  M  separating 
C  and  Ci,|  and  obviously  p  would  also  be  a  split-point. 

11  M  —  C  contains  a  maximal  connected  acyclic  subset  with  a  branch-point 
p,ox\lM  —  C  contains  two  arcs  with  a  common  end  point  p  on  C,  then  p  is 
in  either  case  a  split-point.  Therefore,  M  —  C  contains  at  most  a  countable 
number  of  simple  arcs|  with  distinct  end  points  on  C. 

We  shall  now  assume  that  C  is  not  triply  connected  and  obtain  a  contra- 
diction of  the  assumption  that  M  has  a  unique  map.  If  C  is  not  triply  con- 
nected, C  contains  a  split  circuit  J  (Theorem  I).  Let  Af  be  a  map  of  M  on 
the  sphere  5  and  assume  that  the  components  iVi  and  A^2  of  C  — J  lie  in  the 
regions  Ri  and  R^  of  5  bounded  by  /.  There  exists  a  c.d.b.  Z,  of  C  lying  in  R2 
such  that  NiJ  =  NiL  (this  was  shown  in  the  proof  of  Theorem  II).  Let  D 
be  the  complementary  domain  of  C  bounded  by  L.  Let  ^a,  be  the  set  of  arcs 
of  M  lying  in  D  with  end  points  in  NiL  and  ^bi  the  set  of  arcs  oi  M  ■  D 
not  included  in  ^a..  We  now  obtain  a  new  map  M'  of  M  on  S  as  follows:  Let 

*  Kuratowski,  loc.  cit.,  Lemma  III'. 
t  See  G.  T.  Whyburn,  loc.  cit.,  p.  168. 
I  R.  L.  Wilder,  loc.  cit.,  p.  360,  Theorem  9. 
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(K)  represent  all  arcs  of  M  —  C  with  end  points  on  A^'i,  and  let  N{  be  a  map 
in  D  of  Ni-\-{K)  such  that  NiL  =  N{L  and  C-Ni  +  N{  is  a  topological 
image  of  C-\-{K).  Let  Di  be  the  complementary  domain  of  M—  [Ni-{-{K)] 
that  contains  Ni-\-{K),  and  Itt^al  be  a  topological  image  of  ^a^  in  Z),  such 
that  each  arc  d/  has  one  end  point  on  L,  and  the  set  of  all  these  end  points  of 
^a/  is  identical  with  the  set  of  end  points  of  ^a.  on  L.  For  each  6,  we  obtain 
a  new  arc  bi  as  follows:  If  bi-Ni  =0,  then  6/  =bi.  If  IrNi  j^Q,  let  di  be  a 
region  about  (),  (the  end  point  of  bi  on  /,)  containing  no  point  of  Ni .  Then  6.' 
is  taken  as  a  simple  arc  which  is  a  subset  of  6,  and  lies  in  di  with  end  point 
Qi.  Then  M'  =  M-^^-(iiC)+^^'  -Zai+E«.'  -Z*.+E*.'  is  a  topological 
image  of  M.  But  every  homeomorphism  of  M  into  M'  cannot  be  extended  to  5 
since  Z,  is  a  c.d.b.  of  M  but  not  a  c.d.b.  of  M'.  Hence  M  does  not  have  a  unique 
map,  and  this  contradiction  leads  to  the  conclusion  that  C  must  be  triply  con- 
nected. 

Now  suppose  C  does  not  consist  of  a  simple  closed  curve,  and  there  is  an 
arc  b  in  M  —  C  with  end  point  p  on  two  bounding  circuits,  /  and  L,  of  C. 
Let  (M  —  b)  be  any  map  of  (M  —  b)  on  5.  Then  /  and  L  bound  two  comple- 
mentary domains  of  C  and  are  outer  boundaries  of  two  complementary  do- 
mains Di  and  D^  of  M  —  b.  Let  M'  be  a  map  of  M  obtained  by  mapping  b 
in  Di  with  end  point  at  p,  and  M"  a  map  of  M  obtained  by  mapping  b  in  Z>2 
with  end  point  at  p.  We  have  now  two  essentially  different  maps  of  M.  Hence 
the  end  points  of  the  arcs  in  M  —  C  that  lie  in  C  must  lie  in  one,  and  only  one, 
bounding  circuit  of  C. 

If  C  consists  of  a  simple  closed  curve,  M  —  C  cannot  contain  more  than  one 
arc.  The  proof  of  this  statement  is  not  difficult  and  will  be  omitted. 

If  M  consists  of  a  simple  continuous  arc,  the  sufficiency  of  condition  (1) 
follows  from  the  fact  that  any  homeomorphism  between  two  arcs  is  extend- 
able to  a  homeomorphism  of  their  planes.*  If  M  consists  of  a  simple  closed 
curve  plus  an  arc,  the  proof  that  M  has  a  unique  map  is  easily  obtained  from 
the  Schoenflies  theorem  that  any  homeomorphism  between  two  simple  closed 
curves  can  be  extended  to  a  homeomorphism  of  their  planes. 

The  proof  that  a  triod  has  a  unique  map  may  also  be  obtained  by  a  simple 
application  of  the  Schoenflies  theorem. 

Suppose  C  is  not  a  simple  closed  curve.  Let  M  be  a  map  of  M  on  5,  and  M' 
a  map  on  5'.  The  map  of  C  is  unique  (Theorem  II),  and  from  Corollary  1  we 
see  that  a  c.d.b.  of  C  in  one  map  has  an  image  which  is  a  c.d.b.  in  every  map 
of  C.  Let  "^a,  be  the  arcs  of  Af  —  C  with  end  points  on  the  same  bounding  cir- 

*  R.  L.  Moore,  Conditions  under  which  one  of  two  given  dosed  linear  point  sets  may  be  thrown  into 
the  other  one  by  a  continuous  transformation  of  a  plane  into  itself,  American  Journal  of  MathematicSj 
vol.  48  (1926),  p.  67. 
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cuit  J  of  C.  Then  in  the  map  of  C  on  5  these  arcs  lie  in  the  same  complemen- 
tary domain  D  of  C  bounded  by  /,  and  the  map  Xl<^^'  of  X^'^'  on  5'  must  lie 
in  the  complementary  domain  D'  of  C  bounded  by  /'  (the  image  of  J)  since 
the  end  points  of  ^d,'  lie  on  /'  and  on  no  other  bounding  circuit  of  C . 

Now  any  homeomorphism  T{M)  =M'  can  be  extended  to  D  and  D' .  Let 
pq  be  one  of  the  arcs  a,-  in  D  with  end  point  p  on  /  such  that  either  pq  or  its 
image  p'q'  on  S'  is  of  diameter  greater  than  some  e  >0.  Let  {qxy)  be  an  arc  in 
D—^ai  where  y  is  a  point  of  /  but  not  an  end  point  of  some  arc  a,  in  D. 
Let  {q'x'y')  be  an  arc  in  D'  —^ai  where  y'  =  T{y).  Let  r  and  5  be  points  of  / 
that  separate  p  and  y,  and  let  r'  =  T{r)  and  s'  =  T{s).  Let  04  be  any  arc  of  ^a,- 
that  lies  in  the  subset  d  oi  D  bounded  by  pqxyrp.  Then  ai!  must  lie  in  the  sub- 
set d'  of  D'  bounded  by  p'q'x'y'r'p' .  For  if  ak  lies  in  D'  —  d' ,  it  must  have  an 
end  point  at  either  p'  or  y' .  But  this  is  impossible  since  y  was  selected  not  to 
be  an  end  point,  and  p  cannot  be  an  end  point  common  to  two  arcs  in  D. 
Hence  if  ^^i  is  the  subset  of  '^ai  lying  in  d,  then  TQ^b^)  is  the  subset  of 
'^al  lying  in  d' .  The  same  would  be  true  of  any  similar  subdivision  of  D 
and  D' .  In  fact  sides  are  preserved  under  T  as  used  by  Gehman.*  Therefore 
T  can  be  extended  to  D  and  D' ,  and  in  like  manner  to  each  complementary 
domain  of  C  and  C,  and  finally  to  5  and  S' .  The  proof  would  necessarily  be  a 
partial  duplication  of  Gehman's  proof  and  is  omitted.  This  completes  the 
proof  of  Theorem  IV. 

Proof  of  Theorem  V.  Cases  (1),  (2),  (3)  of  Theorem  V  follow  easily  from 
Theorem  IV. 

If  M  has  a  unique  map  and  is  not  acyclic  or  not  a  simple  closed  curve, 
Theorem  III  shows  that  M  contains  one,  and  only  one,  cyclic  element  C 
which  is  a  maximal  connected  cyclic  curve  of  M.  Furthermore  C  cannot  con- 
tain two  distinct  bounding  circuits  or  consist  of  a  single  circuit  which  would 
be  the  outer  boundary  of  two  complementary  domains  of  M  in  any  map.  For 
if  this  were  true  there  would  be  a  circuit  /  which  would  be  the  outer  boundary 
of  a  bounded  complementary  domain  R  of  M  in  some  map  on  a  plane  5 
(Corollary  1).  Now  let  M'  be  a  map  of  M  on  a  plane  S'  in  which  the  image  of 
the  boundary  of  R  is  the  boundary  of  the  unbounded  complementary  domain 
R'  of  M' .  Then  obviously  any  homeomorphism  of  M  into  M'  which  carries 
the  boundary  of  R  into  the  boundary  of  R'  cannot  be  extended  to  R  and  R'. 
Therefore  C  contains  only  one  bounding  circuit,  and  Claytor's  result  (Corol- 
lary (C),  p.  810)  shows  that  C  consists  of  a  closed  2-cell. 

Since  M  cannot  contain  a  split  point,  M  —  C  can  consist  of  at  most  a  count- 


*  H.  M.  Gehman,  On  extending  a  continuous  (1-1)  correspondence  of  two  plane  continuous  curves 
to  a  correspondence  of  their  planes,  these  Transactions,  vol.  28  (1926),  proof  of  Theorem  I,  pp.  256-260. 
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able  number  of  distinct  arcs  with  distinct  end  points  on  tlie  bounding  circuit 
of  C. 

Now  suppose  M  consists  of  the  curve  (4)  in  the  theorem.  The  arcs  M  —  C 
must  all  lie  in  the  unbounded  complementary  domain  of  C  in  any  map  of  M 
in  the  plane.  Let  D  and  D'  be  the  two  unbounded  complementary  domains  of 
two  maps  of  M  and  M'  respectively.  Then  any  homeomorphism  of  M  into  M' 
can  be  extended  to  D  and  D'  as  indicated  in  the  last  paragraph  of  the  proof 
of  Theorem  IV. 

A  point  /)  of  a  peanian  continuum  M  is  said  to  be  a  local  cut-point  of  M  if, 
and  only  if,  />  is  a  cut-point  of  some  connected  open  subset  of  M* 

The  following  theorem  will  be  stated  without  proof: 

Theorem  VI.  //  M  is  a  peanian  continuum  in  a  plane  S,  any  non-cui-point 
p  of  M  lies  on  two  {or  more)  complementary  domain  boundaries  of  M  if,  and 
only  if,  p  is  a  local  cut-point  of  M.f 

Now  if  M  is  a  plane  peanian  continuum  and  C  a  maximal  cyclic  curve  of 
M,  every  point  in  C-(M  —  C)  must  lie  on  a  bounding  circuit  of  C.  Since  C 
contains  no  cut-point  (of  C)  we  can  make  the  following  alternative  statement 
of  Theorem  IV: 

The  plane  peanian  continuum  M  has  a  unique  map  on  the  sphere  if,  and  only 
if,  one  of  the  following  conditions  holds : 

(1)  M  is  acyclic  and  consists  of  either  a  simple  arc  or  a  triad, 

(2)  M  contains  one  cyclic  element  C  which  is  a  maximal  triply  connected 
cyclic  curve  of  M,  and  M  —  C  consists  of  at  most  a  countable  number  of  arcs, 
01,02,03,  ■  ■  ■  ,  such  that  Si- a  j  =  0,(i9^j),  and  each  Of  C  is  anon-local  separating 
point  of  C,  provided  that  if  Cis  a  simple  closed  curve,  then  M  —  C  is  at  most  a 
simple  arc. 


*  See  G.  T.  VVhyburn,  Local  separating  points  of  continua,  Monatshefte  fiir  Mathematik  und 
Physik,  vol.  36  (1929),  pp.  305-314. 

t  This  theorem  is  well  known  to  topologists  although  the  author  has  been  unable  to  find  it  stated 
explicitly  in  any  published  paper.  See,  however,  G.  T.  Whyburn,  Local  separating  points  of  continua, 
loc.  cit.,  Theorem  6,  and  G.  T.  Whyburn,  Concerning  points  of  continuous  curves  defined  by  certain  im 
kleinen  properties,  Mathematische  Annalen,  vol.  102  (1929),  pp.  313-336,  Theorem  31. 
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FIXED  POINTS  UNDER  TRANSFORMATIONS  OF 

CONTINUA  WHICH  ARE  NOT  CONNECTED 

IM  KLEINEN* 

BY 

O.  H.  HAMILTON 

1.  Introduction.  Ayresf  has  shown  that  if  M  is  a  compact  continuous 
curve  in  the  plane  which  does  not  separate  the  plane  and  T  is  a  reversibly 
continuous  transformation  of  M  into  a  subset  of  itself,  then  T  leaves  some 
point  of  M  invariant.  He  also  proves  similar  theorems  for  special  cases  of 
non-planar  continuous  curves.  The  purpose  of  this  paper  is  to  extend  these 
results  to  certain  types  of  continua  which  are  not  connected  im  kleinen. 

2.  Preliminary  theorem  and  lemmas.  We  prove  first  the  following  pre- 
liminary theorems  and  lemmas. 

Theorem  I.  //  M  is  a  compact  continuum  in  a  metric  space  hut  is  not  an 
indecomposable  contiuuum,  and  if  T  is  any  reversibly  continuous  transforma- 
tion of  M  into  a  subset  of  itself,  then  some  proper  subcontinuum  N  of  M  contains  a 
point  of  T(N) ,  the  image  of  N  under  T. 

Proof.  If  T  carries  M  into  a  proper  subset  of  itself,  then  T{M)  contains 
its  image  T-{M)  and  the  theorem  is  true.  Suppose  then  that  T  carries  M  into 
itself.  It  can  easily  be  shown  that  if  M  is  not  indecomposable,  it  does  not 
contain  two  mutually  exclusive  composants.  The  transformation  T  carries 
a  composant  of  M  into  a  composant  of  M.  It  has  been  shown  that  a  com- 
posantj  of  a  continuum  is  the  sum  of  a  countable  number  of  continua 
A^i,  N2,  N3,  •  •  •  ,  where  for  each  integer  i,  Ni  contains  iV,_i. 

Let  V  be  any  composant  of  M,  and  let  T{V)  be  its  image  under  T.  Then  V 
and  T{V),  by  what  was  said  above,  must  have  a  point  in  common,  Let  V  be 
expressed  as  ^("iF,,  where  for  each  integer  i,  F,  is  a  continuum  which  con- 
tains F,_i.  Then  T'CF)  =Xr=i^(l  ■)  where  for  each  integer  i,  T(Vi)  is  the 
image  of  Vi  under  T  and  is  a  continuum  which  contains  r(F,_i).  For  some 
integer  J,  F,  contains  a  point  of  T(V,),  for  if  we  suppose  the  contrary  to  be 
true,  it  is  obvious  that  F  contains  no  point  of  T(V),  contradicting  the  fact 


*  Presented  to  the  Society,  September  10,  1937;  received  by  the  editors  May  29,  1937. 

t  W.  L.  Ayres,  Some  generalizations  of  the  Scherrer  fixed-point  theorem,  Fundamenta  Mathe- 
maticae,  vol.  16  (1930),  pp.  333-336. 

X  SeeR.  L.  Moore,  Foundations  of  Point  Set  Theory,  American  Mathematical  Society  Colloquium 
Publications,  vol.  13,  p.  75. 
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that  V  and  T{V)  have  a  point  in  common.   Vj  is  therefore  a  continuum 
satisfying  the  conclusions  of  the  theorem. 

Lemm.\  1 .  If  M  is  a  compact  continuum  in  a  metric  space  and  M  is  not  an 
indecomposable  continuum  and  contains  no  continuum  which  is  the  sum  of  two 
continua  whose  common  part  is  disconnected,  and  if  T  is  a  reversibly  continuous 
transformation  of  M  into  a  subset  of  itself  and  neither  T  nor  T~^  carries  a  proper 
subcontinuum  of  M  into  itself,  then  there  is  a  proper  subcontinuum  La  of  M  such 
that  Lo  contains  a  point  of  T{Lo)  but  such  that  for  w  >  1,  the  common  part  of  Lo 
and  T"{Lo)  is  vacuous. 

Proof.  By  Theorem  I,  some  proper  subcontinuum  Ko  of  M  contains  a 
point  of  its  image  T{Ko).  For  each  positive  or  negative  integer  n,  let  K„  desig- 
nate T"{Ko).  By  a  hypothesis  of  the  theorem,  Ko  is  not  identical  with  i^i, 
for  suppose  K!)  =  Ki.  Then  Ko  is  a  proper  subcontinuum  of  M  which  is  carried 
into  itself  by  T.  Furthermore  Ko- Ki  is  not  identical  with  Ko  or  with  K^;  for 
suppose  Ko- Ki  is  identical  with  Ko.  Then  T  carries  Ko  into  a  subset  of  itself. 
Consider  the  continuum  ^  =IIr=o-^'>'  Then  T(A)=A,  and  T  carries  A,  a 
proper  subcontinuum  of  M,  into  itself.  Similarly,  if  KoKi  is  identical  with  A'l, 
r^^  carries  a  proper  subcontinuum  of  M  into  itself;  thus  we  have  a  contra- 
diction of  a  hypothesis  of  the  theorem. 

There  exists  an  integer  r  such  that  the  lU^o-''^*  is  not  vacuous  but  such 
thatlJjto^i  is  vacuous.  This  can  be  shown  as  follows.  Ko- Ki  is  not  vacuous. 
Suppose IJj.oA'i  contains  a  point  for  each  integer  s.  Then  B=Y[n-oKu  is  not 
vacuous  and  is  a  proper  subcontinuum  of  M  which  is  carried  into  itself  by  T, 
which  is,  again,  a  contradiction  of  a  hypothesis  of  the  theorem.  Let  Lq  be 
the  continuum  lUli'i/v  „  where  r  is  an  integer  such  that  II[=o^i  is  not  vacuous 
butUj^^uA';  is  vacuous.  For  each  integer  i,  let  Li=  T'{Lo).  Then  Li  isnj.iA'i. 
Lo  Li  is  not  vacuous  since  Lo  Li=Y[i.oKi  which  is  not  vacuous.  LoLi  is 
vacuous.  For  suppose  Lo  contains  a  point  of  L^.  Then  HJloA;  contains  a 
point  P  of  Ilitl-^'i-  It  follows  that  P  is  in  Il(to-'^<.  which  by  hypothesis  is 
vacuous.  Furthermore  Lo  contains  no  point  of  L,,  r>2.  For  suppose  the  con- 
trary and  that  5  is  the  smallest  integer  greater  than  two  such  that  Ao  contains 
a  point  of  L,.  Consider  the  two  continua,  Lo  +  L,  and  Li  +  Li+  ■  ■  ■  +A,_i. 
Their  common  part  is  the  sum  of  the  two  mutually  exclusive  continua,  Lo- Li 
and  L,-i  L,.  Then  '^Uo^i  is  a  subcontinuum  of  M  which  is  the  sum  of  two 
continua  whose  common  part  is  disconnected.  This  is  a  contradiction  of  a 
hypothesis  of  the  theorem.  The  lemma  is  therefore  true. 

Lemma  2.  //,  in  a  metric  space,  M  is  a  compact  non-degenerate  continuum 
but  is  not  an  indecomposable  continuum  and  does  not  contain  a  continuum 
which  is  the  sum  of  two  continua  whose  common  part  is  disconnected,  and  if  T  is 
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a  reversibly  continuous  transformation  of  M  into  a  subset  of  itself,  then  T  carries 
some  proper  subcontinuum  of  M  into  itself. 

Proof.  Suppose  T  does  not  carry  a  proper  subcontinuum  of  M  into  itself. 
Then  by  Lemma  1,  there  exists  a  sequence  of  subcontinua  La,  Li,  Zj,  •  •  • 
such  that  (1)  for  each  positive  and  negative  integer  n,  Zn  is  T^{L^,  (2)  Z,„ 
and  Ln±i  have  a  point  in  common,  but  Z,„  and  L„+r,  \r\  >1,  do  not  have  a 
point  in  common.  Let  Va  be  an  irreducible  continuum  from  L-iLo  to  La  Li 
which  is  a  subcontinuum  of  L^.  Let  F„,  for  each  positive  or  negative  integer, 
designate  r"(Fo).  Then  since  T  is  reversibly  continuous,  it  can  be  easily 
shown  that  F„  is  irreducible  from  L„_i  ■  Z,„  to  Z,„  •  Z,„+i.  Let  Pa  be  a  point  of  Va 
not  in  Z,_i  La  or  La  ■  L\.  There  is  such  a  point  for  otherwise  Z_i  would  contain 
a  point  of  L\.  For  each  positive  or  negative  integer  n,  let  P„  designate  T"{Po). 
Let  Ma  be  an  irreducible  continuum  from  Pq  to  Pi  which  is  a  subset  of 
Va+Vi+Lo- Lu  Then  since  T  is  reversibly  continuous,  it  follows  that  (1)  M„ 
for  each  integer  n  is  irreducible  from  P„  to  P„+i,  (2)  M„  ■  M„±i  is  not  vacuous, 
but  M„-M„+r,  \r\  >1,  is  vacuous,  (3)  (M,+Mi_i)-  Vi  is  an  irreducible  con- 
tinuum from  Li-i  Li  to  LiLt^i. 

Since  M  is  not  indecomposable,  M  is  the  sum  of  two  proper  subcontinua 
H  and  K.  One  of  these  continua  contains  points  of  infinitely  many  of  the 
continua  Mo,  Mi,  Mj,  •  ■  ■  .  Suppose  H  contains  points  of  infinitely  many  of 
these  continua.  Let  j  be  the  smallest  integer  greater  than  or  equal  to  zero 
such  that  H  contains  a  point  of  Af ,.  Let  r  be  any  integer  greater  than  5  such 
that  H  contains  a  point  of  Mj^,-  Let  H'  designate  the  common  part  of  H  and 
the  continuum  ^{VjMi.  But  H'  is  itself  a  continuum  since  the  common  part 
of  two  subcontinua  of  M  cannot  be  disconnected.  H'  must  contain  points  of 
Li+i-Lj+2-Mj+i,  Lj+i-Lj+3-Mi+i,  •  •  ■  ,  Lj+r-i- Lj+r-i- M i+r^2,  since  each  of 
these  continua  separates  M,  from  Mj+r  in  '^{t'jM,.  It  follows  that  H'  con- 
tains Pj+i,  P,+i,  •  •  •  ,  Pj+r-i,  since  for  each  integer  5,  Pj+,  lies  in  a  subcon- 
tinuum of  ^(t^"*''Zi  which  is  irreducible  from  L,+s_iZ,>,to  Z,,+,-Z,,+,+i.  Then 
//' contains  each  of  the  continua  M,+2,  M,+3,  •  •  •  ,  Af,+r_3;  since  each  of  these 
continua  is  irreducible  between  two  points  of  X)<iy+i-^'-  Since  r  can  be  taken 
arbitrarily  large,  it  follows  that  H'  contains  Mj+n  for  each  integer  n  greater 
than  1. 

Consider  the  continuum  C=2Zr=/+2-'^^>-  It  is  obvious  that  T{C)  is  a  sub- 
set of  C.  It  follows  that  C  is  identical  with  M,  for  otherwise  C  contains  a 
proper  subcontinuum  of  M  which  is  carried  into  itself  by  T,  contrary  to  hy- 
pothesis. But  by  the  argument  given  above  C  is  a  subset  of  H;  therefore  H 
is  identical  with  M.  This  contradicts  the  assumption  that  H  is  a.  proper  sub- 
continuum of  M.  The  lemma  is  therefore  true. 
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3.  A  general  theorem  on  fixed  points.  We  may  now  prove  the  general 
theorem : 

Theorem  II.  //  M  is  a  compact  continuum  in  a  metric  space,  and  if  M  does 
not  contain  an  indecomposable  continuum  and  does  not  contain  a  continuum 
which  is  the  sum  of  two  continua  whose  common  part  is  disconnected,  then  every 
reversibly  continuous  transformation  of  M  into  a  subset  of  itself  leaves  some  point 
of  M  invariant. 

Proof.  By  Lemma  2,  T  carries  some  proper  subcontinuum  Mi  of  M  into 
itself.  Let  Mi,  Mj,  •  •  •  ,  M^,  M^+i,  ■  ■  ■  be  a  well  ordered  sequence  ^  of  sub- 
continua  of  M  having  the  following  properties:  (1)  for  each  ordinal  number  d 
which  has  an  immediate  predecessor,  Mt  is  a  proper  subcontinuum  of  Me-i 
which  is  carried  into  itself  by  T;  (2)  for  each  ordinal  number  0  which  has  no 
immediate  predecessor,  M4,  is  a  proper  subcontinuum  of  M„  which  is  carried 
into  itself  by  T,  where  a  is  any  ordinal  which  is  less  than  <^;  (3)  if  M\  is  any 
non-degenerate  continuum  which  belongs  to  the  sequence  jS,  M x+i  is  a  proper 
subcontinuum  of  M\  belonging  to  the  sequence  /3.  Since  M  is  metric,  it  is 
completely  separable,  and  it  follows  that  the  sequence  jS  thus  defined  is  count- 
able. Therefore  there  exists  a  countable  simple  subsequence  M„i,  M^i,  •  ■  ■ 
running  through  (3.  That  is,  if  M\  is  any  element  of  /3,  there  is  an  integer  i 
such  that  M„i  is  a  subcontinuum  of  M\.  Since  M  is  compact,  the  point  set 
P=n"_iM„i  is  a  compact  continuum  and  is  carried  into  itself  by  T,  since 
each  of  the  continua  M„i  is  carried  into  itself  by  T.  But  P  cannot  be  a  non- 
degenerate  continuum,  for  if  it  is,  it  has  a  proper  subcontinuum  which  be- 
longs to  the  sequence  /3;  and  this  contradicts  the  definitions  of  P  and  of  the 
sequences  (3  and  M„i.  It  follows  that  P  is  a  point  of  M,  invariant  under  T. 

4.  Applications  to  continua  in  the  plane.  We  have  now  the  following  ap- 
plications: 

Theorem  III.  //  M  is  a  compact  continuum  in  the  plane  which  contains  no 
indecomposable  continuum,  which  does  not  separate  the  plane,  and  which  con- 
tains no  domain,  then  every  reversibly  continuous  transformation  of  M  into  a 
subset  of  itself  leaves  some  point  invariant. 

Proof.  It  follows  from  a  theorem  proved  by  S.  Janiszewski*  and  also  by 
Miss  MuUikant  that  a  sufficient  condition  that  a  compact  continuum  M 
separate  the  plane  is  that  M  be  the  sum  of  two  continua  whose  common 


•  S.  Janiszewski,  Sur  les  coupiires  du  planfailes  par  les  continus,  Prace  Materaatyczno-fizyczne, 
vol.  26  (1913),  pp.  11-63. 

t  Anna  M.  MuUikan,  Certain  tlieorems  relating  to  plane  connected  point  sets,  these  Transactions, 
vol.  24  (1922),  pp.  144-162. 
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part  is  disconnected.  Then  if  M  does  not  separate  the  plane  and  contains  no 
domain,  no  subcontinuum  of  iW"  separates  the  plane,  and  the  hypotheses  of 
Theorem  II  are  satisfied.  The  conclusions  of  Theorem  III  then  follow. 

Theorem  IV.  If  D  is  a  bounded  simply  connected  domain  in  the  plane  which, 
together  with  its  boundary,  does  not  separate  the  plane  and  whose  outer  boundary 
M  contains  no  indecomposable  continuum,  then  every  reversibly  continuous 
transformation  of  D  into  itself  leaves  some  point  of  D  invariant. 

Proof.  Without  loss  of  generality  we  may  suppose  the  boundary  of  D  to 
be  identical  with  its  outer  boundary,  for  the  compact  complementary  domain 
of  the  outer  boundary  M  of  D  is  itself  a  simply  connected  domain  which  is 
a  subset  of  D  and  whose  boundary  is  M.  Caratheodory*  has  shown  that  there 
exists  a  conformal  and  reversibly  continuous  transformation  T\oi  D  into  the 
interior  /  of  a  given  circle  /,  that  there  exists  a  reversibly  one-to-one  cor- 
respondence, also  designated  by  Ti,  between  the  prime  ends  of  D  and  the 
points  of  /,  and  that  this  correspondence  is  characterized  as  follows:  If 
Pi,  Pi,  Ps,  ■  ■  ■  is  a  sequence  of  points  of  D  converging  to  a  prime  end  Ep 
of  D  (using  Caratheodory 's  definition  of  convergence),  then  the  sequence  of 
points  Ti{Pi),  TiiPi),  TiiPi),  ■  ■  ■  converges  (in  the  usual  sense)  to  the  point 
P  oi  J  with  which  Ep  is  associated  by  this  correspondence;  and  conversely,  if 
Qi,  Qi,  Qi,  ■  •  •  is  a  sequence  of  points  of  /  converging  to  a  point  Q  of  J,  then 
the  sequence  of  points  Tr^{Q^,  Ti~^{Q-^,  Ti~^(Qz),  ■  ■  ■  converges  to  the 
prime  end  Eq  with  which  Q  is  associated  by  the  correspondence  Ti.  Let  T  be 
any  reversibly  continuous  transformation  of  D  into  itself.  It  can  be  easily 
shown  that  T  carries  a  prime  end  of  D  into  a  prime  end  of  D.  Let  Ti  be  a 
transformation  of  the  continuum  /+/  into  itself  defined  as  follows:  If  P  is 
any  point  of  /,  let  T^iP)  be  the  point  Ti[T{TrKP))  ]•  If  ^  is  any  point  of  /, 
let  Pi,  Pi,  ■  ■  ■  be  a  sequence  of  points  of  /  converging  to  P.  Let  Ep  be  the 
prime  end  of  D  associated  with  P  by  Ti.  Then  the  sequence  Tr^{Pi),  Tr^{Pi), 
TrH-f  3),  •  •  •  converges  to  Ep.  Since  T  is  reversibly  continuous,  the  sequence 
T{Tr^(Pi)),  T(TrKPi)),  ■  ■  ■  converges  to  the  prime  end  T{Ep)  into  which 
Ep  is  transformed  by  T.  It  follows  that  the  sequence  of  points  of  /, 
Ti[T{TrKPO)  ],  T,[T{TrKPi))],  ■  ■  •  converges  to  a  point  of  /.  That  point 
is  defined  as  Ti{P).  Since  Ti[T{Tr\Pi))]  is  defined  as  Ti(Pi),  and  since  T  is 
reversibly  continuous  on  D,  and  Ti  is  a  reversible  continuous  transformation 
of  D  into  /,  it  follows  that  Ti  is  reversibly  continuous  on  /.  Also  from  the 
definition  of  Ti  it  follows  that  if  Pi,  Pi,  P3,  ■  ■  ■  is  a  sequence  of  points  of  / 
converging  to  a  point  P  of  /,  then  the  sequence  Ti{Pi),  Ti{Pi),  Ti{P^,  ■  ■  ■ 

*  C.  Caratheodory,  Ubtr  die  Begrenzung  eiiijach  zusammenhangender  Gebiete,  Mathematische 
Annalen,  vol.  73  (1912),  pp.  323-370. 
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converges  to  Ti{P),  and  the  sequence  Tr\Pi),  Tr^iP^),  Tr^Ps),  ■  ■  ■  con- 
verges to  Ti-^{P).  Suppose  that  Qi,  Qi,  Qz,  ■  •  ■  is  a  sequence  of  points  of  J 
converging  to  a  point  Q  of  /.  For  each  positive  integer  n,  let  Z„  be  a  point  of  / 
such  that  each  of  the  distances  d{T„,  Q„)  and  d[T2iZ„),  Ti{Q„)]  is  less  than 
l/«.  That  such  a  point  Z„  exists  is  shown  as  follows:  There  exists  a  sequence 
of  points  Z„i,  Z„2,  Z„3,  •  ■  •  converging  to  Q„.  Then  by  the  discussion  above, 
the  sequence  T2{Z„i),  Ti{Zni),  T^iZnz),  ■  ■  ■  converges  to  TiiQn).  There  exists 
an  integer  i  such  that  (/(Z„i,  Q„)  <1/Mand  d[Ti{Zr,i),  T2{Q„)]  <l/w.  ThenZ„< 
has  the  property  required  of  Z„.  We  see  then  that  the  convergence  of  the  se- 
quence Qi,  Q2,  ■  ■  ■  to  Q  implies  the  convergence  of  the  sequence  Zi,  Z2,  ■  ■  • 
to  Q.  This  in  turn  implies  the  convergence  of  T^iZi),  T2{Z'^,  ■to  T2{Q) 
and  therefore  the  convergence  of  T2{Qi),  T2{Q2),  •to  T2{Q).  Similarly  the 
sequence  of  points  r2"'(<3i),  T2'^{Q2),  ■  ■  ■  converges  to  T^-^iQ),  and  T2  is  a 
reversibly  continuous  transformation  of  the  continuum  /+/  into  itself.  By 
a  fundamental  theorem  on  fixed  points,  T2  leaves  some  point  of  /+/  fixed. 
If  T2  leaves  a  point  of  /  fixed,  then  obviously  T  leaves  a  point  of  D  fixed.  If 
T2  leaves  a  point  P  of  J  fixed,  then  T  carries  some  prime  end  Ep  of  D  into 
itself.  Let  Np  be  the  continuum  in  the  boundary  of  D  associated  with  the 
prime  end  Ep  in  the  sense  that  every  sequence  of  points  of  D  converging  to  Ep 
has  a  subsequence  which  converges  in  the  usual  sense  to  a  point  of  Np.  Then 
T  carries  Np  into  itself.  N.  E.  Rutt*  has  shown  that  a  necessary  condition 
that  such  a  continuum  as  Np  shall  be  the  whole  boundary  of  D  is  that  the 
boundary  of  D  shall  be  indecomposable  or  the  sum  of  two  indecomposable 
subcontinua.  Since  by  hypothesis  the  boundary  of  D  contains  no  indecom- 
posable continuum,  Np  is  a  proper  subcontinuum  of  the  boundary  of  D.  Np 
then  is  a  compact  continuum  which  does  not  separate  the  plane  and  which  con- 
tains no  domain.  It  satisfies  the  hypothesis  of  Theorem  III;  therefore  T  leaves 
some  point  of  Np  fixed.  Thus,  in  any  case,  T  leaves  a  point  of  D  invariant. 

5.  An  example.  There  exist  continua  which  admit  of  no  continuous  trans- 
formation into  themselves  except  the  identity.  We  give  below  an  example  of 
a  compact  acyclic  continuous  curve  in  the  plane  having  this  property. 

Let  Ai  be  any  arc  in  the  plane  of  length  1.  Let  A2  be  the  sum  of  Ai  and 
two  arcs  of  length  1/2^  having  no  point  in  common  with  each  other  or  with  Ai 
except  that  each  has  one  end  point  at  the  midpoint  of  Ai.  For  each  integer  w, 
let  £„_i  designate  the  set  of  points  of  yl„_i  of  Menger  order  greater  than  two. 
Let  ^„  be  the  sum  of  A„-i  and  n  arcs  of  length  1/2"  having  no  point  in  com- 
mon with  each  other  or  with  An-i  except  that  they  all  have  in  common  one 


*  N.  E.  Rutt,  Prime  ends  and  indecomposabilily,  Bulletin  of  the  American  Mathematical  Society, 
vol.41  (1935),  pp.  265-273. 
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end  point  which  is  the  midpoint  of  a  component  of  ^„_i  — £„_i  whose  length 
is  not  less  than  the  length  of  any  other  component  of  ^„_i  — £„_i.  Let 
M  =Xr-i^r.  Then  M  is  obviously  an  acyclic  continuous  curve.  Let  A'  be  the 
set  of  points  of  M  of  Menger  order  greater  than  two.  From  the  definition  of 
M  it  follows  that  no  two  points  of  K  are  of  the  same  Menger  order  and  that 
A'  is  everywhere  dense  in  M.  Let  T  be  any  continuous  transformation  of  M 
into  itself.  T  carries  a  point  of  given  Menger  order  into  a  point  of  the  same 
Menger  order  and  therefore  leaves  each  point  of  K  fixed.  Since  K  is  every- 
where dense  in  M,  T  leaves  each  point  of  M  fixed. 

It  should  be  noted  that  M  is  homeomorphic  with  a  proper  subset  of  itself. 
E.  W.  Miller*  has  given  an  example  of  an  acyclic  continuous  curve  which  is 
not  homeomorphic  with  any  proper  subset  of  itself,  but  which  however  does 
not  have  the  property  of  the  example  we  have  given,  since  his  acyclic  con- 
tinuous curve  contains  an  arc  which  contains  no  points  of  Menger  order 
greater  than  two.  I  have  not  been  able  to  find  an  example  of  an  acyclic  con- 
tinuous curve  in  the  plane  whose  only  transformation  into  a  subset  of  itself 
is  the  identity. 


*  E.  W.  Miller,  TIte  Zarankiewicz  problem.  Bulletin  of  the  American  Mathematical  Society,  vol.  38 
(1932),  pp.  831-834. 
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CONCERNING  CERTAIN  TOPOLOGICALLY 
FLAT  SPACESf 

BY 

F.  BURTON  JONES 

In  any  space  satisfying  Axioms  0, 1,  2,  3, 4,  and  5  of  R.  L.  Moore's  Founda- 
tions of  Point  Set  Theory^  a  large  body  of  Plane  Analysis  Situs  theorems  holds 
true.  Nevertheless,  Moore  has  an  example§  of  a  completely  separable  space 
satisfying  these  axioms  which  because  of  its  "hilly"  character  is  not  homeo- 
morphic  with  a  subset  of  a  plane  or  a  sphere.  In  this  paper  Axiom  5  is  re- 
placed by  an  axiom,  Axiom  5*,  which  is  not  satisfied  by  spaces  of  this  "hilly" 
character.  As  a  result,  any  completely  separable  (or  metric)  space  satisfying 
Axioms  0-4  and  5i*  is  homeomorphic  with  a  subset  of  a  plane  or  a  sphere. 
However,  in  the  presence  of  Axioms  0-4  neither  of  the  Axioms  5  and  5i* 
follows  from  the  other. 

Axiom  5)||  of  Foundations  suggests  the  following  two  axioms: 

Axiom  5i'  .  If  P  is  a  point  of  region  R,  there  exists  in  R  a  domain  D  con- 
taining P  such  that  the  boundary  of  D  is  compact.*^ 

Axiom  Sr .  If  P  is  a  point  of  a  region  R,  there  exists  in  R  a  domain  D  con- 
taining P  such  that  the  boundary  of  D  is  connected.]] 

There  is,  however,  a  certain  amount  of  similarity  between  these  last  two 
axioms.  For  suppose  that  a  space  satisfies  Moore's  Axioms  0,  1,  and  2  and 


t  Parts  of  this  paper  were  presented  to  the  Society  on  October  28,  1933,  June  20,  1934,  and 
February  23,  1935;  received  by  the  editors  July  27,  1936.  The  author  wishes  to  acknowledge  his  in- 
debtedness and  appreciation  to  Professor  R.  L.  Moore  for  much  encouragement  and  many  helpful 
suggestions  during  this  investigation  and  for  having  stimulated  his  interest  in  mathematics. 

X  American  Mathematical  Society  Colloquium  Publications,  volume  XIII,  New  York,  1932. 
Hereafter,  in  this  paper,  this  book  will  be  referred  to  as  Foundations. 

§  This  example  of  Moore's,  although  unpublished,  has  been  well  known  among  his  students  for 
some  four  or  five  years. 

II  If  P  is  a  point  of  a  region  R,  there  exists  a  connected  domain  D  containing  P  and  bounded  by 
a  compact  continuum  T  such  that  D-\-T  is  a  subset  of  R. 

U  A  space  satisfying  ,\xiom  5i'  is  said  to  be  locally  peripherally  compact. 

tt  A  space  satisfying  Axiom  5?  is  said  to  be  locally  peripherally  connected. 
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Axiom  5i>.t  Then  if  P  is  a  point  of  a  region  R,  there  exists  a  region  R'  con- 
taining P  and  lying  together  with  its  boundary  in  R.  And  by  Axiom  5i'  there 
exists  in  R'  a  domain  D'  containing  P  whose  boundary  /3  is  compact.  But  jS 
may  be  covered  by  a  finite  collection  £>i,  A,  Di,  ■  ■  ■  ,  Dj  of  connected  do- 
mains such  that  for  each  n,  n^j,  Dn  is  a  subset  of  R—P.%  Let  D  denote  the 
component  of  R  —Y^Dn  which  contains  P.  Thus  the  following  theorem  holds 
true  and  will  be  used  hereafter  as 

Axiom  5i*.  If  P  is  a  point  of  a  region  R,  there  exists  in  R  a  domain  D  con- 
taining P  whose  boundary  is  a  subset  of  the  sum  of  a  finite  number  of  continua 
lying  in  R  —  D. 

In  a  sense  Axiom  5i*  is  common  to  both  Axioms  5i'  and  Si^  in  that  it 
follows  as  a  theorem  from  either  of  them  in  the  presence  of  Axioms  0, 1,  and  2. 
Now  let  5  denote  a  space  satisfying  Moore's  Axioms  0,  1,  and  2. 

Theorem  A.  //  Axiom  5i*  holds  true  at  each  of  two  distinct  points  A  and  B 
of  S  and  no  point  of  S  separates  A  from  B,  then  there  exists  in  S  a  simple  closed 
curve  J  containing  A  and  £.§ 

Proof.  Let  AB  denote  an  arc  from  A  to  B.\\  If  i?  is  a  region  containing  A 
but  not  B,  suppose  that  there  exists  no  point  Ooi  ABR  such  that  no  point  X 
of  the  interval  AO  ol  AB  separates  A  from  0  in  R.  Then  there  exists  a  se- 
quence a  of  points  oi  AB  which  converge  to  A  such  that  if  X  and  F  are 
points  of  a  and  X  follows  Y  in  a,  then  A'  separates  A  from  Y  in  R.  Hence, 
for  each  point  X  of  a  except  the  first,  R—X  is  the  sum  of  two  domains  Ux 
and  Vx  such  that  Fa-  contains  A  and  Ux  contains  every  point  of  a  preceding 
A'  in  a.  But  no  point  separates  A  from  B ;  so  for  each  point  X  of  a,  there  exists 


t  Axioms  referred  to  are  stated  either  in  the  text  of  this  paper  or  in  Foundations. 

Axiom  0.  Every  region  is  a  point  set. 

AxioMl. Tliereexists  aseqiienceGi,G2,Gs,  •  •  ■  suchthat(\)  for  each  n,G„  is  a  collection  of  regions 
coverings;  {2)  for  each  n,  C„+t  is  a  subcolleclion  of  G„\  (3)  if  R  is  any  region  whatsoever,  X  is  a  point  of 
R,  and  Y  is  a  point  of  R  either  identical  with  X  or  not,  then  there  exists  a  natural  number  m  such  that 
if  g  is  any  region  belonging  to  the  collection  Gm  and  containing  X  then  g  is  a  subset  of  (R—  1  )-|-.V; 
(4)  if  Mi,  Mi,  Mi,  •  ■  •  is  a  sequence  of  closed  point  sets  such  that,  for  each  n,  Mn  contains  Mn+i  and, 
for  each  n,  there  exists  a  region  g„  of  the  collection  G„  such  that  M„  is  a  subset  of  g„,  then  there  is  at  least 
one  point  common  to  all  the  point  sets  of  the  sequence  Mi,  Mi,  Ms,  ■  •  ■  . 

Axiom  2.  If  P  is  a  point  of  a  region  R  there  exists  a  non-degenerate  connected  domain  containing  P 
and  lying  U'holly  in  R. 

ili  M  denotes  a  point  set,  M  denotes  the  point  set  consisting  of  M  and  all  the  limit  points  of  M. 

§  See  Theorem  40  of  Chapter  II  of  Foundations  and  G.  T.  Whyburn,  On  the  cyclic  connectivity 
theorem.  Bulletin  of  the  American  Mathematical  Society,  vol.  37  (1931),  pp.  429^33. 

II  Theorem  1  of  Chapter  II  of  Foundations :  If  .4  and  B  are  distinct  points  of  a  connected  domain  D, 
there  exists  a  simple  continuous  arc  from  A  to  B  that  lies  wholly  in  D. 
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an  arc  from  A  to  B  lying  in  5  —  A",  and  in  this  arc  there  exists  a  segment  PE 
lying  in  R  such  that  ABPE  =P  and  E  belongs  to  the  boundary  of  i^.f  There- 
fore, if  for  no  A'  of  a  is  P  identical  with  A,  there  exist  a  subsequence 
Xi,  Xi,  Xs,  ■  ■  ■  of  a  and  a  sequence  PiEi,  P1E2,  P3E3,  •of  arcs  such  that 
for  each  n  (1)  ABP„E„  =P„,  (2)  £„  belongs  to^the  boundary  of  R,  (3)  P^n 
is  a  subset  of  R,  and  (4)  A'„+i  separates  J^'.^^PiEi  from  A  in  R.  But  (1),  (2), 
and  (3)  lead  to  a  contradiction  of  (4),  for  since  there  exists  in  i?  a  domain  D 
containing  A  whose  boundary  is  a  subset  of  the  sum  of  a  finite  collection  A 
Df  continua  lying  in  R  —  D,  there  exists  a  continuum  H  oi  A  lying  in  i?  — ^ 
such  that  H  does  not  contain  more  than  a  finite  number  of  the  points 
Xi,  Xt,  X3,  ■  ■  ■  but  for  infinitely  many  values  oi  n,  H  contains  a  point  of 
PnEn.  Therefore,  either  there  exists  an  arc  PE  which  is  a  subset  of  an  arc 
from  A  to  B  such  that  PEAB  =P=A,  or  if  /?  is  a  region  containing  A  but 
not  B,  there  exists  a  point  0  of  ABR  such  that  no  point  of  the  interval  AO 
oi  AB  separates  A  from  O  in  R. 

Suppose  the  latter  is  true.  Let  Ri,  R2,  R3,  ■  ■  ■  be  a  monotonic  sequence  of 
regions  closing  down  on  A  and  Oi,  O2,  O3,  ■  ■  ■  be  a  sequence  of  points  of  AB 
such  that,  for  each  n,  (1)  the  interval  AOn  of  AB  is  a  subset  of  R„,  (2)  no 
point  X  of  ^0„  separates  A  from  0„  in  /?„.  For  each  n  and  each  point  A' of 
A0„,  there  exists  an  arc  T^,,  lying  in  R„  and  having  only  its  end  points  in 
common  with  AB  such  that  the  segment  Sxn  oi  AB  between  these  end  points 
contains  X  and  is  a  subset  of  R„.  For  each  n,  there  exists  a  finite  collection 
of  the  segments  5i„  covering  the  arc  0„+iO„+2  of  AB.  But  each  5i„H-7"j„  is  a 
simple  closed  curve  lying  in  R„.  Hence  there  exists  a  sequence  /i,  J2,  Ji,  ■  ■■ 
of  simple  closed  curves  such  that  (1)  for  each  «,  /„  and  /„+i  have  at  least  two 
points  in  common,  and  (2)  if  i?  is  a  region  containing  A  there  exists  a  number 
5  such  that  if  n>8,  J„  is  a  subset  of  R.  By  Theorem  35  of  Chapter  II  of 
Foundations  there  exists  in  ^/„  a  simple  closed  curve  J  a  containing  A  and  a 
segment  oi  AB. 

If,  on  the  other  hand,  there  exists  an  arc  PE  which  is  a  subset  of  an  arc 
PB  from  A  to  B  such  that  PE  AB=P  =  A,  then  there  exists  in  PB  an  arc 
PA'i  such  that  P  and  Xi  are  the  only  points  PXi  has  in  common  with  AB. 
But  PXi+AXi(oi  AB)  forms  a  simple  closed  curve  containing  A  and  some 
segment  of  ^i5. 

So  in  either  case  there  exists  a  simple  closed  curve  J.i  containing  A  and  a 
segment  OF  oi  AB.  Likewise,  there  exists  a  simple  closed  curve  Jb  containing 
B  and  a  segment  YE  of  AB.  Now  for  each  point  A'  of  the  interval  FY  of  AB, 
there  exists  an  arc  T^  such  that  T^  has  only  its  end  points  in  common  with 
AB,  and  the  segment  Sx  of  AB  lying  between  these  end  points  contains  X. 

^  li  AB  is  an  arc  with  end  points  .1  and  B,  AB  is  used  to  denote  .IB  — (.4-|-B). 
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Some  finite  collection  of  these  segments  Si  covers  the  arc  FY.  Since  every 
Sj+Ti  is  a  simple  closed  curve,  there  exists  a  sequence  of  simple  closed  curves 
J^=J^^  J2,  ■  ■  ■  ,  Jk  =  JB  such  that  for  each  n,  n<k,  /„  contains  at  least  two 
points  of  J„+i.  By  Theorem  35  of  Chapter  II  of  Foundations  there  exists  in 
the  sum  of  these  simple  closed  curves  a  simple  closed  curve  J  containing  A 
and  5.t 


Figure  1 

The  example  indicated  in  Figure  1  is  a  subset  of  a  plane  with  the  shaded 
portions  removed.  Except  for  those  points  of  the  arc  A'.4  Y  difTerent  from  A, 
the  boundary  points  of  these  shaded  portions  are  not  removed.  It  will  be  easily 
seen  that  the  result  is  a  connected,  connected  im  kleinen  inner  limiting  sub- 
set of  the  plane  and  hence  satisfies  Axioms  0,  1,  and  2.  Also  Axiom  5i*  is 
satisfied  at  every  point  except  ^.  As  a  matter  of  fact,  the  space  is  locally 
compact  at  every  point  except  yl .  It  is  also  true  in  this  space  that  if  P  is  a 
point  and  R  is  a.  region  containing  A ,  there  exists  in  R  an  arc  (or  a  simple 
closed  curve)  separating  A  from  P.  The  space  contains  no  cut  points.  Yet 
there  exists  no  simple  closed  curve  containing  A  and  B. 

t  This  argument  may  be  slightly  modified  to  establish  a  proposition  somewhat  more  general 
than  Theorem  .A. 

Theorem  A'.  If  (1)  5  is  a  space  satisfying  R.  L.  Moore's  Axioms  0,  1,  and  2,  (2)  neither  of  the 
distinct  points  A  and  B  of  S  is  a  cut  point  nor  a  local  end  point  of  S,  and  (3)  no  point  separates  A  from  B 
in  S,  then  A  and  B  lie  on  a  simple  closed  curve  in  S.  (See  G.  T.  Whyburn,  The  cyclic  and  higher  connec- 
tivity of  locally  connected  spaces,  .Vmerican  Journal  of  Mathematics,  vol.  53  (1931),  pp.  427-142.) 

The  modification  may  be  outlined  as  follows:  In  the  first  paragraph  of  the  proof,  if  A  is  not  a 
local  end  point,]^!  a-  contains  a  point £' distinct  from.4  which  belongs  to  the  component  of  R  that 
contains  .4.  Let  >1£' denote  an  arc  from  ^  to£'in  i?andlet  £'B  denote  an  arc  from  E'  to  B  in  S—A. 
Then  AE'+E'B  contains  an  arc  PE  which  is  a  subset  of  an  arc  from  .4  to  B  such  that f  £  ■  AB=P=A. 
This  takes  us  up  to  the  last  sentence  of  the  first  paragraph  of  the  proof,  which  remains  unchanged 
from  there  on. 
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Suppose  now  that,  in  addition  to  Axioms  0-2,  6'  satisfies  R.  L.  Moore's 
Axiom  4t  and  Axiom  5i*. 

Theorem  B.  The  space  S  is  either  acyclic  or  contains  no  cut  point. 

Proof.  Suppose  that  5  contains  a  simple  closed  curve  /.  Then  it  is  evident 
from  Axiom  4  that  S  is  connected.  Suppose  that  some  point  A'  separates  5. 
The  point  X  does  not  belong  to  /,  for  it  is  clear  from  Axiom  4  that  no  point 
of  a  simple  closed  curve  separates  S.  Let  ^4  A'  denote  an  arc  with  end  points 
A  and  A'  such  that  AXJ=A.  Let  M  denote  the  set  of  cut  points  of  S  that 
belong  to  ^  A'  and  let  B  denote  the  first  point  of  M  in  the  order  from  A  to  A". 
The  point  5  is  a  cut  point  of  5.  For  if  it  is  not,  then  5  is  a  sequential  limit 
point  of  a  sequence  B\,  B^,  Bs,  ■  ■  ■  of  if  and  at  the  same  time  lies  on  a  simple 
closed  curve  C  containing  a  segment  of  AX  which  contains  B;  hence,  C  con- 
tains points  of  the  sequence  Bi,  B^,  B3,  ■  ■  ■  which  contradicts  Axiom  4.  But 
since  the  segment  AB  oi  AX  contains  no  point  of  M,  no  point  separates  A 
from  B  in  A'  and  by  Theorem  A  there  exists  a  simple  closed  curve  containing 
A  and  B  which  again  contradicts  Axiom  4. 

It  is  not  the  purpose  of  this  paper  to  treat  the  acyclic  case; J  so  we  shall 
at  this  point  assume  R.  L.  Moore's  Axiom  3.§ 

1.  Consequences  of  Axioms  0  —  4  and  5*. 

Theorem  1.  If  A  and  B  are  distinct  points,  there  exists  a  simple  closed  curve 
containing  A  and  B. 

Theorem  2.  Tf  A  and  B  are  distinct  points,  there  exists  a  simple  closed  curve 
separating  A  from  B. 

Proof.  There  exists  a  simple  closed  curve  /  such  that  J  is  the  sum  of  two 
arcs  AXB  and  A  YB.  Since  S—J  is  the  sum  of  two  connected  domains  /  and 
E  each  having  /  for  its  boundary,  there  exist  two  arcs  XiOyYi  and  XiOiY^ 
such  that  (1)  the  points  Xi  and  A'2  lie  on  the  segment  AXB  and  the  points 
Yi  and  F2  lie  on  the  segment  A  YB,  and  (2)  the  segment  A'lOiI'i  is  a  subset  of 
/  and  the  segment  XiO^Yi  is  a  subset  of  E.  The  simple  closed  curve  formed  by 
the  sum  of  the  four  arcs  A'lOiFi,  X2O2Y2,  XiXiioi  AXB),  and  I'lTofof  A  YB) 
separates  A  from  B  in  5. 


t  If  /  is  a  simple  closed  curve,  S—J  is  the  sum  of  two  mutually  separated  connected  point  sets 
such  that  /  is  the  boundary  of  each  of  them. 

X  Such  a  space  if  connected  would  be  a  Regular  (Menger)  Curve,  and  these  curves  have  been 
studied  considerably  already.  See  Foundations  for  the  definition  and  references  on  Regular  {Menger) 
Curves. 

§  If  0  is  a  point,  S  —  0  is  connected. 
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Theorem  3.  If  P  is  a  point  not  belonging  to  the  closed  and  compact  point 
set  H,  there  exists  a  simple  closed  curve  separating  P  from  H. 

Proof.  For  each  point  A'  of  //  there  exists  a  simple  closed  curve  separating 
P  from  A'.  Since  H  is  closed  and  compact,  there  exists  a  finite  collection  of 
simple  closed  curves  /i,  J2,  ■  ■  ■  ,  J„  such  that  if  A'  is  any  point  of  H  some  one 
of  them  separates  P  from  X.  For  each  integer  i,  i^n,  let  T,  denote  an  arc 
from  /i  to  7,  lying  in  S—P  and  let  M  denote  the  compact  continuum 
J1+J2+  ■  ■  ■  +Jn  +  Ti  +  T2+  ■  ■  ■  +r„.  The  continuum  i/ separates  P  from 
H—HM.  Now  for  each  point  X  oi  M  there  is  a  simple  closed  curve  separat- 
ing A'  from  P.  Let  Ci,  C2,  ■  •  •  ,  Cj  denote  a  finite  collection  of  these  whose 
interiors  with  respect  to  P  as  the  point  at  infinity!  cover  M.  By  Theorem  13 
of  Chapter  III  of  Foundations,  C1+C2+  •  •  •  +C,-  contains  a  simple  closed 
curve  separating  P  from  M  and  hence,  separating  P  from  H. 

With  the  help  of  Theorem  3,  the  arguments  of  R.  L.  Moore  with  slight 
modifications  prove  that  a  number  of  the  theorems  of  Chapter  IV  of  Founda- 
tions hold  true  in  this  space.  Of  these  the  following  five  theorems  will  be  used. 

Theorem  4.  //  the  points  A  and  B  belong  to  different  components  of  the 
closed  and  compact  point  set  M ,  there  exists  a  simple  closed  curve  separating  A 
from  B  and  containing  no  point  of  M  (Theorem  10  of  Chapter  IV  of  Founda- 
tions) . 

Theorem  5.  If  a  and  /3  are  two  connected  point  sets  and  neither  of  the  two 
mutually  exclusive  closed  and  compact  point  sets  H  and  K  separates  a  from  /3, 
then  H-\-K  does  not  separate  a  from  j3  (Theorem  16). 

Theorem  6.  If  the  common  part  of  the  closed  and  compact  point  sets  H  and  K 
is  a  continuum  and  neither  II  nor  K  separates  the  point  A  from  the  point  B, 
then  H+K  does  not  separate  A  from  B  (Theorem  18). 

Theorem  7.  No  arc  separates  S  (Theorem  19). 

Theorem  8.  //  the  points  A  and  B  are  separated  from  each  other  by  the  closed 
and  compact  point  set  M  then  they  are  separated  from  each  other  by  a  continuum 
which  is  a  subset  of  M  and  which  contains  no  proper  subset  that  separates  A 
from  B  (Theorem  24). 

Theorem  9.  //  the  compact  continuum  K  does  not  separate  the  point  A  from 
the  point  B  and  G  is  a  finite  collection  of  compact  continua  such  that  (1)  the  com- 
mon part  of  any  two  elements  of  G  is  a  subset  of  K,  and  (2)  if  H  is  any  element  of 
G,  H  does  not  separate  A  from  B  and  H  K  is  either  connected  or  vacuous,  then 
K-\-G*  does  not  separate  A  from  B. 

t  For  the  definition  of  certain  terras  and  phrases  used  without  definition  in  this  paper  the  reader 
is  referred  to  Foundations. 
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Theorem  9  may  be  established  by  a  finite  number  of  applications  of  Theo- 
rems 5  and  6. 

Theorem  10.  If  AXB  is  an  arc  and  J  is  a  simple  closed  curve  separating 
A  from  B,  then  J-\-AXB  contains  a  simple  closed  curve  J\  separating  A  from  B 
such  that  J I  ■  A  XB  is  connected. 

Proof.  Let  A  i  and  Bi  denote  the  first  and  last  points  respectively  that  the 
arc  AXB  has  in  common  with  /.  Let  A  YB  denote  an  arc  from  A  to  B  not 
containing  any  point  of  the  interval  AiBi  of  AXB.  Let  G  denote  the  col- 
lection of  all  simple  closed  curves  C  in  J+AXB  such  that  CAXB  is  con- 
nected and  CAYB  is  not  vacuous.  The  collection  G  is  finite.  Let  K  denote 
AiB-i-\-{J  —  J -G*).]  The  point  set  iv  is  a  continuum  containing  no  point  of 
AYB;  hence,  K  does  not  separate  A  from  B.  Since  the  common  part  of  any 
two  elements  of  G  is  a  subset  of  K  and  the  common  part  of  K  with  an  ele- 
ment ofGis  connected,  if  no  simple  closed  curve  of  the  collection  G  separated 
A  from  B,  then  by  Theorem  9,  K+G*  would  not  separate  A  from  B.  But 
K+G*  contains  /  and  separates  A  from  B.  Therefore  some  element  Ji  of  G 
separates  A  from  B. 

Definitions.  Suppose  that  P  is  a  point  of  a  domain  Q,  and  A  is  a  collec- 
tion of  continua  whose  sum  separates  P  from  the  boundary  of  Q  such  that 
each  continuum  of  A  lies  in  a  component  oi  Q—P  whose  boundary  contains 
P  but  no  component  of  Q—P  contains  more  than  one  element  of  A.  Then 
(1)  A  is  said  to  be  minimalX  with  respect  to  Q  and  P,  (2)  A  is  said  to  minimally 
separate  P  from  the  boundary  of  Q,  and  (3)  if  Z)  is  a  domain  containing  P 
whose  boundary  is  a  subset  of  A*,  A  is  said  to  surround  D  minimally  with  re- 
spect to  Q  and  P. 

Theorem  11.  If  A  is  a  collection  of  continua  which  surrounds  a  connected 
domain  D  minimally  with  respect  to  a  domain  Q  and  a  point  P,  then  (a)  each 
component  of  Q  —P  whose  boundary  contains  P,  contains  one  and  only  one  ele- 
ment of  A,  and  (b)  no  component  of  D—P  has  boundary  points  in  more  than  one 
element  of  A. 

Proof.  Consider  (a).  By  definition,  if  C  is  a  component  of  Q—P  whose 
boundary  contains  P,  then  C  contains  not  more  than  one  element  of  A.  But 
since  S—P  is  connected,  the  boundary  of  C  also  contains  a  point  of  the 
boundary  of  Q;  hence  C  must  contain  at  least  one  element  of  A.  Therefore  C 
contains  one  and  only  one  element  of  A. 


t  If  G  denotes  a  collection  of  point  sets,  G*  will  be  used  to  denote  the  sum  of  the  elements  of  G. 
X  The  term  minimal  is  used  here  because  if  A  were  finite  no  collection  of  fewer  elements  would 
separate  P  from  the  boundary  of  Q. 
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Next  consider  (b) .  Suppose  that  there  exists  a  component  I  oiD—P  which 
has  boundary  points  in  more  than  one  element  of  A.  Let  C  denote  the  com- 
ponent of  Q—P  which  contains  /.  Then  C  contains  more  than  one  element  of 
A.  But  since  D  is  connected,  the  boundary  of  C  contains  P.  This  is  a  contra- 
diction of  (a). 

Theorem  12.  If  P  is  a  point  of  a  domain  Q,  not  S,  there  exist  in  Q  a  finite 
collection  A  of  continua  and  a  connected  domain  D  containing  P  such  that  A 
surrounds  D  minimally  with  respect  to  Q  and  P. 

Proof.  Let  Di  denote  a  domain  lying  in  Q  and  containing  P  whose  bound- 
ary is  a  subset  of  the  sum  of  the  elements  of  a  finite  collection  Ai  of  continua 
lying  in  Q—Di.  Let  N  denote  the  sum  of  all  the  continua  of  Ai  which  lie  in 
components  of  Q—P  whose  boundaries  contain  P.  If  //  and  K  are  components 
of  N  lying  in  the  same  component  C  of  Q—P,  let  T  denote  an  arc  in  C  from 
a  point  of  Z?  to  a  point  of  K.  Let  A  denote  the  collection  of  all  components  of 
the  point  set  obtained  by  adding  N  to  the  sum  of  the  arcs  T.  The  collection  A 
minimally  separates  P  from  the  boundary  of  Q.  Let  D  denote  the  component 
of  Q  —  A*  which  contains  P.  Then  the  boundary  of  Z>  is  a  subset  of  A*  and 
hence  A  surrounds  D  minimally  with  respect  to  Q  and  P. 

Definition.  If  a  domain  is  connected  and  contains  one  of  the  complemen- 
tary domains  of  each  simple  closed  curve  lying  in  it,  then  it  is  said  to  be 
simply  connected. 

Definition.  If  Z)  is  a  connected  domain  and  D  contains  one  of  the  com- 
plementary domains  of  each  simple  closed  curve  lying  in  D,  then  D  is  said  to 
be  simply  connected  and  D  is  said  to  be  strongly  simply  connected. 

Theorem  13.  Space  is  simply  connected. 

Theorem  14.  If  D  is  a  connected  domain  and  there  exist  a  collection  A  of 
continua,  a  domain  Q,  and  a  point  P  of  D,  such  that  A  surrounds  D  minimally 
with  respect  to  Q  and  P,  then  D  is  simply  connected. 

Proof.  Suppose,  on  the  contrarj^,  that  there  exists  in  D  a  simple  closed 
curve  J  such  that  neither  of  its  complementary  domains,  /  and  E,  is  a  subset 
of  D.  Since  /  lies  in  Z),  both  I  and  E  contain  points  of  D  and,  therefore,  points 
of  the  boundary  /3  of  D.  Let  T  denote  an  arc  lying  in  S—P  irreducible  from 
/3  •  7  to  /3  ■  £.  The  segment  T  intersects  /  and,  hence,  is  a  subset  of  D.  Therefore 
T  lies  in  Q  —P  and  contains  points  of  two  different  continua  of  A.  This  contra- 
dicts Theorem  1 1 . 

Theorem  15.  If  P  is  a  point  of  a  domain  Q,  there  exists  in  Q  a  simply  con- 
nected domain  D  containing  P. 
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Theorem  15  is  a  consequence  of  Theorems  12,  13,  and  14. 

Theorem  16.  //  D  is  a  connected  domain,  every  component  of  S  —  D  is 
strongly  simply  connected. 

Proof.  Let  C  denote  a  component  oi  S  —  D.  Let  /  denote  a  simple  closed 
curve  lying  in  C,  and  let  /  denote  the  interior  of  J  with  respect  to  a  point  03 
of  D.  Suppose  that  X  is  a  point  of  D  and  belongs  to  /.  Then  X+I  is  a  con- 
nected point  set  containing  w  and  a  point  of  /  but  no  point  of  /.  This  is  a 
contradiction. 

Theorem  17.  If  D  is  a  complementary  domain  of  a  locally  compact  continu- 
ous curve  M  and  P  is  a  point  of  the  boundary  of  D,  then  K  =  D-\-P  is  a  con- 
nected, connected  im  kleinen  inner  limiting  set. 

Proof.  It  is  evident  that  A'  is  a  connected  inner  limiting  set.  It  is  further- 
more evident  that  K  is  connected  im  kleinen  at  every  one  of  its  points  with 
the  possible  exception  of  P.  Suppose  that  A'  is  not  connected  im  kleinen  at  P. 
Then  there  exists  a  simply  connected  domain  Q  containing  P  such  that  (1) 
the  component  C  oiQ  K  that  contains  P  is  not  open  with  respect  to  K  at  the 
point  P,  and  (2)  QM  \s  compact.  Hence  there  exists  a  sequence  a  of  points 
of  A  converging  to  P  such  that  each  point  of  a  belongs  to  some  component  of 
Q  ■  K  but  not  to  C  and  no  two  points  of  a  belong  to  the  same  component  of 
Q  K.  There  exists  a  point  0  of  A'  not  belonging  to  Q,  for  otherwise  QK  =  K 
would  be  connected  and  open  with  respect  to  A  at  P.  For  each  point  X  of  a 
let  XO  denote  an  arc  from  X  to  0  lying  in  D,  and  let  Y  denote  the  first  point 
in  the  order  from  X  to  0  that  XO  has  in  common  with  the  boundary  of  Q. 

Now  let  Qi  denote  a  domain  lying  in  Q  and  containing  P  such  that  |8i, 
the  boundary  of  Qi,  is  a  subset  of  the  sum  of  a  finite  collection  A  of  continua 
lying  in  Q  —  Qi-  For  infinitely  many  points  A'  of  the  sequence  a  the  interval 
XY  of  the  arc  XO  contains  a  point  of  some  one  of  the  continua  of  the  finite 
collection  A.  Hence  there  exists  a  continuum  //  of  A  such  that  for  infinitely 
many  points  A'  of  a  the  arc  XY  contains  a  point  of  H.  Now  let  Dh  and  Dp 
denote  connected  domains  lying  in  Q  and  containing  H  and  P  respectively 
such  that  Di,Dp  =  [). 

For  each  point  A'  of  a  such  that  A'  lies  in  Dp  and  the  arc  XY  contains 
some  point  of  //,  let  TX  denote  an  arc  lying  in  Dp  such  that  T  belongs  to  M 
but  the  segment  TX  is  a  subset  of  D,  and  let  Z  denote  a  point  of  XY  H. 
Now  since  Dh  lies  in  Q  and  contains  points  of  more  that  one  component  of 
QK,  Dh  contains  some  point  of  M.  For  each  Z  let  ZW  denote  an  arc  lying  in 
Dh  such  that  the  segment  ZW  is  a  subset  of  Q  and  W^  is  a  point  of  M.  Thus 
for  some  infinite  subsequence  Xi,  X2,  X3,  ■  ■  ■   of  a  there  correspond  sequences 
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of  points  Ti,  To,  Ts,  ■  ■  ■  and  IFi,  H's,  W3,  ■  ■  ■  such  that  (1)  the  points 
Ti,  Ti,  Tg,  •■  ■  belong  to  DpM,  (2)  the  points  Wi,  Wi,  Wz,  ■  ■  ■  belong  to 
Dh-M,  (3)  for  each  «,  r„A^„+X„Z„+A'„ir„  contains  an  arc  TJ\\  lying  in  Q, 
and  (4)  if  nir^n,  TmWm  and  T^Wn  are  mutually  exclusive  and  lie  in  different 
components  of  QK.  Since  M  is  a  continuous  curve,  Q-M  is  compact  and 
DhDp=0,  there  exist  two  mutually  exclusive  connected  subsets  dp  and  dn 
oiQM  which  are  open  with  respect  to  M  such  that  for  infinitely  many  values 
of  n  and  in  particular  for  the  three  different  values  a,  b,  and  c  of  n,  T„  and  W„ 
lie  in  dp  and  dn  respectively.  Let  TaTt  and  TaT^  denote  arcs  lying  in  dp  and 
PFol^i  and  WJVc  denote  arcs  lying  in  dn-  There  exist  three  arcs  AOaB,  AObB, 
and  AO,B  lying  in  TaT^  +  TJVa+WJV,,  T.Tt+TiWt,  +  WJVk,  and 
TaT^+TcWc+WaWc  respectively  and  having  only  their  end  points  A 
and  B  in  common.  By  Theorem  5  of  Chapter  III  of  Foundations,  the  sum 
of  one  pair  of  these  three  arcs,  say  AOaB  and  AOcB,  forms  a  simple  closed 
curve  /  lying  in  Q  and  whose  interior  /  with  respect  to  a  point  w  of  the 
boundary  of  Q  contains  the  other  segment,  AOtB-  Hence  /  contains  the  com- 
ponent C  oiQK  which  contains  TbWb,  for  C  contains  no  point  of  /.  However, 
C  has  limit  points  in  the  boundary  of  Q.  But  since  Q  is  simply  connected, 
/  is  a  subset  of  Q.  This  is  a  contradiction,  and  K  is  connected  im  kleinen  at  P. 

Theorem  18.  If  D  is  a  complementary  domain  of  a  locally  compact  continu- 
ous curve,  and  P  is  a  point  of  the  boundary  of  D,  then  P  is  accessible  from  D. 

Theorem  18  follows  immediately  from  Theorems  1  and  10  of  Foundations 
and  Theorem  17. 

A  number  of  the  intuitive  propositions  of  the  plane  concerning  abutting 
and  crossing  arcs  hold  true.  Although  some  of  these  will  be  used  in  arguments 
to  follow,  they  will  not  be  stated  and  the  reader  is  referred  to  Chapter  IV, 
Theorems  28-32,  of  Foundations  for  their  precise  statement  and  proof.  Some 
of  these  proofs  must  be  modified,  however,  to  be  valid  for  the  set  of  axioms 
used  here. 

Theorem  19.  An  arc  is  accessible  from  both  sides  at  any  interior  point. 

Theorem  20.  A  ray  separates  space  into  at  most  two  connected  domains. 

Proof.  Suppose,  on  the  contrary,  that  there  exists  a  ray  PB  such  that 
S—PB  contains  three  components.  There  exist  three  arcs  AiB\,  A2B2,  and 
AjBz  no  two  of  which  contain  points  of  the  same  component  of  S  —  PB 
such  that  (1)  for  each  i,  (i  =  l,  2,  3),  AiBiPB=B„  and  (2)  Bi  belongs  to 
the  interval  PB^,  and  B^  to  the  interval  PB^,  of  PB.  By  Theorems  7  and  9, 
M  =  AiBi+A2B2+A3Bi+PB3  does  not  separate  space.  By  Theorem  18  the 
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points  Ai,  Ai,  and  Az  are  accessible  from  S  —  M.  Thus  for  each  i,  i  =  \,  2,  3, 
there  exists  an  arc  A  iBl  lying  in  {S  —  M)  +A ,  and  having  only  the  point  Bi  in 
common  with  PB.  For  each  i,  i  =  \,  2,  3,  let  /.  denote  the  simple  closed 
curve  composed  of  AiBi,  AiB'  and  the  interval  BiBl  of  PB,  and  let  /,•  de- 
note that  complementary  domain  of  /,  whose  common  part  (if  any)  with  PB 
is  compact.  Either  (1)  A  contains  A2,  or  (2)  h  contains  A2,  or  (3)  h  contains 
A\,  or  (4)  1 2  contains  A3.  Any  one  of  these  four  possibilities  leads  to  a  contra- 
diction. For  instance,  suppose  that  /i  contains  A2.  Since  hPB  is  a  subset  of 
PBi,  it  is  clear,  by  Theorems 9 and  18,  that  h-\-Ai  contains  an  arc  from  Ai  to 
Ai  not  intersecting  PB. 

Theorem  21.  If  the  arc  AB  is  a  subset  of  the  connected  domain  D  and 
D—AB  is  connected,  then  D  contains  a  simple  closed  curve  separating  A  from  B. 

Proof.  Since  the  arcAB  is  accessible  from  both  sides  at  an  interior  point  0, 
there  exist  two  arcs  EO  and  FO  abutting  on  AB  from  different  sides  such  that 
neither  £0 nor  FO  has  any  point  except  O  in  common  with  the  arc  AB.  The 
arcs  EO  and  FO  contain  points  Ei  and  Fi,  respectively,  such  that  the  inter- 
vals EiO  and  FiO  of  EO  and  FO  respectively  lie  in  D.  In  D—AB  there  exists 
an  arc  EiFi,  and  in  EiO-\-EiFi-\-FiO  there  exists  a  simple  closed  curve  / 
which  lies  in  D  and  separates  A  from  B. 

Theorem  22.  If  P  is  a  point  of  a  connected  domain  Q,  then  there  exists  a 
region  R  containing  P  such  that  if  X  is  a  point  of  R  —P,  X  lies  in  a  simple 
domain  which  together  with  its  boundary  is  a  subset  of  Q. 

Proof.  If  Q  is  S,  the  theorem  is  evident  from  Theorem  2.  Suppose  that  the 
boundary  of  Q  is  not  vacuous  and  that  the  theorem  is  false. 

Then  there  exists  a  sequence  a  of  points  X  of  Q  —P  converging  to  P  such 
that  X  does  not  lie  in  a  simple  domain  which  together  with  its  boundary  is  a 
subset  of  Q.  Let  p  denote  a  monotonic  sequence  of  simply  connected  domains 
D  closing  down  on  P.  Let  Di  denote  an  element  of  p  lying  in  Q.  It  is  clear  from 
Axioms  3  and  5i*  that  Q\—P  contains  only  a  finite  number  of  components. 
One  of  these  components  Ci  contains  two  points  X\  and  X2  of  a.  Let  Ti  de- 
note an  arc  from  A'l  to  X2  in  C\.  Let  A  denote  the  first  element  of  p  which 
follows  Z>i  and  contains  no  point  of  Ti.  One  of  the  components  of  D^—P  con- 
tains two  points  X3  and  X4  of  a  and  an  arc  T2  from  X3  to  X4.  Let  D3  denote 
the  first  element  of  p  not  containing  a  point  of  T1  +  T2.  Then  D3—P  contains 
an  arc  T3  whose  end  points  are  points  of  a.  This  process  may  be  continued. 
Thus  there  exists  a  sequence  of  mutually  exclusive  arcs  Ti,  T2,  T3,  ■  ■  •  con- 
verging to  P  such  that  for  each  n,  Tn  is  a  subset  of  D„  —P  and  the  end  points 
of  T„  are  points  of  a.  By  the  preceding  theorem,  for  each  n,  T„  separates  Di. 
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For  each  n,  one  of  the  components  of  Di  —  T„  does  not  contain  P  and  in  this 
component  there  exists  a  segment  Wn  having  one  end  point  in  T„  and  con- 
taining no  point  of  T,  +  T2+  ■  ■  ■  +r„_i.  By  Theorems  7  and  9,  P+T1  +  T2 
+  ■  ■  ■  +Tn  does  not  separate  space.  Hence  there  exists  a  segment  W,!  lying 
in  Di-(P  +  Ti  +  Ti+  ■  ■  ■  -\-T„)  having  one  end  point  in  ir„  and  the  other 
end  point  in  the  boundary  of  Du  For  each  n  let  L„  denote  the  component  of 
Di-{P  +  Ti-\-T.+  ■  ■  ■  +T„)  which  contains  IF„  +  I'F„'.  Then  for  each  n,  r„ 
separates  L„  from  P  in  Di,  and  L„  contains  points  of  both  T„  and  the  bound- 
ary of  Di.  By  Axiom  5i*  there  exists  in  Di  a  domain  U  which  contains  P  and 
whose  boundary  is  a  subset  of  the  sum  of  a  finite  number  of  continua  lying 
in  Di  —  U.  There  is  a  continuum  //  of  this  set  which,  for  infinitely  many  values 
j  of  n,  contains  a  point  of  Lj  while  U  contains  Tj.  But  if  k  is  the  smallest  value 
of  y,  P-\-H+^Lj  is  a  connected  point  set  in  Di  —  Tk  containing  P  and  Lk. 
This  is  a  contradiction. 

Definitions.  If  P  is  a  point  and  there  exists  a  sequence  of  simple  domains 
closing  down  on  P,  then  P  is  said  to  be  a  simple  point.  A  non-simple  point  is 
said  to  be  an  edge  point. 


Figure  2 

If  from  the  plane  of  Figure  2  the  shaded  domains  and  their  boundaries 
except  for  the  points  P  are  removed,  the  result  is  a  space  which  satisfies 
Axioms  0-4  and  5i*.  The  points  P  are  edge  points  while  all  other  points  are 
simple  points. 

Theorem  23.  The  set  of  simple  points  is  everywhere  dense. 

Proof.  Suppose  that  i?  is  a  region.  With  the  help  of  repeated  applications 
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of  Theorem  22  it  may  be  shown  that  there  exists  a  sequence  Z)i,  A,  A,  •  ■  • 
of  simple  domains  lying  in  R  such  that,  for  each  «,  (1)  D„  contains  D„+i,  and 
(2)  Dn  lies  in  some  region  of  the  collection  G„  of  Axiom  1.  By  (4)  of  Axiom  1, 
there  is  a  point  P  common  to  Di,  D2,  D3,  ■  ■  ■  and  hence,  to  Di,  Dt,  Dz,  •  •  •  ; 
and  by  (3)  of  Axiom  1 ,  P  is  the  only  common  point.  The  point  P  is  simple  and 
lies  in  R. 

Theorem  24.  No  completely  separable  point  set  contains  uncountably  many 
edge  points. 

Proof.  Let  //  denote  the  collection  of  all  edge  points  belonging  to  a  com- 
pletely separable  point  set  M.  If  X  is  a  point  of  //,  there  exists  no  sequence  of 
simple  domains  closing  down  on  X.  Hence  for  each  point  A'  of  H,  there  exists 
an  integer  w^  such  that  no  region  of  G„,  of  Axiom  1  contains  a  simple  domain 
containing  X.  If  E  is  uncountable,  there  exist  an  integer  k  and  an  uncount- 
able subset  K  of  H,  such  that  if  A^  is  a  point  of  A',  «i  =  k.  Since  M  is  completely 
separable,  K  has  a  point  P  of  condensation.  Let  Q  denote  a  connected  domain 
containing  P  and  lying  in  a  region  of  Gk  of  Axiom  L  By  Theorem  22  there 
exists  in  ()  a  region  R  containing  P  such  that  every  point  -Y  of  R—P  is  con- 
tained in  a  simple  domain  lying  in  Q.  This  is  clearly  a  contradiction. 

Theorem  25.  If  M  is  a  countable  set  of  simple  points,  S  —  M  is  arc-wise 
connected. 

This  theorem  may  be  proved  without  using  Axioms  4  and  5i*  by  a  modi- 
fication of  R.  L.  Moore's  prooff  of  Theorem  1  of  Chapter  II  of  Foundations.X 
The  kernel  of  this  proof  is  the  construction  of  a  sequence  Ci,  d,  C3,  •  ■  •  of  simple 
chains  of  connected  domains  from  a  point  A  to  a.  point  B  such  that  for  each  n, 
C„*  contains  C,*+i  and  the  common  part  of  the  point  sets  Ci*,  C*,  Cf,  ■  ■  ■  is  an 
arc  from  A  to  B.  Now  for  each  n,  C„*  is  a  connected  domain,  and  it  is  easy  to 
see  that  no  finite  number  of  simple  points  disconnects  a  connected  domain. 
Hence  if  (1)  A  and  B  are  two  distinct  points  of  S-M,  (2)  M=Pi+Po 
+  •  •  •  +Pn+  ■  ■  ■  ,  and  (3)  for  each  n  the  chain  C„  is  constructed  so  that  C„* 
contains  no  point  of  Pi-fPa-f-  •  •  ■  -|-P„,  then  the  arc  from  A  to  B  of  Moore's 
construction  will  not  contain  any  point  of  M. 

Theorem  26.  //  M  is  a  countable  set  of  simple  points,  S—M  is  cyclicly 
connected. 

Proof.  If  A  and  B  are  any  two  points  of  5  —  M,  then  by  Theorem  25  there 
exists  an  arc  AXB  in  S  —  M.  With  the  help  of  Theorems  5,  7  and  17,  and 


t  Cf.  J.  R.  Kline,  Concerning  the  complement  of  a  countable  infinity  of  point  sets  of  a  certain  type, 
Bulletin  of  the  American  Mathematical  Society,  vol.  23  (1917),  pp.  290-292. 
t  See  footnote  p.  54. 
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Theorem  9  of  Chapter  II  of  Foundations,  one  may  show  that  S  —  AXB  is  a 
space  satisfying  Axioms  0,  1,2,  and  3.  Hence  by  Theorem  25  there  exists  an 
arc  A  YB  lying  in  S~{M+AXB).  The  sum  of  the  two  arcs,  AXE  and  A  YB, 
is  a  simple  closed  curve  lying  in  S  —  M  and  containing  A  +B. 

Theorem  27.  No  compact  set  of  edge  points  separates  two  simple  points  from 
each  other. 

Proof.  Suppose  that  .1  and  B  are  two  simple  points  and  that  M  is  a  com- 
pact set  of  edge  points.  Suppose  that  n  is  any  fixed  integer.  Then  there  e.xists 
from  A  to  B  a.  simple  chain  of  simple  domains  such  that  each  element  of  the 
chain  is  a  subset  of  some  region  of  G„  of  Axiom  1 .  For  suppose  the  contrary. 
Let  Ha  denote  the  set  of  all  points  A'  such  that  there  exists  from  A  to  X  a, 
chain  of  simple  domains  whose  elements  are  each  a  subset  of  some  region  of 
G„.  Since  ^  is  a  simple  point.  Ha  is  a  connected  domain.  This  domain  does 
not  contain  B,  and  its  boundary  /3  is  a  subset  of  M.  Hence  /3  is  a  closed  and 
compact  point  set  which  separates  A  from  B.  By  Theorem  8  and  Axiom  3, 
/3  contains  a  non-degenerate  continuum  separating  A  from  B.  Hence  M  is 
uncountable,  which  contradicts  Theorem  24. 

Now  with  the  help  of  Theorem  9  of  Chapter  II  of  Foundations  and  Theo- 
rem 5  one  may  show  that  a  simple  domain  is  a  space  satisfying  Axioms  0-4 ' 
and  5i*,  and  that  the  complementary  domain  of  a  point  is  also  such  a  space. 
Let  M=Pi+P2+P3+  ■  ■  ■  .  Let  d  denote  a  simple  chain  of  simple  domains 
from  A  to  B  such  that  (1)  each  element  of  Ci  is  a  subset  of  some  region  of  d, 
and  (2)  Ci*  does  not  contain  Pi.  Now  the  boundary  of  the  domain  C*  is  a 
closed  and  compact  point  set  not  separating  A  from  B ;  so  there  exists  a  simple 
closed  curve  separating  it  from  A+B  (Theorem  3  in  modification).  Hence 
there  exists  in  C*  a  simple  domain  Di  containing  A  +B.  Let  d  denote  a  sim- 
ple chain  of  simple  domains  from  A  to  B  such  that  if  c  is  an  element  of  D2, 
(1)  c  is  a  subset  of  some  element  of  Ci,  (2)  c  is  a  subset  of  some  region  of  G2, 
and  (3)  c  does  not  contain  P2.  This  process  may  be  continued,  and  by  Theo- 
rem 80  of  Chapter  I  of  Foundations,  Ci*C2*G*-  •  ■  •  is  a  continuum.  Hence 
AI  does  not  separate  A  from  B. 

As  a  matter  of  fact  the  above  process  may  be  carried  out  along  the  lines 
of  the  proof  of  Theorem  1  of  Chapter  II  of  Foundations,  so  as  to  show  that 
S  —  M  is  arc-wise,  and  even  cyclicly,  connected. 

Nevertheless,  a  countable  but  non-compact  set  of  edge  points  may  sepa- 
rate two  simple  points  from  each  other  as  is  shown  by  the  following  example. 
Let  space  consist  of  all  points  of  the  number  plane  whose  ordinates  are  not 
zero  together  with  those  whose  ordinates  are  zero  but  whose  abscissas  are 
rational.  If  {X,  Y)  is  a  point  whose  ordinate  Y  is  not  zero,  then  for  each  integer 
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such  that  l/«  <  I  F|  ,  let  V„{X,  Y)  denote  the  point  set  consisting  of  all  points 
which  lie  at  a  distance  less  than  l/n  from  (A',  V).  If  (A',  F)  is  a  point  whose 
ordinate  Y  is  zero  and  whose  abscissa  A'  is  rational  then  for  each  integer  n, 
let  Vn{X,  Y)  denote  the  point  set  consisting  of  (A',  F)  together  with  all  points 
which  are  interior  to  the  isosceles  triangles  bounded  by  the  lines  whose  equa- 
tions are  y  =  l/n,  y=  —  l/n,  y  =  n{x  —  X),  and  y=  —n(x  —  X).  These  point  sets 
V„  shall  be  called  regions,  and  for  each  integer  n,  G„  of  Axiom  1  shall  denote 
the  collection  of  all  of  the  point  sets  V„+g,  q  =  0,  I,  2,  ■  ■  ■  .  It  can  be  shown 
that  Axioms  0-4  and  5*  hold  true  in  this  space.  Furthermore,  the  space  is 
completely  separable  and  locally  compact  at  all  but  a  countable  nowhere- 
dense  set  of  points.  Let  M  denote  the  set  of  all  points  whose  abscissas  are 
rational  and  whose  ordinates  are  zero.  Each  point  of  M  is  an  edge  point.  If  A 
and  B  are  points  with  positive  and  negative  ordinates  respectively,  M  sepa- 
rates A  from  B,  and  the  point  set  Ha  of  the  above  argument  consists  of  all 
points  whose  ordinates  are  positive. 

Theorem  28.  No  compact  set  of  edge  points  separates  space. 
Theorem  28  is  a  consequence  of  Theorems  23  and  27. 

Definitions.  If  Z?i  and  D^  are  domains  such  that  Di  contains  D2,  and  T 
is  a  segment  lying  in  D1  —  D2  having  one  end  point  on  the  boundary  of  Di 
and  the  other  on  the  boundary  of  D2,  then  T  is  said  to  cross  D1  —  D2.  Further- 
more, if  C  is  the  component  of  Di  —  Di  which  contains  T,  then  T  is  said  to 
cross  C.  Also  the  arc  T  is  said  to  cross  D1  —  D2  and  to  cross  C. 

Definition.  If  Di  and  D2  are  domains  such  that  Di  contains  D2,  C  is  a 
component  of  D1  —  D2,  and  Ti,  T2,  and  T3  are  segments  crossing  C,  then  if 
T2  separates  Ti  from  Tz  in  C,  T2  is  said  to  be  between  Ti  and  Tz  in  C,  and  T2  is 
said  to  be  between  Ti  and  T3  in  C. 

Theorem  29.  Suppose  that  Di  and  D2  are  simply  connected  domains  such 
that  D\  contains  D2  but  no  simple  domain  lying  in  Di  contains  D2,  C  is  a  com- 
ponent of  D1—D2,  and  T\,  T2,  and  Tz  are  three  mutually  exclusive  segments 
crossing  C.  Then  one  and  only  one  of  these  segments  is  between  the  other  two  in  C. 

Proof.  That  not  more  than  one  of  these  segments  lies  between  the  other 
two  in  C  is  an  immediate  consequence  of  a  well  known  theorem. 

Suppose  that  no  one  of  them  is  between  the  other  two  in  C.  Then  either 
(1)  C  —  {fi  +  f2  +  fz)  contains  a  component  W  which  has  limit  points  in  each 
of  the  three  segments,  or  (2)  C-ifi  +  ft+fz)  contains  three  mutually  ex- 
clusive components  W12,  W13,  and  PF23  having  limit  points  in  the  segments 
indicated  by  their  subscripts. 
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Case  I.  Suppose  (1)  holds.  Then  there  exists  in  W  three  mutually  exclu- 
sive segments  AAi,  AAi,  and  AAz  having  a  common  end  point  A  in  W 
such  that  Ai,  A2,  and  A3  belong  to  fi,  fi,  and  Ts  respectively.  For  each  i, 
f  =  1,  2,  3,  let  0.  and  P.-  denote  the  end  points  of  T,  which  belong  to  the  bound- 
aries of  Di  and  D2  respectively.  Since  D2  is  connected,  there  exist  in 
Di  —  {f\-'rf2-\-T3-\-AAi-\-AA2+AAi)  three  mutually  exclusive  segments 
BB\,  BBi,  and  BBs  having  a  common  end  point  B  in  D2  and  having  their 
other  end  points  Bi,  B2,  and  B3  in  the  intervals  AiPi  of  Ti,  A2P2  of  T2,  and 
A3P3  of  Ti  respectively.  If  AB„B  denotes  AA„+A„B(of  A„P„)+BBn, 
M  =  l,  2,  3,  then  the  segments  ABiB,  AB2B,  and  AB3B  are  mutually  ex- 
clusive. By  Theorem  5  of  Chapter  III  of  Foundations,  the  sum  of  two  of 
these  arcs,  say  ABiB  and  AB3B,  forms  a  simple  closed  curve  /  whose  in- 
terior /  with  respect  to  d  contains  the  segment  from  yl  to  5  of  the  other 
one.  Since  Di  is  simply  connected,  /  is  a  subset  of  Di.  But  T2  contains  B2 
and  no  point  of  /  and  is,  therefore,  a  subset  of  /.  Hence  /  contains  O2.  This 
is  a  contradiction. 

Case  II.  Suppose  (2)  holds.  There  exist  segments  A1B3,  B2A3,  and  B1A2 
lying  in  Wn,  W23,  and  W12  respectively  and  having  end  points  on  the  arcs 
Ti,  T2,  and  T3  as  indicated  by  the  subscripts  in  the  notation.  The  point  set 
AiB3+AiBi{oi  TO+BiAiioi  T2)+B2A3+A3B3{oi  T3)  is  a  simple  closed 
curve  /  lying  in  D1  —  D2.  Since  Di  is  simply  connected,  one  of  the  comple- 
mentary domains  /  of  /  is  a  subset  of  Di.  The  domain  /  either  contains 
D2  or  is  a  subset  of  D1  —  D2.  By  hypothesis  Di  contains  no  simple  domain 
containing  D2.  Hence  /  is  a  subset  of  C  —  (Ji  -|-  r2  +  Ts)  and  has  limit  points  in 
each  of  the  three  segments  Ti,  T2,  and  T3,  which  is  Case  I  again. 

The  reader  can  see  that  any  collection  of  mutually  exclusive  segments 
crossing  C  would,  in  accordance  with  this  notion  of  between,  have  a  linear 
order  in  C. 

Theorem  30.  Suppose  that  Di,  D2,  and  D3  are  simply  connected  domains 
containing  the  point  P  such  that  (1)  D3  contains  D2,  (2)  D3  is  surrounded 
minimally  with  respect  to  Di  and  P  by  a  finite  collection  A  of  continua  lying 
in  D1—D3,  and  (3)  Di  contains  no  simple  domain  containing  P.  Then  if  C  is  a 
component  of  D1  —  D2,  T  is  an  arc  crossing  C,  and  J  is  a  simple  closed  curve 
separating  T  from  P,  J  contains  two  arcs  Ta  and  Tb  which  cross  C  such  that  T 
is  between  them  in  C. 

Proof.  Let  R  denote  a  connected  domain  lying  in  Di  —  DiJ  and  contain- 
ing the  end  point  A  of  T  which  is  on  the  boundary  of  A-  Now  in  R  +  D2  there 
exists  an  arc  AP  from  A  to  P,  such  that  J  ■  AP  is  a  subset  of  an  interval  A  'P' 
of  AP  lying  in  D2.  By  Theorem  10,  J+AP  contains  a  simple  closed  curve  J\ 
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separating  A  from  P  such  that  /i  AP  is  connected ;  but  /i  •  AP  is  a  subset  of 
A'P'  and  is,  therefore,  a  subset  of  D2.  Since  Di  is  simply  connected  but  con- 
tains no  simple  domain  containing  P,  J\  contains  a  point  0  not  belonging 
to  Di.  The  point  set  Ji  —  {JiAP+0)  is  the  sum  of  two  mutually  exclusive 
segments  OX  and  OY,  where  X  and  Y  belong  to  AP  (and  Y  belongs  to  the 
interval  A'P  of  AP)  and  the  arcs  OX  and  OY  abut  on  AP  from  different  sides. 
Both  OX  and  OY  contain  arcs  which  cross  Di  —  Di.  Let  Ta  denote  the  first 
interval  of  OX  in  the  order  from  X  to  0  that  crosses  D1—D2,  and  let  Tb  de- 
note the  first  interval  of  OY  in  the  order  from  F  to  O  which  crosses  D1  —  D2. 
Now  C  contains  an  element  of  A  and  if  U  denotes  the  component  of  Dx—P 
which  contains  C,  U  has  no  point  in  common  with  any  other  component  of 
D1—D2  because  A  is  a  minimal  collection  with  respect  to  Di  and  P.  Hence 
r„  and  Tb  cross  C.  Let  -V  and  Y'  denote  the  end  points  of  Ta  and  Ti,  respec- 
tively which  are  on  the  boundary  of  D2.  The  intervals  .YA"  of  OX  and  YY' 
of  OF  lie  in  A. 

Suppose  that  T  is  not  between  T^  and  Ti,  in  C.  Then  there  exists  an  arc  Ti 
in  C  irreducible  from  Ta  to  Tb  not  intersecting  T.  Let  IF  denote  the  last  point 
that  OX  has  in  common  with  Ti,  and  let  Z  denote  the  last  point  that  OY  has 
in  common  with  Ti.  The  intervals  WX  of  OX  and  ZF  of  OF  are  subsets  of 
Ta+XX'  and  Tb  +  YY'  respectively,  and  hence,  are  subsets  of  Z>i;  further- 
more, IF  A'  and  ZY  abut  on  AP  from  different  sides.  Now  J2  =  JiAP  +  WX 
-f-PFZ(of  Ti)  +ZY  is  a  simple  closed  curve  lying  in  A  not  containing  P,  or  a 
point  of  T,  or  a  point  of  the  segment  PY  of  AP.  Since  A  is  simply  connected, 
one  of  the  complementary  domains  /  of  /j  is  a  subset  of  Di.  But  since  Di  does 
not  contain  a  simple  domain  containing  P,  both  P  and  T  must  be  subsets  of 
the  other  complementary  domain  E  oi  J2.  Now  AX  contains  an  arc  which 
abuts  on  J 2  from  the  side  opposite  PF  of  AP,  and  since  both  A  and  PY  are 
in  D,  AX  must  intersect  J2.  Let  Ai  and  A2  denote  the  first  and  last  points 
respectively  that  ^A"  has  in  common  with  J2.  The  segments  AAi  and  A2X 
of  AX  lie  in  E  and  /  respectively.  The  segment  AX  does  not  intersect  Jr,  so 
AXJ2  is  a  subset  of  Ti.  Hence  AAi  and  ^2A'  abut  on  Ti  from  different  sides. 
Zet  R'  denote  a  connected  domain  lying  in  Di  and  containing  A  but  no  point 
of  Ti  +  Ta+Tb.  Then  in  i?'-|-A  there  exists  an  arc  FG  irreducible  from  ^yli  to 
A2X.  The  simple  closed  curve  J3  =  FG+GA2{of  A2X)+A,A2ioi  Ti)+AiF{oi 
AAi)  lies  in  Di,  contains  no  point  of  Ta  +  Tb,  but  crosses  the  arc  Ti.  Hence, 
Ta  and  Tb  lie  in  different  complementary  domains  of  Ji-  This  is  impossible, 
for  since  A  is  simply  connected,  one  complementary  domain  of  J3  is  a  subset 
of  A. 

Theorem  31.  In  order  that  space  be  metric,  it  is  necessary  and  sufficient  that 
space  be  completely  separable. 
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Proof.  That  a  space  satisfying  Axioms  0  and  1  is  metric  if  it  is  completely 
separable  has  been  shown  by  R.  L.  Moore. f  Hence,  this  space  is  metric  if  it 
is  completely  separable. 

It  will  now  be  shown  that  if  space  is  metric,  it  is  completely  separable. 
Let  P  denote  an  edge  point,  and  let  R  denote  a  region  containing  P  but  con- 
taining no  simple  domain  containing  P.  Since  R  is  not  5,  by  Theorems  12, 
14,  and  15,  there  e.xist  in  R  three  simply  connected  domains  Di,  D-i,  and  Dz 
such  that  Dz  contains  Di,  and  Bz  is  surrounded  minimally  with  respect  to  Z>i 
and  P  by  a  collection  A  of  continua  lying  in  Di  —  Dz.  The  domain  A  contains 
no  simple  domain  containing  P.  Let  C  denote  a  component  of  D1  —  D2. 

Suppose  that  there  are  two  mutually  exclusive  arcs  Ti  and  T_i  crossing  C. 
Let  a  denote  a  well-ordered  sequence  (whose  first  element  is  Ti)  of  all  arcs  T 
which  cross  C  such  that  either  (1)  T  is  Ti,  or  (2)  Ti  Ues  between  r_i  and  T 
in  C.  Let  a'  denote  a  subsequence  of  a  such  that  (1)  the  first  element  of  a' 
is  Ti  and  (2)  if  an  element  T  of  a'  is  not  Ti,  then  T  is  the  first  element  of  a 
which  neither  intersects  a  preceding  element  of  a'  nor  lies  between  two  pre- 
ceding elements  of  a'.  Every  element  of  a  either  intersects  an  element  of  a' 
or  lies  between  Ti  and  some  element  of  a',  and  between  any  element  of  a' 
and  the  next  following  element  in  a'  there  is  no  element  of  a'. 

The  sequence  a'  is  countable.  For  suppose  that  a'  is  uncountable.  For 
each  arc  T  of  a'  let  dr  denote  the  distance  from  T  to  the  next  element  of  a'. 
There  e.xist  a  number  e  and  an  uncountable  subsequence  a',  of  a'  such  that 
if  T  belongs  to  a/  ,dT>e.  Let  T2  denote  the  first  element  of  a'  such  that  T  is 
preceded  in  a'  by  infinitely  many  elements  of  a/ .  Let  L  denote  an  arc  from 
T\  to  Ti  lying  in  C.  Infinitely  many  elements  of  ai  are  between  Ti  and  Tj 
in  C  and  therefore  intersect  L.  Consequently,  there  exists  in  C  a  connected 
domain  D  of  diameter  less  than  t/2  which  contains  points  of  two  different 
elements  T  and  T'  of  a/ ,  such  that  T  precedes  T'  in  a' .  Then,  the  first  ele- 
ment of  a'  which  follows  T  in  a'  is  either  T'  or  lies  between  T  and  T'  in  C 
and  intersects  D,  which  is  a  contradiction.  The  same  may  be  done  for  the 
collection  of  all  arcs  T  such  that  r_i  lies  between  Ti  and  T  in  C.  Hence  there 
exists  a  countable  collection  G  of  arcs  crossing  C,  such  that  any  arc  which 
crosses  C  either  intersects  an  arc  of  G  or  lies  between  two  arcs  of  G.  This  was 
on  the  assumption  that  there  exist  two  mutually  exclusive  arcs  crossing  C. 
It  is  evident  that  G  exists  if  this  is  not  the  case,  for  there  exists  at  least  one 
arc  which  crosses  C. 

For  each  pair  of  arcs  of  G  let  L  denote  an  arc  in  C  which  contains  points 
of  both  of  them,  and  let  Mc  denote  the  sum  of  all  these  arcs  together  with  the 
sum  of  the  elements  of  G.  Then  if  T  is  any  arc  which  crosses  C,  T  intersects 

t  See  Foundations,  p.  464. 
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Mc-  Since  each  component  C  of  D1—D2  contains  an  element  of  A,  there  are 
only  a  finite  number  of  them.  Hence  M  =  ^if„  is  a  closed  and  completely 
separable  subset  of  Di—P  which  separates  P  from  the  boundary  of  Di.  Let 
Q  denote  the  component  of  Z)i  —  Af  which  contains  P.  Then  Q  contains  P  and 
lies  in  R,  and  the  boundary  of  Q  is  completely  separable.  Thus,  if  P  is  an  edge 
point  of  a  region  R,  there  exists  in  J?  a  domain  containing  P  whose  boundary 
is  separable.  This  is  also  true  if  P  is  a  simple  point  of  a  region  R.  Therefore, 
space  is  locally  peripherally  separable.  By  a  theorem  of  the  author's  such  a 
connected,  connected  im  kleinen  metric  space  is  completely  separable. f 

Theorem  32.  If  space  is  completely  separable  and  P  is  a  point,  there  exists 
a  sequence  of  simple  domains  Qi,  Q2,  Q3,  ■  •  •  bounded  by  simple  closed  curves 
J\,  Ji,  J3,  ■  •  -  respectively,  such  that  (l)  for  each  n,  ()„  contains  Q„+i,  and  (2)  if 
M  is  a  closed  and  compact  point  set  not  containing  P,  there  exists  an  integer  n 
such  that  Q„  does  not  contain  a  point  of  M. 

Proof.  Let  G  denote  the  collection  of  all  simple  domains  D  such  that  D 
is  a  subset  of  S—P.  By  Theorem  2,  G  covers  S—P,  and  since  space  is  com- 
pletely separable,  G  contains  a  countable  subcollection  Di,  Di,  D3,  ■  ■  ■  which 
covers  S—P.  For  each  n  let  C„  denote  the  boundary  of  Z)„.  Let  Ji  denote  the 
boundary  of  a  simple  domain  containing  P.  For  each  n,  w  ^  2,  let  7„  denote  a 
simple  closed  curve  separating  P  from  the  closed  and  compact  point  set 
C1+C2+  ■  •  ■  +C„-i+Ji+J2+  ■  ■  ■  +/„-!,  and  let  Qn  denote  the  comple- 
mentary domain  of  /„  which  contains  P.  Then  Qi,  Q2,  Q3,  ■  •  •  is  the  required 
sequence  of  simple  domains.  For  if  M  is  any  closed  and  compact  point  set, 
there  exists  an  integer  k  such  that  Di  +  D2-\-  ■  ■  ■  +Dk  covers  M.  Hence,  if 
n>k,Qn  contains  no  point  of  M. 

Definition.  Suppose  that  D  is  a.  connected  domain.  If  there  exist  a  collec- 
tion A  of  open  curves,  a  simply  connected  domain  Q,  and  a  point  P  of  D, 
such  that  (l)  Q  contains  no  simple  domain  containing P,  and  (2)  A  surrounds 
D  minimally  with  respect  to  Q  and  P,  then  D  is  said  to  be  pseudo-simple,  and 
in  particular,  D  is  said  to  be  pseudo-simple  with  respect  to  Q  and  P. 

Theorem  33.  If  space  is  completely  separable  and  Di  is  a  simply  connected 
domain  containing  an  edge  point  P  but  containing  no  simple  domain  contain- 
ing P,  then  D\  contains  a  domain  D  which  is  pseudo-simple  with  respect  to  Di 
and  P. 

Proof.  Let  D2  and  D3  denote  simply  connected  domains  containing  P  such 
that  (1)  D3  contains  D2,  and  (2)  D3  is  surrounded  minimally  with  respect  to  Di 

t  A  theorem  concerning  locally  peripherally  separable  spaces,  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  41  (1935),  pp.  437-439. 


72  F.  B.  JONES  [July 

and  P  by  a  finite  collection  A'  of  continua  lying  in  Di  —  D^.  By  Theorem  32 
there  exists  a  sequence  of  simple  domains  Qi,  Q2,  Qi,  ■  ■  bounded  by  simple 
closed  curves /i,/2,/3,  ■  •  ■  respectively,  such  that  (1)  for  each  «,()„  contains 
Q„+i,  and  (2)  if  M  is  a  closed  and  compact  subset  of  S—P,  there  exists  an 
integer  n  such  that  Q„  contains  no  point  of  M.  Let  C  denote  a  component  of 
D1  —  D2,  and  let  G  denote  the  collection  of  all  arcs  T  such  that  T  crosses  C 
and  for  some  m  is  a  subset  of  J„.  If  T  and  T'  are  arcs  of  G,  T-  f  =0.  Since 
Di  is  simply  connected  but  contains  no  simple  domain  containing  P,  for  each 
n,  /„  contains  a  point  of  5  — £>,.  Furthermore,  let  AP  denote  an  arc  lying  in 
D2  and  in  the  component  of  D^—P  which  contains  C;  then  there  exists  an 
integer  «i  such  that  Qn,  does  not  contain  /4  ;  so  if  «>Wi,  /„  contains  a  point 
of  the  segment  AP  and  a  point  of  S  —  Di,  and  therefore  contains  at  least  two 
arcs  of  G.  However  for  each  n,  /„  contains  at  most  a  finite  number  of  arcs  of  G. 
Hence  G  is  countably  infinite.  P'urthermore,  suppose  that  L  is  an  arc  lying  in 
C  from  one  arc  of  G  to  another  arc  of  G.  There  exists  an  integer  Wj  such  that 
if  n>ni,  Qn  contains  no  point  of  L.  Hence,  between  any  two  arcs  of  G  there 
are  only  a  finite  number  of  arcs  of  G.  Each  arc  of  G  is  between  some  two  arcs 
of  G.  For,  if  T  is  an  arc  of  G,  there  exists  an  integer  n  such  that  /„  separates 
T  from  P.  By  Theorem  30,  /„  contains  two  arcs  which  cross  C  such  that  T 
is  between  them  in  C. 

Let  a  denote  a  well-ordered  sequence  whose  elements  are  the  elements 
of  G.  Let  iVi  and  Nq  denote  the  first  two  elements  of  a.  Let  Nz  denote  the 
first  element  of  a  such  that  A^i  is  between  A^o  and  N^  in  C.  Let  A^-i  de- 
note the  first  element  of  a  such  that  yVo  is  between  iV_i  and  iVi  in  C  This 
process  may  be  continued.  The  sequences  A'^i,  A^2,  N3,  •  •  ■  ,  N^,  ■  ■  ■  and 
A'^o,  A'^-i,  ^^-2,  •  •  •  ,  -/V-Q,  •  ■  ■  may  or  may  not  be  simple  sequences,  but 
since  each  is  countable,  the  first  contains  a  simple  countable  subsequence 
Ti,  T2,  T3,  ■  ■  ■  running  through  it  and  the  second  contains  a  simple  count- 
able subsequence  To,  r_i,  r_2,  •  •  •  running  through  it,  such  that  if  T  is  any 
arc  crossing  C,  there  exists  an  integer  n  such  that  T  is  between  r„  and  r_„ 
in  C,  and  such  that  the  linear  order  of  these  arcs  in  C  is  the  same  as  the  order 
in  the  sequences. 

Since  C  contains  one  and  only  one  of  the  continua  of  A'  and  by  Theorem 
31  space  is  metric,  there  exists  in  C  a  connected  domain  C  such  that  (1)  C 
contains  this  element  of  A',  and  (2)  C'  is  a  subset  of  C.  For  each  pair  of  con- 
secutive integers  (positive  or  negative),  a  and  b  with  a<b,  let  Ua.  denote  an 
arc  irreducible  from  T^  to  Tb  lying  in  C,  and  let  Ma  denote  the  interval  of  T^ 
between  the  end  points  of  U^  and  Ua-i  in  T^.  The  point  set  "^Ma  is  closed, 
since  each  M„  is  for  some  n  a  closed  subset  of  C/„,  for  each  n  /„  contains 
only  a  finite  number  of  the  arcs  of  G,  and  the  limiting  set  of  Ji,  Ji,  J3,  ■  ■  ■   is 
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the  point  P.  Also  X^o  is  closed;  for  suppose  that  O  is  a  limit  point  of  the  set 
^Ua  not  belonging  to  it.  The  point  0  belongs  to  C'  and  therefore,  to  C.  There 
exist  a  connected  domain  V  lying  in  C  and  containing  0  but  not  intersecting 
more  than  one  of  the  simple  closed  curves  /:,  J2,  J3,  ■  ■  ■  ,  and  an  infinite  col- 
lection n  of  segments  Ua  such  that  if  Ua  is  a  segment  of  H,  Ua  intersects  V. 
Hence,  V+H*  is  a  connected  subset  of  C  not  intersecting  more  than  one  of 
the  arcs  Ti,  T2,  T,,  ■■  ■  ,  Tq,  r_i,  r_2,  •  •  ■  ,  but  having  limit  points  in  infi- 
nitely many  of  them.  This  is  a  contradiction.  So  L=^{Ma  +  Ua)  is  closed, 
and  is,  because  of  its  method  of  construction,  an  open  curve. 

Now  suppose  that  T  is  any  arc  crossing  C.  There  exists  an  integer  n  such 
that  T  lies  between  T„  and  r_„  in  C.  Hence  T  intersects  that  interval  of  L 
which  is  irreducible  from  T„  to  r_„.  Furthermore,  if  this  process  is  carried 
out  in  each  component  of  D1—D2  and  A  denotes  the  collection  of  open  curves 
so  obtained.  A*  separates  P  from  the  boundary  of  Z>i,  and  since  no  component 
of  Di  —P  contains  more  than  one  element  of  A',  no  component  contains  more 
than  one  element  of  A.  Hence,  A  is  minimal  with  respect  to  Di  and  P. 

Let  D  denote  the  component  of  5— A*  which  contains  P.  The  domain  D 
is  pseudo-simple  with  respect  to  Di  and  P. 

Theorem  34.  If  L  is  an  element  of  a  collection  of  open  curves  which  sur- 
rounds a  pseudo-simple  domain  D  minimally  with  respect  to  a  simply  connected 
domain  Q  and  a  point  P,  and  C  is  the  component  of  D  —P  whose  boundary  con- 
tains a  point  of  L,  then  no  ray  of  L  separates  C  from  the  boundary  of  Q  in  S—P. 

Proof.  Suppose  the  contrary  is  true.  Then  L  contains  a  ray  B^Bi  such 
that  Bx  belongs  to  C  and  B1B2+P  separates  C  from  0,  the  boundary  of  Q. 
By  Theorem  18,  C-\-P-{-Bi  contains  an  arc  PBi  from  P  to  Bu  The  ray 
PB2=PBi-\-B^2  separates  C-CPBi  from  j8,  and  by  Theorem  20,  S-PBz 
is  the  sum  of  two  connected  domains  /  and  E  where  /  contains  C  —  CPB2 
and  is  a  subset  of  Q  and  E  contains  /3.  Let  EiFi  and  E2F2  denote  two  arcs  in  C 
which  abut  on  PBi  from  diflercnt  sides.  The  points  Ei  and  £2  both  belong 
to  C  —  CPBi  and,  hence,  to  /.  Therefore  /  contains  an  arc  £1^2  from  £1  to  £2, 
and  EiE2-\-EiFi-\-FiF2(oi PBi)-\-E2F2  contains  a  simple  closed  curve  lying  in 
Q  one  of  whose  complementary  domains  lies  in  Q  and  contains  P.  This  is  a 
contradiction. 

Theorem  35.  If  L  is  an  element  of  a  collection  A  of  open  curves  which  sur- 
rounds a  pseudo-simple  domain  D  minimally  with  respect  to  a  simply  connected 
domain  Q  and  a  point  P,  then  no  two  segments  lying  in  D  abut  on  Lfrom  differ- 
ent sides.\ 

t  Two  segments  abut  on  a  ray  or  open  curve  from  different  sides  provided  the  ray  or  open  curve 
contains  an  arc  on  whicfi  the  segments  abut  from  different  sides. 
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Proof.  Suppose,  on  the  contrary,  that  D  contains  two  mutually  exclusive 
segments  which  abut  on  L  from  different  sides.  It  follows,  using  Theorem 
11(b),  that  there  exist  an  diVcAiAi  and  two  segments,  AiBi  a-nAAjii,  all  lying 
in  the  same  component  C  of  D—P,  such  that  the  segments  AiB\  and  AiB2 
abut  on  L  from  different  sides  and  the  point  set  J  =AiBi-\-BiB2{oi  L)  +AiB2 
-{-Ai  is  a  simple  closed  curve  lying  in  Q.  One  of  the  complementary  domains 
of  /  is  a  subset  of  Q.  Hence,  L  contains  two  rays,  B^Bi  and  B«B\,  whose  com- 
mon part  is  the  arc  BiB,  one  of  which  has  the  property  that  it  together  with  P 
separates  C  from  the  boundary  of  Q.  This  is  a  contradiction  of  the  preceding 
theorem. 

Theorem  36.  //  D  is  a  pseudo-simple  domain  -with  respect  to  a  simply  con- 
nected domain  Q  and  a  point  P,  13  is  the  boundary  of  D,  and  J  is  a  simple  closed 
curve  lying  in  D  such  that  J-j3  is  connected,  then  one  of  the  complementary  do- 
mains of  J  is  a  subset  of  D. 

Proof.  Let  A  denote  a  collection  of  open  curves  which  surrounds  D  mini- 
mally with  respect  to  Q  and  P,  let  L  denote  the  element  of  A  which  contains 
J  jS,  and  let  C  denote  the  component  of  D—P  which  contains  /•  (D—P).  By 
Theorems  7  and  9,  /  •  jS  -{-P  does  not  separate  space,  and  there  exists  an  arc  T 
from  a  point  oi  L  —  J  L  to  a.  point  on  the  boundary  of  Q  which  contains  no 
point  of  /.  One  of  the  complementary  domains  /  of  /  is  a  subset  of  Q.  There- 
fore, /  contains  no  point  of  T  and,  with  the  help  of  Theorem  35,  it  may  be 
shown  that  /  contains  no  point  of  L.  But  /  does  not  contain  P.f  Hence,  since 
/  contains  points  of  C,  /  is  a  subset  of  C  and,  consequently,  of  D. 

Theorem  37.  //  D  is  a  pseudo-simple  domain,  L  is  an  element  of  a  collec- 
tion A  of  open  curves  which  surrounds  D  minimally  with  respect  to  a  simply 
connected  do^nain  Q  and  a  point  P,  and  OX  and  O'X'  are  arcs  lying  in  S  —  D 
except  for  their  end  points  X  and  X'  which  lie  on  L,  then  the  arcs  OX  and  O'X' 
abut  on  Lfrom  the  same  side. 

Proof.  With  the  help  of  Theorems  11(b)  and  34  it  can  be  shown  that  there 
exists  an  arc  FF'  lying  in  D  except  for  the  end  points  F  and  F' ,  which  lie  on  L, 
such  that  the  interval  FF'  of  L  contains  A'  and  X'  as  interior  points.  Then 
by  Theorem  36,  J  =FF' -{-FF'{oi  L)  is  a  simple  closed  curved  one  of  whose 
complementary  domains  is  a  subset  of  D.  The  other  complementary  domain 
of  /  contains  the  segments  OX  and  O'X'.  Hence,  the  arcs  approach  FF'  of  L 
and,  therefore,  L  from  the  same  side. 

Theorem  38.  If  D  is  a  pseudo-simple  domain  with  respect  to  a  simply  con- 
nected domain  Q  and  a  point  P,  and  OX  and  O'X'  are  arcs  which  have  their 

t  From  the  definition  of  a  pseudo-simple  domain,  Q  contains  no  simple  domain  containing  P. 
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end  points  X  and  X'  in  an  element  L  of  a  collection  A  of  open  curves  which  sur- 
rounds D,  but  have  no  other  points  in  common  with  the  boundary  of  D,  and  ap- 
proach L  from  different  sides,  then  one  of  these  arcs  lies  in  D  and  the  other  lies 
in  S—D. 

Theorem  38  is  a  consequence  of  Theorems  35  and  37. 

Theorem  39.  //A  is  a  collection  of  open  curves  which  surrounds  a  pseudo- 
simple  domain  minimally  with  respect  to  a  simply  connected  domain  Q  and  a 
point  P,  then  the  boundary  of  D  is  A*,  and  every  point  of  A*  is  accessible  from  D. 

Proof.  Let  X  denote  a  point  of  an  open  curve  L  of  A,  and  let  AXB  denote 
an  interval  of  A  containing  .Y  as  an  interior  point.  By  Theorem  19  there  exist 
two  segments,  EX  and  E'X,  which  abut  on  AXB  at  X  from  different  sides. 
The  segments,  EX  and  E'X,  contain  segments,  FX  and  F'X,  respectively, 
which  abut  on  L  from  different  sides  and  do  not  contain  P  or  any  point  of 
the  boundary  of  D  except  A'.  By  Theorem  38  one  of  the  latter  two  segments 
is  a  subset  of  D. 

Theorem  40.  //  A'  is  a  point  of  the  component  L  of  the  boundary  p  of  a 
domain  D  which  is  pseudo-simple  with  respect  to  a  simply  connected  domain  Q 
and  a  point  P,  and  M  is  a  closed  and  compact  point  set  not  containing  X,  there 
exists  a  simple  closed  curve  lying  in  S—(D  +  M)  whose  common  part  with  /3  is 
an  interval  of  L  containing  X  as  an  interior  point,  and  whose  interior  with  re- 
spect to  P  contains  no  point  of  M. 

Proof.  Let  XP  denote  an  arc  from  X  to  P  lying  in  D^X,  and  let  /  de- 
note a  simple  closed  curve  separating  X  from  P  such  that  J  XP  is  a  con- 
nected subset  of  D.  The  curve  /  contains  a  point  oi  S-D.  Let  O  denote  the 
first  point  that  XP  has  in  common  with  J,  and  let  AOB  denote  the  interval 
of  /  containing  O  and  lying  in  D  except  for  its  end  points  A  and  B  which 
lie  on  L.  The  interval  ^.B  of  Z  contains  A'  because  one  of  the  complementary 
domains  of  the  simple  closed  curve  AOB+AB  is^  subset  of  D  and  since  it 
can  not  contain  P,  it  must  contain  the  segment  OX  of  XP.  Let  AZB  denote 
the  arc  of  /  such  that  J=AXB-\-AZB.  In  the  order  A,Z,B,  let  Ao  denote 
the  last  point  that  AZB  has  in  common  with  the  ray  XA  of  L,  and  let  Bi  de- 
note the  next  point  that  AZB  has  in  common  with  /3  if  it  is  not  in  L.  Let  Li 
denote  the  component  of  0  containing  Bi,  and  let  Ai  denote  the  last  point 
that  AZB  has  in  common  with  Z,,.  Let  B2  denote  the  next  point  that  AZB  has 
in  common  with  0  if  it  is  not  in  L,  let  U  denote  the  open  curve  of  0  containing 
B2,  and  let  Ai  denote  the  last  point  that  AZB  has  in  common  with  Li.  This 
process  can  be  continued  (for  a  finite  number  of  steps)  until  for  some  integer 
n  the  next  point  that  AZB  has  in  common  with  j8  following  yl„  is  a  point  ^0  of 
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L.  Since  ^ 0  precedes  B^  in  AZB,  Bo  belongs  to  the  ray  AB  of  L.  Let  /i  denote 
the  simple  closed  curve  AoXBoioi  Z)+,4o-Bi(of  AZB)+AiBi(of  L,)+AiBi{oi 
AZB)+  ■  ■  ■  +^„_i5„(of  AZB)+A„B„{oi  L„)+AnBo{oi  AZB).  (See  Figure 
3.)  It  is  clear  that  if  Bi  exists,  Ji  lies  in  S  —  D,  because  by  Theorem  11(b)  any 


Figure  3 

segment  lying  in  D  having  its  end  points  in  different  components  of  j3  contains 
P,  and  7i  does  not  contain  P.  Now  in  case  Ji=AoXBoioi  L)+AoBoioi  AZB), 
suppose  that  AoBo  lies  in  D.  Then  /i  lies  in  D  and  /3/i  is  connected;  so  by 
Theorem  36  one  of  the  complementary  domains  /  of  Ji  is  a  subset  of  D.  Let 
P'X  denote  an  arc  lying  in  /  except  for  A'  which  is  on  the  boundary  of  /. 
Now  /  does  not  contain  P  and  Ji  does  not  intersect  PX-\-P;  hence,  /  does 
not  contain  PX,  and  therefore  PX  and  P'X  abut  on  AXB  from  different 
sides.  But  since  both  PX  and  P'X  lie  in  D,  this  contradicts  Theorem  35. 

Thus  in  either  case  /i  is  a  subset  oi  S  —  D.  By  Theorem  16  one  of  the  com- 
plementary domains  /i  of  Ji  is  a  subset  oi  S  —  D  and  is  the  interior  of  J\  with 
respect  to  P.  Let  X'  denote  a  point  of  Ji—JiL,  and  let  J->  denote  a  simple 
closed  curve  separating  A^  from  P-\-M+X'.  Let  h  denote  the  interior  of  Ji 
with  respect  to  P.  By  Theorem  11  of  Chapter  III  of  Foundations,  /1+/2  con- 
tains a  simple  closed  curve  J^  such  that  (1)  h,  the  interior  of  Ji  with  respect 
to  P,  is  a  subset  both  of  h  and  of  h,  and  (2)  /a  •  Z  is  an  arc  containing  X  as 
an  interior  point.  Let  A'X'B'  denote  an  arc  lying  in  h  except  for  points  A' 
and  B'  which  belong  to  Jz  ■  A^X  and  /s  ■  B^X  respectively.  Then  Ji  =  A  'XB'{oi 
L)+ A'X'B'  is  a  simple  closed  curve  lying  in  S—{D  +  M)  whose  interior  with 
respect  to  P  is  a  subset  of  h  and  hence,  contains  no  point  of  M.  Furthermore, 
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the  common  part  of  J  a  with  /3  is  the  arc  A'XB'  which  is  an  interval  of  L 
containing  A'  as  an  interior  point. 

Theorem  41.  If  D  is  a  pseudo-simple  domain,  then  S—D  is  connected. 

Proof.  The  boundary  jS  of  Z)  is  the  sum  of  a  finite  number  of  mutually 
exclusive  open  curves  Zi,  L2,  ■  ■  ■  ,  Lj.  By  Theorem  40  there  exists,  for  each 
point  A'  of  jS,  a  simple  closed  curve  Jx  such  that  Jx  is  a  subset  oi  S  —  D  and 
Jx-0  is  for  some  n  ^j  an  interval  Tx  of  Ln  containing  X  as  an  interior  point. 
Let  Ix  denote  the  complementary  domain  of  Jx  which  does  not  contain  D. 
By  Theorem  16,  Ix  is  a  subset  of  S  —  D.  Now  for  each  n,  n^j,  let  Dn=^Ix 
for  X  on  L„.  All  the  segments  Jx  —  Tx  for  A'  on  L„  lie  in  S  —  D  and  abut  on  Z-„ 
from  the  same  side.  Hence  the  domains  Ix  overlap,  so  that  £>„  is  a  connected 
subset  oi  S  —  D.  Furthermore,  if  T  is  any  arc  in  S  —  D  which  abuts  on  Z„  at  a 
point  X,  it  abuts  on  L,,  from  the  same  side  as  Jx  —  Tx,  and  hence,  contains 
points  of  Ix  and  D„.  So  for  each  n^j,  only  one  component  of  S  —  D  has 
boundary  points  on  L„. 

Now  suppose  that  S  —  D  is  not  connected.  Then  there  exist  two  mutually 
exclusive  domains  H  and  K  such  that  S  —  D  =  H-\-K.  Since  space  is  con- 
nected, both  H  and  K  have  boundary  points  in  (3,  but  for  no  n,  n  ^j,  does  Z„ 
contain  boundary  points  of  both  H  and  K.  Hence  /3  •  H  and  0K  are  mutually 
exclusive  closed  point  sets.  Let  AB  denote  an  arc  in  S—P  irreducible  from 
P-H  to  P-K.  Now  since  each  D„,  n^j,  belongs  either  to  H  or  to  K, 
0=I3-H+P-K;  so  AB  contains  only  two  points  A  and  B  of  /3,  and  these 
points  belong  to  different  open  curves  of  the  collection  ii,  Li,  ■  •■  ,  L,.  There- 
fore, since  AB  does  not  contain  P ,  the  segment  AB  lies  in  S  —  D,  and  hence, 
contains  a  point  of  I  a  and  a  point  of  Ib-  But,  since  I  a  and  Is  belong  to  H 
and  K  respectively,  this  is  a  contradiction. 

Theorem  42.  Every  pseudo-simple  domain  is  strongly  simply  connected. 

This  theorem  is  a  consequence  of  Theorems  16  and  41. 

Definition.  A  domain  D  is  said  to  be  internally  simple  provided  that  for 
each  point  A"  of  D  there  exists  a  simple  domain  containing  A"  and  lying  to- 
gether with  its  boundary  in  D. 

Theorem  43.  If  D  is  a  pseudo-simple  domain  with  respect  to  a  simply  con- 
nected domain  Q  and  a  point  P,  then  each  component  of  D—P  is  internally 
simple. 

Proof.  Let  U  denote  a  component  olD-P,  and  let  A'  denote  a  point  of  U. 
Let  AP  denote  an  arc  from  A  to  P  lying  except  for  P  in  U.  By  Theorems  2 
and  10  there  exists  a  simple  closed  curve  /  crossing  XP.  If  /  intersects  the 
boundary  of  D,  then  J  contains  an  arc  A  YB  crossing  XP  and  lying  except 


78  F.  B.  JONES  [July 

for  the  points  A  and  B  oi  L  in  D.  Let  /i  denote  the  simple  closed  curve 
AB{oi  L)-\-AYB.  One  of  the  complementary  domains  of  /i  is  a  subset  of  D 
and  contains  X.  Let  Jx  denote  a  simple  closed  curve  separating  Ji+P 
from  .Y.  If  /  does  not  intersect  the  boundary  of  D,  let  Jx  denote  /.  Then, 
one  of  the  complementary  domains  Ix  of  Jx  contains  X,  and  Ix+Jx  is  a 
subset  of  U.  Hence,  U  is  internally  simple. 

Theorem  44.  If  D  is  a  pseudo-simple  domain,  S—D  is  internally  simple. 

Proof.  The  domain  D  is  pseudo-simple  with  respect  to  a  domain  Q  and  a 
point  P.  Let  A  denote  the  collection  of  mutually  exclusive  open  curves  whose 
sum  is  the  boundary  of  D,  and  let  L  denote  an  element  of  A.  Let  X  denote  a 
point  of  S  —  D,  and  let  AX  denote  an  arc  irreducible  from  L  to  X  and  con- 
taining no  point  of  A*— Z.  Suppose  that  S  —  {D+AX)  is  the  sum  of  two 
mutually  exclusive  domains  H  and  K.  Because  no  arc  separates  space,  both 
H  and  K  have  boundary  points  in  A*.  Furthermore,  because  of  Theorem  40  no 
element  of  A— L  contains  points  of  both  A*-  H  and  A*- A',  nor  does  either  of 
the  rays  of  L  from  A  contain  points  of  both  A*  •  H  and  A*  •  A'.  Let  AP  denote 
an  arc  in  D+A  from  A  to  P.  Since  ^  A'-t-.4P  does  not  separate  space,  there 
exists  an  arc  T  irreducible  from  A*H  to  A*- A  in  S—(AX+AP).  Now  the 
segment  r  is  a  subset  of  S  —  D,  for  if  f  were  a  subset  of  D,  it  would  have  one 
end  on  one  ray  of  L  from  A  and  the  other  end  on  the  other  ray  from  A  with- 
out intersecting  AP,  which  by  Theorems  35  and  36  is  impossible.  But  it  is 
also  impossible  for  T  to  lie  in  S  —  D,  for  in  this  case  H  and  K  would  have 
boundary  points  in  the  same  open  curve  of  A.  Hence,  S  —  {D+AX)  is  con- 
nected. 

Let  EYF  denote  an  arc  lying  except  for  Y  in  S—(D+AX)  and  crossing 
AX  at  the  point  Y.  Since  S—{D+AX)  is  connected,  there  exists  an  arc 
EZF  lying  in  it  from  E  to  F.  The  sum  of  the  arcs,  EYF  and  EZF,  contains  a 
simple  closed  curve  J  crossing  .4  A'  at  the  point  Y  whose  interior  with  respect 
to  P  is  a  simple  domain  /  containing  X  such  that  I+J  is  a  subset  of  S  —  D. 

Theorem  45.  //  Di  and  D^  are  pseudo-simple  domains  with  respect  to  do- 
mains Qi  and  Q2  and  a  point  P  respectively,  Q2  is  a  subset  of  Di,  and  C  is  a  com- 
ponent of  Di  —  Do,  then  C  is  an  internally  simple,  strongly  simply  connected 
domain. 

Proof.  The  component  C  is  strongly  simply  connected;  for  if  a  simple 
closed  curve  /  is  a  subset  of  C,  then  by  Theorems  16  and  41  the  interior  / 
of  /  with  respect  to  P  is  a  subset  of  both  Di  and  S-D-i. 

If  A'  is  a  point  of  C,  then  by  Theorems  43  and  44  there  exist  two  simple 
domains,  h  and  /o,  each  containing  A'  such  that  Ii  and  I2  are  subsets  of  D\  —P 
and  S—D2  respectively.  By  Theorem  12  of  Chapter  III  of  Foundations,  h  h 
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contains  a  simple  domain  Ix  which  contains  X  and  whose  boundary  is  a  sub- 
set of  the  sum  of  the  boundaries  of  /i  and  /j.f  Therefore,  7a-  is  a  subset  of  C, 
and  C  is  internally  simple. 

Theorem  46.  //  D  is  an  internally  simple,  simply  connected  domain  and 
AB  is  an  arc  lying  in  D  except  for  its  end  points  it'Iiich  belong  to  the  boundary 
of  D,  then  D  —  DAB  is  the  sum  of  tivo  mutually  exclusive,  internally  simple, 
simply  connected  domains,  each  having  AB  on  its  boundary. 

Proof.  For  each  point  A'  oi  AB  let  Ix  denote  a  simple  domain  containing 
A^  such  that  Ix  is  a  subset  of  D.  Let  Jx  denote  the  boundary  of  Ix  and  let  C 
denote  a  simple  closed  curve  separating  X  from  A  +B+Jx.  By  Theorem  10, 
C+AB  contains  a  simple  closed  curve  C  separating  A"  from  A+B-\-Jx, 
whose  common  part  with  AB  is  the  sum  of  two  continua.  Let  A  'XB'  denote 
the  interval  of  AB  containing  A"  such  that  A'XB' C  =A' +B' .  One  of  the 
complementary  domains  /'  of  C"  is  a  subset  of  D  and  contains  the  segment 
A'XB'.  The  point  set  I' —A'XB'  is  the  sum  of  two  simple  domains  Ixi  and 
7x2,  one  on  one  side  oi  AB  and  the  other  on  the  other  side  oi  AB.  Now  if  the 
subscripts  1  and  2  are  so  used  so  that  all  the  domains  Ix\  for  A^  on  AB  are 
on  the  same  side  of  AB  and  all  the  domains  7.y2  are  on  the  other  side  of  AB, 
Di  =^7x1  and  D2  =X^7x2  are  two  connected  domains  which  are  subsets  of  D. 
Now  each  point  O  of  D  —  AB  may  be  joined  to  a  point  of  ^1^  by  an  arc  OE 
lying  m  D  —  AB  except  for  its  one  end  point  E,  and  OE  must  intersect  either 
D\  or  Di.  If  for  each  i,  i=l,2.  Hi  denotes  the  set  of  all  points  0  such  that  the 
segment  OE  intersects  Di,  then  77i  and  772  are  connected  domains  and 
IIi-\-IIi  =  D  —  AB.  But  if  D  is  simply  connected,  no  arc  segment  lying  in 
D  can  abut  on  AB  from  different  sides  since  neither  A  nor  B  belongs  to  D. 
Hence  77i  and  Hi  are  mutually  exclusive,  and  AB  belongs  to  the  boundary  of 
each  of  them. 

Now  suppose  that  /  is  a  simple  closed  curve  lying  in  77j.  One  of  the  com- 
plementary domains  7  of  /  is  a  subset  of  D.  Therefore,  7  contains  no  point  of 
AB.  But  7  has  limit  points  in  Hi,  namely,  the  points  of  /,  and  hence  contains 
points  of  77i.  Consequently  7  is  a  subset  of  77i,  and  therefore  77i  is  simply 
connected.  Likewise,  772  is  simply  connected. 

Let  X  denote  a  point  of  77i.  Since  D  is  internally  simple,  there  exists  a 
simple  domain  7a'  containing  A"  and  lying  together  with  its  boundary  Jx 
in  D.  By  Theorem  3  there  exists  a  simple  closed  curve  Jx  separating  A'  from 
7a-'  -\-AB.  The  curve  Jx  is  a  subset  of  77i,  and  hence  one  of  its  complementary 
domains  7a-  is  a  subset  of  77i  and  contains  X.  Consequently,  77i  is  internally 
simple  and  likewise  Hi  is  internally  simple. 

t  The  notation  here  does  not  correspond  to  that  of  Theorem  12  of  Chapter  III  of  Foiwdalioits. 
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Theorem  47.  If  D  is  an  internally  simple,  simply  connected  domain,  /3  is 
the  boundary  of  D,  J  is  a  simple  closed  curve  lying  in  D,  and  AB  is  an  arc  ir- 
reducible from  J  to  the  boundary  of  D,  then  D  —  {J-\-AB)  is  the  sum  of  two 
mutually  exclusive,  internally  simple,  simply  connected  domains,  one  having  J 
for  its  boundary,  and  the  other  having  for  its  boundary  J-\-AB-\-fi. 

Theorem  47  may  be  established  by  methods  similar  to  those  used  in  prov- 
ing Theorem  46. 

Theorem  48.  //  D  is  a  pseudo-simple  domain  and  AB  is  an  arc  lying  in 
S  —  D  except  for  the  points  A  and  B  which  lie  on  the  boundary  of  D,  then 
S  —  {D+AB)  is  the  sum  of  two  connected  domains  whose  boundaries  have  as 
their  common  part  the  arc  AB. 

Proof.  From  Theorems  16,  41,  44,  and  46,  S-{D+AB)  is  the  sum  of  two 
connected  domains  whose  boundaries  contain  AB  in  their  common  part.  And 
if  ^  denotes  the  boundary  of  D,  it  is  clear  from  Theorems  38  and  40  that  this 
common  part  cannot  contain  a  point  of  ^  —  {A  -\-B). 

Theorem  49.  If  under  the  hypothesis  of  Theorem  45,  AXB  is  an  arc  lying 
in  C  except  for  the  points  A  and  B  which  lie  on  the  boundary  of  C,  then  C—AXB 
is  the  sum  of  two  connected  domains  whose  boundaries  have  as  their  common  part 
the  arc  AXB. 

Theorem  49  may  be  proved  by  an  argument  similar  to  that  of  the  preced- 
ing theorem  if  we  use  Theorems  45  and  46  and  a  theorem  similar  to  Theorem 
40  and  established  in  a  similar  manner. 

Definition.  Suppose  that  Xi,  Xi,  X^,  and  X^,  are  points  of  i3,  the  bound- 
ary of  a  pseudo-simple  domain.  Then  Xi-\-Xz  is  said  to  ordinally  separate  X^ 
from  X4  on  /3  if  there  exists  a  simple  closed  curve  J  whose  common  part  with 
^  is  A^i-I-Xs  and  which  separates  A^2  from  A'4. 

Theorem  50.  Suppose  that  D  is  a  pseudo-simple  domain,  ^  is  the  boundary 
of  D,  and  Xi,  Xo,  Xs,  and  X4  are  four  distinct  points  of  j3.  Then  one  pair  of  them 
ordijially  separates  the  other  two  on  j3;  and  z/ A'l-j-A's  ordinally  separates  X2from 
Xi  on  ^,  then  (1)  A"2-|-A^4  ordinally  separates  Xifrom  X3  on  /3,  (2)  every  simple 
closed  curve  J  containing  a  point  of  D  and  S  —  D  such  that  J ■P  =  Xi+X3  sepa- 
rates Xifrom  Xi,  but  (3)  X-i+X^  does  not  ordinally  separate  Xzfrom  Xi  on  j8. 

Proof.  Let  A'i^A'2  and  X^BX^  denote  arcs  lying  except  for  -Yi  and  ^2  in  D 
and  S  —  D  respectively.  Suppose  that  J'  =  XiAXi+XiBX-i  does  not  separate 
A3  from  Xi.  Now  let  AXz  and  BX3  denote  arcs  lying  except  for  A'3  in  D  and 
S  —  D  respectively,  such  that  .4A'3-./'=-4  and  BX^J'  =B.  With  respect  to 
Xi,  the  interior  of  the  simple  closed  curves  formed  by  one  pair  of  the  three 
arcs  AXiB,  AX^B,  and  AX3B  contains  the  other  arc  segment.  Hence,  one 
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pair  of  the  points  A'l,  A'j,  A'3,  and  A'4  ordinally  separates  the  other  two  on  (3. 

Suppose  that  A'i+A'3  ordinally  separates  A'j  from  A'4  on  j3.  Then  there 
exists  by  a  construction  similar  to  that  of  the  above  paragraph  two  arcs 
^2^X4  and  A'2-BA'4  lying  except  for  A%  and  A'4  in  D  and  S  —  D  respectively 
whose  sum  is  a  simple  closed  curve  separating  A'l  from  X3.  If  7  is  a  simple 
closed  curve  containing  a  point  of  D  and  a  point  oi  S  —  D  whose  com- 
mon part  with  /3  is  A'l+A's,  then  /  is  the  sum  of  two  arcs  A'l^'A^'g  and 
A'l^'A's  lying  except  for  A'l  and  A'3  in  D  and  S  —  D  respectively.  Let  C  de- 
note the  simple  closed  curve  X^AXi+XzBX^.  By  a  double  application  of 
Theorem  10,  C-\-X\A'X3-\-XiB'Xi  contains  a  simple  closed  curve  C  whose 
common  part  with  X^A  'Xi  is  connected  and  whose  common  part  with  A'l^'A's 
is  also  connected  and  which  separates  X2  from  A'4.  It  is  clear  now  that  /  sepa- 
rates A^2  from  Xi. 

Now  suppose  that  A'i-|-X2  ordinally  separates  A'3  from  A'4  on  /3.  Then  there 
would  exist  a  simple  closed  curve,  having  the  properties  of  J  in  the  preceding 
paragraph,  which  does  not  separate  A^  from  A'j.  This  is  impossible  if  A'l-f-Xs 
ordinally  separates  A'2  from  A'4. 

Arguments  of  a  similar  nature  show  that  if  order  on  /3  is  interpreted  by 
the  notion  of  ordinal  separation,  then  we  have 

Theorem  51.  If  ^  is  the  boundary  of  a  pseudo-simple  domain,  the  points 
of  )3  have  a  cyclic  order  which  preserves  the  ordinary  order  on  any  open  curve 
component  of  /3. 

Theorem  52.  Suppose  that  Di  and  Di  are  pseudo-simple  domains  with  re- 
spect to  domains  Qi  and  Q2  and  a  point  P  respectively,  Q2  is  a  subset  of  Di,  Xi, 
X2,  X3,  and  A'4,  and  Vi,  Y2,  Y3,  and  F4  are  the  end  points  off  our  mutually  ex- 
clusive arcs  Ti,  T2,  T3,  and  Tt  which  cross  D1  —  D2.  Then  if  Xi-^-X,  ordinally 
separates  Xifrom  Xt  on  /3i,  the  boundary  of  Di,  then  F1-I-F2  ordinally  separates 
Yifrom  F4  on  ^2,  the  boundary  of  Di,  and  conversely. 

Proof.  Let  A^ivlA''2  denote  an  arc  lying  except  for  the  points  .Yi  and  .Y3  in 
S  —  Di,  and  let  Fill's  denote  an  arc  lying  except  for  the  points  Fi  and  F3 
in  Di.  Let  /  denote  the  simple  closed  curve  Ti+XiAX3+Ti-\-YiBY3.  Since 
A'l-j-A's  ordinally  separates  X2  from  X4  on  /3i,  /  separates  A'2  from  A'4.  But  J 
does  not  intersect  T2  or  Tt  and  hence,  /  separates  F2  from  F4.  Therefore, 
F1-I-F2  ordinally  separates  F2  from  F4  on  ft.  Likewise,  the  converse  is  true. 

2.  Consequences  of  Axioms  0  —  4,  5*  and  7 
Axiom  7.  The  set  of  all  points  is  completely  separable.^ 


t  This  axiom  is  numbered  7  because  it  is  so  numbered  in  Foundations.  See  Foundations,  p.  412. 
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The  purpose  of  this  section  is  to  outline  an  argument  showing  that  a 
space  satisfying  Axioms  0-4,  5*,  and  7  is  a  subset  of  a  space  satisfying 
Axioms  0-4,  5*,  and  7  which  contains  no  edge  points.  Considerable  detail 
will  be  left  to  the  reader,  and  notation  introduced  in  a  definition,  when  used 
subsequently  without  explanation,  will  be  understood  to  have  the  significance 
given  it  in  the  definition. 

Definition.  Suppose  that  P  is  an  edge  point.  Suppose,  furthennore,  that 
there  exist  for  each  «,  a  pseudo-simple  domain  Z)„  containing  Dn+\  whose 
boundary  i3„  is  the  sum  of  a  finite  number  of  open  curves,  Z,„i,  Z„2,  •  •  •  ,  /-„,„, 
and  for  each  n  and  q,  q^q„,  two  sequences  of  mutually  exclusive  arcs, 
Ti,r,<„  T2,n„  ■  ■  ■  and  r_i,„„  r_2,„5,  •  •  •  ,  crossing  D„-D„+i  such  that,  de- 
noting T^,„^-j3„  and  r„,„,i3„+i  by  A'„.„5  and  F„,,„5  respectively,! 

(0)  for  each  n,  Z>„  is  pseudo-simple  with  respect  to  P  and  a  domain  ()„ 
which  is  a  subset  of  a  region  of  G„  of  Axiom  1,  which  is  in  turn  a  subset  of 

Dn-l,    Dfj=S', 

(1)  for  each  m,  L^q  contains  X^.^q', 

(2)  for  each  n,   the  points  Xi.ni,  Xi,ni,  ■■■,■■■,   A'_2.„2,  A'_:,„2,  A'i,„2, 

Xi,n2,    ■■'     I    ■■■)■■'    )      A_2,n3„,      A_l,„,„,      Xl,nq„,       A2,ng„,    ■"■)■"■,       A_2,nl, 

JT_i,„i  have  on  i3„  the  cyclic  order  indicated ;{ 

(3)  for  each  Yn.nq,  there  exists  an  integer  r,  r^q,  such  that  A'„,,(„+i)r 
=  V 

-»    Tn,ng  j 

(4)  for  each  n  and  q,  q^q„,  neither  of  the  sequences,  Ti.n,,  T2,„q,  •  ■  ■  and 
r_i,„„  r_2,„„  •  ■  ■  has  a  sequential  limit  set.  Let  Ws  denote  the  point  set 
consisting  of  P  together  with  all  the  sets  Z,„,  and  T„,„g.  Such  a  set,  Ws,  is  said 
to  be  a  radial  web  skeleton  about  P. 

Theorem  53.  If  R  is  a  region  containing  an  edge  point  P,  R  contains  a 
radial  web  skeleton  about  P. 

Theorem  53  may  be  proved  with  the  help  of  Theorems  15,  18,  32,  33,  45, 
and  52  and  a  method  similar  to  that  of  Theorem  33. 

Definition  and  notation.  Suppose  that  Ws  is  a  radial  web  skeleton 
about  an  edge  point  P.  For  each  n  and  q,  q^qn,  L„q  of  Ws  is  the  sum  of  two 
rays  L^  and  L~  having  only  one  point  in  common  and  containing  A'i.„i, 
A'2,„„  •  •  •  and  X_i.„5,  X-i,„g,  ■  ■  ■  respectively.  Such  rays  are  said  to  be  rays 
on  |3„  and  to  have  the  cyclic  order  of  the  points  X„,nq.  The  point  set  Ws  is 
said  to  connect  Z^j  to  L^n+^r  if  Ti,„q  contains  points  of  both  of  them.  Likewise, 
Ws  is  said  to  connect  Z,"  to  L^+dt  if  T^-i.,.,  contains  points  of  both  of  them. 

t  When  an  integral  subscript  letter  is  followed  by  a  comma,  its  range  is  both  the  positive  and 
negative  integers. 

J  This  order  is  selected  arbitrarily  on  01 ;  then  it  is  transferred  from  ft  toft,  from  ft,  toft,  •  •  •  by 
the  arcs  r„,„,  using  Theorem  52. 
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Theorem  54.  Suppose  that  Ws  is  a  radial  web  skeleton  about  an  edge  point 
P,  and  Ws  connects  L'^g  to  L^r,+i)r  and  L~g,  to  L^n+i^r-.  Thenifq'  =  q  +  l,  r'  =  r+l, 
and  conversely. 


Proof.  Suppose  on  the  contrary,  for  instance,  that  Ti,u  contains  a  point 
of  Lti  and  of  Lti  while  r_i,i2  contains  a  point  of  Ln  and  of  /,«.  Since 
ri,iiH-r_i,i2+-P  does  not  separate  space,  there  exists  an  arc  T  from  Lu  to  /3i 
of  Ws  lying  except  for  its  end  points  in  D1  —  D2.  Let  T-0i  =  X  and  T-02  =  Y. 
Since  Y  is  between  Y\,n  and  F_i.i2  on  /So,  -Y  is  between  A'l.n  and  X_i,i2  on  /Si 
by  Theorem  52.  Hence  A^  is  either  on  the  subray  of  Ln  from  A'l.u  or  on  the 
subray  of  L^^  from  X_i,i2.  Suppose  the  former,  and  a  similar  argument  will 
apply  to  the  other  case.  Since  the  sequence  of  arcs  Ti.h,  7^2, h,  T's.h,  •  •  •  has 
no  sequential  limit  set,  there  is  some  one  of  them,  r„.ii,  which  has  no  point 
in  common  with  T  such  that  X„,n  is  between  X  and  A'_i,i2  on  /3i.  But  F„,u 
belongs  to  Z,^  and  is  not  between  }'  and  F_i.i2  on  182,  which  contradicts 
Theorem  52. 

A  similar  argument  will  show  the  converse  to  be  true;  that  is,  if  r'  =r  +  l, 
then  q'=q-\-\. 

Definition.  Suppose  that  Ws  is  a  radial  web  skeleton.  Then  Z;!,  and 
LZ{q+i)  of  Ws  are  said  to  be  adjacent  rays  on  |8„.t 

Theorem  55.  Suppose  that  Ws  is  a  radial  web  skeleton.  Then  Ws  connects 
each  pair  of  adjacent  rays  on  /3„  to  a  pair  of  adjacent  rays  on  /Sn+i,  and  if  Ws 


t  When  q  =  qn,  ?+l  is  to  be  interpreted  as  1. 
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connects  either  of  a  pair  of  adjacent  rays  on  I3„  to  a  ray  on  /3„_i,  tlien  Ws  connects 
this  pair  to  a  pair  of  adjacent  rays  on  /3„_i. 

Notation.  If  Ws  is  a  radial  web  skeleton,  let  C„<,  denote  the  component  of 
Dn  —  Dn+i  whose  boundary  l3„g  contains  L„g  of  ]Vs. 

Theorem  56.  //  Ws  is  a  radial  web  skeleton,  then  /3„5/3„+i  is  the  sum  of  a 
finite  collection  Hnq  of  consecutive  rays  on  l3„+i  consisting  of  two  extreme  rays, 
L~ln+i)q  and  Z^n+i),',  q^q',  and  all  other  rays  on  /3„+i  between  L~„+i)g  and 
L*n+i)q'',  and  LJr,+\)q  ond  L^n+Dg'  are  the  only  rays  of  H„q  which  are  connected  by 
Ws  to  rays  o//3„. 

Theoilem  57.  //  Ws  is  a  radial  web  skeleton  and  n  and  q  are  integers  such 
that  neither  Ltq  nor  LZ(g+i)  of  Ws  is  connected  to  a  ray  on  |8„_i  by  Ws,  then  there 
exists  a  sequence  of  mutually  exclusive  arcs  Ui[„g],  Unnq],  C^sfngj,  •  •  •  t  ^"'^Z' 
that  (1)  for  each  m,  m>0,  Uminq]  is  an  arc  from  Xm.nq  to  X_„,„(5+i)  lying 
except  for  these  two  points  in  Dn-i  —  Dn,  Da=S,  and  (2)  the  sequence  has  no 
sequential  limit  set. 

Proof.  Let  C  denote  the  component  of  Z)„_i  — D„  whose  boundary  con- 
tains L^g+L^^q+i),  and  let  L  denote  C-l3„-i.t  Let  G  denote  the  collection  of 
all  simple  domains  which  lie  together  with  their  boundaries  in  C.  By  Theo- 
rems 44  and  45,  G  covers  C.  Since  space  is  completely  separable,  G  contains 
a  countable  subcollection  /i,  /:,  h,  ■  ■  ■  covering  C.  For  each  integer  m,  m>0, 
let  Mm  denote  an  arc  irreducible  from  /„,,  the  boundary  of  /„,,  to  L  lying 
except  for  one  end  point  in  C.  By  Theorem  47,  C  —  C-(Jm+Mm)  is  the  sum 
of  two  connected  domains,  /„  and  Em,  where  the  boundary  of  £„  consists  of 
/m-flfm  together  with  the  boundary  of  C.  For  each  wz,  let  U'„[„g]  denote  an  arc 
from  Xm,ng  to  X_m,»(3+i)  lylug  except  for  these  end  points  in  £„.  By  Theorem 
49,  U'ming]  separates  C  into  two  internally  simple,  simply  connected  domains. 
One  of  these  domains  VJ  has  for  its  boundary  U'm[„q]  plus  the  subray  of  L^g 
from  Xm.-nq  and  the  subray  of  L~ig+i,  from  A'_„,„(5+i,,  and  contains  no  point 
of  Im.  If  the  arcs  U'm[nq]  are  mutually  exclusive,  then  they  form  the  sequence 
Uiinq],  Uiinq],  Uz{nq],  '  '  '  •  K  thls  Is  not  thc  case,  let  i/un,]  =  f/i[„,]  and 
Vi  =  V{ ,  and  suppose  that  Ui[„g]  ■  f/2[„5]  is  not  vacuous.  Let  AiBi  and  AiRi 
denote  intervals  of  Ui[„q]  and  U'^ng]  respectively  which  lie  in  C  and  contain 
Un„g]-U'ii„q].  By  Theorems  10  and  45  and  Theorem  13  of  Chapter  III  of 
Foundations,  there  exists  a  simple  closed  curve  J  lying  in  C  and  separating 
AiBi+A^Bi  from  X2.nq+X-.i,n(q+i)  such  that  the  common  part  of  /  with  each 
of  the  intervals  A2X2,„q  and  52X_2,„(,+i)  of  t/atn,]  is  connected.  Now  since 

t  This  notation,  [«}],  is  used  to  restrict  it  and  q  to  values  for  which  the  hj-po thesis  of  Theorem  57 
is  satisfied. 

t  When  n=  1,  C/3„_i  is  to  be  interpreted  as  a  point  of  L'^. 
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AoXi.ng  and  B2X-2.n(g+i)  are  subsets  of  I'l  and  contain  no  points  of  V2 ,  J  con- 
tains an  a.TcAB  lying  in  Vi  ■  Vi  except  for  A  and  B  irreducible  from  AiXi^,,^  to 

52A'_2. „(,+!).  Let   Ui{nq]  =^-S+.4A2.„5  of  yl2A'2,„,+5A'_2, „(,+!)  Oi  B2X-2.n{q+l), 

and  let  Vi  denote  the  component  of  Vi  —  Uiinq]  which  has  the  subray  of  Z,^ 
from  A's.n,  and  the  subray  of  Lniq+i)  from  A'_2,„(9+i)  on  its  boundary.  The  do- 
main V2  is  a  subset  of  Vi  ■  Vi .  This  process  may  be  continued  and  the  required 
sequence  of  arcs  constructed,  for  it  is  clear  that  since  Fi  d  F2  3  I's  3  ■  •  •  and 
ViViVi-  ■  ■  ■  =0,  the  sequence  of  arcs  has  no  sequential  limit  set. 

Notation  and  construction.  Now  on  a  radial  web  skeleton  it  is  possible 
to  construct  what  will  be  called  a  radial  web.  Let  Ws  denote  a  radial  web 
skeleton  about  an  edge  point  P.  For  each  integer  triplet,  m  (positive  or  nega- 
tive), «>0,  and  0<g^q„,  there  exists  a  continuous  reversible  transformation 
of  the  point  set  Tm.nq  —  Ym.ng  of  Ws  into  the  number  set  l/w^^>l/(«-f-l). 


Figure  5 

Let  X'm.nq  denote  the  point  of  7'„,,„,  whose  transform  is  the  number  /.  Then, 
of  course,  Xm,nq  =  Xm''„q.  Let  p  denote  a  countable  set  of  numbers  everywhere 
dense  on  0</<l  and  containing  all  the  reciprocals  of  positive  integers  ex- 
cept 1.  For  each  pair  of  positive  integers,  n  and  q,  q^q^,  and  for  each  /  of  p 
such  that  l/w^/>l/(«  +  l),  let  /-'„,  denote  an  open  curve  lying  in  C„,  such 
that  (1)  Z'„g  =  Z„,  if  /  =  !/«,  (2)  /,'„,  intersects  r„.„,  in  the  point  A'L.n,,  and 
(3)  if  t  and  t'  are  different  numbers  of  p,  L'„qL'„g  =  0.  Since  p  is  countable, 
these  open  curves  may  be  constructed  one  at  a  time  by  the  use  of  Theorem  18 
and  repeated  applications  of  Theorem  46. 

For  each  pair  of  integers,  n  and  q,  n>0  and  q^q„,  such  that  Z,^,  is  not 
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connected  by  Ws  to  a  ray  on  /3„_i,  there  exists  by  Theorem  57  a  sequence 
^i[n<7i,  ^2[n9i,  Using],  ■  •  •  of  Hiutually  cxclusIve  arcs  such  that  (1)  for  each  m, 
m>0,  U^[ng]  is  an  arc  from  A'„,.„,  to  X^^.u^q+d  lying  except  for  these  points 
in  D„-i  —  D„,Do  =  S,&nd  (2)  the  sequence  has  no  sequential  limit  set.  For  each 
/ofp,Iet/3'=X''Li-^U-  The  point  set  W^  consisting  of  1^5  together  with  all  the 
point  sets  /3'  and  Um[ng]  is  called  a  radial  web  about  P,  and  Ws  is  said  to  be 
the  skeleton  of  IV. 

Notation  and  definition.  If  X„,,„g  is  a  point  of  a  ray  on  /3„  of  the  skeleton 
Ws  of  the  radial  web  W  which  is  not  connected  to  a  ray  on  /3„_i  by  Ws,  let 
yV„,[„,,  denote  P  +^'^„T„,rp„  where  p„  =  g  and  for  r  >«,  pr  is  the  integer  such 
that  .Y„,rp,=  F„,(r-i)p,_,.  For  each  [nq]  and  m,  m>0,  let  /„[„,]  denote  the 
simple  closed  curve iVm,[n5]  + f^m[n,i+A^-m.[n(9+i)), and  let/m[n5)  denote thecom- 
plementary  domain  of  Jminq]  which  contains  Jm+n^g]  — -P-t  For  each  /  of  p,  let 
ULing]  denote  the  interval  of  Jm[nq]—P  which  is  irreducible  from  one  com- 
ponent of  /3'  to  another  component  of  /3'  with  t^l/n. 

For  each  pair  of  values,  t'  and  /"  of  p,  t'>t",  let  fm.\,ng\  denote  the  point 
set  consisting  of  the  interval  of  N„,[ng\  between  /3''  and  /S'",  when  both  /' 
and  /"  are  less  than  \/n,  together  with  the  rays  of  jS''  and  jS'"  from  the  end 
points  of  this  interval  which  intersect  iVm+i,[„5].  It  is  clear  that  0J,,[„,\ 
separates  space  into  two  mutually  exclusive  connected  domains,  one  of 
which,  /m![ri«'i,  is  a  subset  of  Imi^gi,  is  the  sum  of  an  infinite  number  of 
simple  domains,  and  has  /3'J,[„5)  for  its  complete  boundary.  For  each  m, 
m>0,  let  R'ming]  denote  Im,ing\+I-m.in{q+i)]-  The  boundary,  I3m[ng],  of  Rm[n,\ 
is  02"iug]+0~m.[ni.q+i)]-  Let  Plug]  denote  the  collection  of  all  domains  R'l[„q], 
where  l"  <t<t' .  The  collection  P{ng\  will  be  hereinafter  referred  to  as  an  ideal 
point.%  The  set  of  ideal  points,  X^jPln^i,  will  be  called  the  spur  N[nq]  and 
SiV[n5i  will  be  called  the  cluster  at  P  or  about  P. 

Theorem  58.  For  each  [nq],  tJie  sequence  Jung],  J2inq],  Jiinq],  ■  ■  ■  has P for 
its  sequential  limit  set  and  Ii[nq\  -hing]  -hinq],  •  ■  •  =0. 

Theorem  59.  For  each  m,  IF  —  TF-X^i-si-^'ninsi  ^^  ^  closed  and  compact  point 
set. 

Theorem  60.  If  P'i„g]  is  an  ideal  point  andM  is  a  compact  point  set,  there 
exists  a  number  b  and  an  integer  in,  such  that  ifO<t'  —  t"<5,  m  > m,  and  Rminq] 
belongs  to  P[nq],  then  R'm[ng]  contains  no  point  of  M. 

Theorem  61.  //  /  is  a  number  of  p  and  M  is  a  compact  point  set,  there  exists 
a  number  in  such  that  if  m>M,  then  for  no  [nq]  does  U'minq]  contain  a  point  of  M. 

t  The  point  sets  U,„[n,,]  may  intersect  the  sets  /3'  in  more  than  one  point. 
I  This  is  analogous  to  a  method  used  by  R.  L.  Moore  to  define  point  in  terms  of  piece.  See  R.  L. 
Moore,  A  set  oj  axioms  for  plane  analysis  situs,  Fundamenta  Mathematicae,  vol.  25  (1935),  pp.  13-28. 
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Notation  and  construction.  By  Theorem  24  the  set  of  edge  points  may  be 
put  mto  a  simple  countable  sequence  Pi,  P2,  Pz,  ■  ■  ■  .  Let  Wi,  W2,  U'3,  •  •  • 
and,  for  each  integer  /,  Rij,  R^,  R,,,  ■  ■  ■  and  Du,  A/,  D^,  ■  ■  ■  denote  se- 
quences of  point  sets  such  that  (1)  for  each  n  andj,  i?„,-  is  a  region  of  G„+i  of 
Axiom  1,  (2)  for  each  n  andj,  £>„,  is  a  pseudo-simple  domain  with  respect  to 
Pj  and  a  simply  connected  domain  Q„,  lying  with  its  boundary  in  R^,,  and 
D„i  contains  i?(„+i)„  (3)  for  each 7,  W,  is  a  radial  web  about  P,  whose  skeleton 
is  constructed  on  the  domains.  A,,  Ay,  Ay,  •  •  •  ,  and  lies  in  Ri,,  (4)  ii  j' >j 
and  Rij'  contains  a  point  of  Dij,  then  iJiy  is  a  subset  of  ^1,,  and  (5)  for  each 
integer  /,  there  exists  an  integer  m  such  that  if  j  <j',  then  Rij'  contains  no 

point  of  2Zi"9)^mi»9i  of  W^)-  Let  G  denote  a  countable  collection  of  simple 
domains  such  that  if  .Y  is  a  simple  point  of  5  and  Ris  a.  region  containing  A", 
some  domain  of  G  contains  A'  and  lies  together  with  its  boundary  in  R.  For 
each  integer  i,  let  Hi  denote  the  collection  of  all  the  domains  D  such  that 
either  (1')  ^^  is  a  simple  domain  of  G  which  is  a  subset  of  a  region  of  d  of 
Axiom  1,  or  (2')  for  some  pair  of  integers  n  and  j,  n+j^i,  D  is  a  pseudo- 
simple  domain  D„j,  or  (3')  for  some  triplet  of  integers,  m,  n,  and  q,  and  some 
pair  of  numbers,  /'  and  /",  of  p,  with  m^i  and  0<l'  —  t"^l/i,  Z?  =  i?'2['n5i  of 
PFyfor  somey. 

Definition.  If  for  some  i  and/,  Z)  is  a  domain  of  Hi  and  P[„g]  is  an  ideal 
point  defined  from  TFy,  then  D  is  said  to  inclose  P'[„g]  provided  that  some  do- 
main of  P[„5]  together  with  its  boundary  is  a  subset  of  D. 

Definition.  Let  S'  be  a  space  in  which  point  is  to  be  interpreted  as  mean- 
ing either  a  point  of  5  or  one  of  the  ideal  points  defined  by  Wj  for  some  j, 
and  in  which  region  is  to  be  interpreted  as  meaning  a  point  set  g'  consisting 
of  the  points  of  some  domain  D  of  Hi,  for  some  /,  together  with  the  ideal 
points  which  D  incloses.  A  point  of  S'  which  is  also  a  point  of  5  will  be  called 
an  "ordinary"  point  and  a  point  of  S'  which  is  not  a  point  of  5  will  be  called 
an  "ideal"  point.  Regions  in  S'  will  be  referred  to  as  G'-regions. 

From  here  on  the  space  to  be  considered  is  S' . 

.Theorem  63.  In  S,  point  and  limit  point  are  unchanged  by  the  above  defini- 
tion of  point  and  region  in  S' . 

Theorem  64.  Every  point  of  S'  is  a  limit  point  of  S. 


Theorem  65.  Ifg'isaG'-region,lheng'=g'-S. 

Theorem  66.  If  J  is  a  simple  closed  curve  of  ^'ordinary"  points,  then  S'—J 
is  the  sum  of  two  mutually  exclusive  connected  domains  each  having  J  for  its 
complete  boundary. 
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Proof.  The  point  set  S—J  is  the  sum  of  two  mutually  separate  connected 
sets  H  and  A'.  Let  H'  =  71  —  H  J  and  K'  =  K  —  K  J .  Suppose  that  H'  has  a 
point  A  in  common  with  A"'.  The  point  A  is  an  "ideal"  point  P{nq].  By 
Theorem  60  there  exists  a  number  nii  such  that  if  w>wi  and  A'„'[„,]  belongs 
to  P[nq\,  then  'R!minq\-S  contains  no  point  of  /.  But  R'linq]  contains  points 
of  both  H  and  A.  Hence,  /«,(„,] +(3'J.[„g]  is  a  subset  of  H,  say,  and 
l'-'m.in^q+\)\-\-^-m.[n{Q+\)]  IS  a  subsct  of  A.  By  Theorem  61  there  exists  a 
number  m^  such  that  if  m>ni2,  then  U„inq]  does  not  intersect  /.  But  for 
each  m,  ULing]  intersects  both  /3m'.[„,]  and  i3'_U.[„(5+i)],  t" <t<t',  which  leads 
to  a  contradiction  when  m  is  greater  than  both  wli  and  nii.  Hence,  H'  and  K' 
have  no  point  in  common.  Since  H  and  A  are  connected  and  have  /  on 
their  respective  boundaries,  H'  and  A'  are  connected  and  have  J  for  their 
respective  boundaries.  By  Theorem  64,  S'  =J +H' -\-K' . 

Theorem  67.  //  P[nq]  belongs  to  the  cluster  of  "ideal"  points  about  the 
point  Pj,  and  g'  is  a  G' -region  containing  the  point  P[nq\  such  that  g'S  is 
not  a  domain  of  P[nq\,  then  g    S  contains  Pj. 

Proof.  Suppose  that  g'  ■  5  is  not  a  domain  of  P[uq\  but  contains  a  domain  R 
of  P[nq]  and  l'  -5  does  not  contain  Pj. 

Case  I.  If  g'- 5  is  of  type  (l'),t  its  boundary /separates  A  from  P,.  There- 
fore, infinitely  many  of  the  simple  closed  curves /i[„5],J2[n5i, /3[n,],  •  ■  •  oiWj 
would  intersect  /.  But  since  7  is  a  compact  subset  of  S,  the  sequential  limit 
set  of  Ji[nq\,  J2{nq],  Jiinq],  '  "  '  of  W j  wouM  contaln  points  of  5  other  than  Pj, 
contrary  to  Theorem  58. 

Case  II.  li  g'  -S  is  of  type  (2')  and  its  boundary  was  used  in  the  construc- 
tion of  the  web  Wj',  theny'  is  notj  and  one  may  see,  from  Theorem  58  and  a 
method  similar  to  that  of  Theorem  40,  that  the  boundary  oi  g'  -S  and  a  finite 
number  of  the  arcs  of  the  type  U m[nq]  of  W j'  contains  a  simple  closed  curve  / 
lying  in  5  and  separating  g'  S,  and  hence  R,  from  Pj.  This  leads  to  a  contra- 
diction as  in  Case  I. 

Case  III.  li  g'  S  is  of  type  (3'),  there  exists  an  integer 7',  such  that/'  is 
not  7  and  g'  S  was  defined  using  the  web  IF,-.  Hence,  P;-  is  not  Pj  and  the 
boundary  of  g'  S  together  with  one  of  the  simple  closed  curves  of  the  type 
J m\nq\  of  Wj-  contains  a  simple  closed  curve  J  lying  in  5  and  separating  g'  S, 
and  hence  R,  from  Pj.  This  leads  to  a  contradiction  as  in  Case  I. 

Definition.  For  each  i,  let  Gi  denote  the  collection  of  all  G'-regions  g' 
oi  S'  such  that  D=g'  S  is  an  element  of  Hi.  The  region  g'  is  said  to  be  defined 
by  or  obtained  from  D. 


t  See  Notation  and  construction,  p.  87. 
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Theorem  68.  //  P'lnq]  is  an  "ideal"  point,  there  exists  an  integer  k  suck 
that  no  region  of  Gk  contains  P[ng]  except  those  regions  of  Gk  defined  from  do- 
mains belonging  to  P[nq]. 

Proof.  Let  Pj  denote  the  edge  point  P  such  that  the  cluster  about  P  con- 
tains P('„,|.  Let  fi  denote  an  integer  such  that  t>\/n.  There  exists  an  integer 
m  such  that  if  i  is  an  integer  greater  than  in  and  i?  is  a  region  in  5  of  G;  of 
Axiom  1  which  contains  Pj,  then  i?  is  a  subset  of  D-  in  S.  Suppose  that  g' 
is  a  region  of  G' ,  i>fn,  of  the  type  (!')  or  (2')  which  contains  P[n,i.t  Then 
by  Theorem  67,  g'  S  contains  Pj.  But  g'-5  is  a  subset  of  a. region  R  of  Gi  of 
Axiom  1 .  Hence,  R  contains  Pj  and  points  not  belonging  to  £>-,  which  is  a 
contradiction.  Likewise,  lif^in  and  j^j,  no  region  of  type  (3')  obtained  from 
a  domain  of  an  "ideal"  point  of  the  cluster  about  P,  contains  P[ng]  because 
each  such  domain  together  with  its  boundary  in  5  is  a  subset  of  a  region  of  G.- 
of  Axiom  1  with  i>m.  Now  by  Theorem  58,  for  each  integer 7,7  <w  andjVj, 
there  exists  an  integer  in,-  such  that  for  m>mj,  X^i"?!-^"-!"?!  defined  from  W,- 
does  not  contain  Pj.  Then  if  g'  is  a  region  of  type  (3')  of  G/ ,  i>mj,  defined 
by  Wi,  g'S  does  not  contain  Pj.  Hence,  by  Theorem  67,  R  does  not  contain 
P['„,].  Let  k  denote  an  integer  greater  than  in  and  for  each  7, 7  <w  and7V7, 
greater  than  in,:  Thus,  ii  i>k  and  g'  is  a  region  of  G/  which  contains  P[„q], 
then  g'  was  obtained  from  a  domain  of  P'lng],  for  no  two  regions  of  type  (3') 
defined  by  Wj  containing  points  of  different  spurs  of  the  cluster  about  Pj  have 
a  point  in  common. 

Theorem  69.  The  space  S'  satisfies  Axiom  I. 

Proof.  It  can  be  shown  with  the  help  of  Theorems  67  and  68  that  S'  satis- 
fies parts  (1),  (2),  and  (3)  of  Axiom  l.J  Considerable  argument  is  required 
but  is  left  to  the  reader. 

It  will  now  be  shown  that  part  (4)  of  Axiom  1  is  satisfied.  Suppose  that 
Ml,  M2,  M3,  •  •  •  is  a  sequence  of  closed  subsets  of  S'  such  that  for  each  i, 
Mi  contains  Mi+i  and  is  a  subset  of  a  region  g/  of  G/ . 

Case  I.  Suppose  that  for  infinitely  many  values  of  i,  g/  is  of  type  (1') 
or  (2').  Suppose  for  simplicity  that  this  is  true  for  all  integers  i.  Then  for 
each  i,  Ki  =  (gi'  -S)  ■  (gt  -S)  ■  ■  ■  (g/  -5)  is  a  non-vacuous  point  set  closed  with 
respect  to  5  such  that  Kt  contains  A',+i.  But  for  each  i,  g/  S,  and  hence  Kt, 
is  a  subset  of  a  region  R,  of  G.  of  Axiom  1.  By  Axiom  1  for  S,  there  exists  a 
point  P  oi  S  which  for  each  i  belongs  to  Ki.  Hence  in  5',  P  belongs  to  the 


t  See  Notation  and  construction,  p.  87. 

t  See  footnote  p.  54.   The  role  of  the  collections  Ci,  Gj,  Ca,  •  ■  •    is  now  to  be  taken  by  the 
collections  G' ,  Gj ,  G3 ,  •  •  •  . 
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sequential  limit  set  of  Mi,  M2,  M3,  ■  ■  ■    and  therefore  for  each  i,  P  belongs 
to  Mi. 

Case  II.  If  Case  I  does  not  occur,  then  there  exists  an  integer^  such  that 
for  infinitely  many  values  of  i,  g/  is  a  G'-region  of  type  (3')  defined  by  the 
web  Wy,  for  otherwise  infinitely  many  of  these  regions  of  type  (3')  could  be 
replaced  by  regions  of  type  (2')  satisfying  the  above  conditions.  Suppose 
for  simplicity  that  for  each  i,  g'  is  of  type  (3')  and  defined  by  Wj.  Since  no 
two  regions  of  type  (3')  defined  by  U  j  which  have  a  point  in  common  contain 
points  of  different  spurs  of  the  cluster  about  Pj,  there  exist  for  each  i,  integers 
m,  n,  and  q,  and  numbers  t'  and  t",0<t" <t' <l,  such  that  (1)  R'2[„q]  defined 
from  Wj  is  gl  S,  (2)  [ng]  does  not  vary  with  i,  and  (3)  w— ><»  and  (t'  —  t") 
— *0,  as  i—><x>.  Since  for  each  i,  g'  contains  points  of  g{ ,  there  exists  a  num- 
ber t,0<i<l,  such  that  as  i— ><»,  t'^>t  and  t"-^t.  Hence  P[„gi  is  common  to 
Ml,  M2,  Ml,  •  •  •  . 

Theorem  70.  Every  G'-region  is  a  simple  domain. 

Theorem  71.  The  space  S'  satisfies  Axioms  2,  3,  5*,  and  7  and  contains  no 
edge  points. 

Theorem  71  is  a  consequence  of  Theorems  64,  69,  and  70  and  the  fact  that 
the  collection  of  all  G'-regions  is  countable. 

Theorem  72.  //  /  is  a  simple  closed  curve  of  "ordinary^^  points,  I  is  one 
of  its  complementary  domains,  the  points  A  and  B  separate  the  points  C  and  D 
on  J ,  and  AXB  is  an  arc  of  "ordinary"  points  such  that  AXB  is  a  subset  of  I, 
then  I  —AXB  is  the  simi  of  tivo  simple  domains  /j  and  1 2  such  that  the  boundary 
of  /,  is  the  simple  closed  curve  ACB(of  J)  +AXB  and  the  boundary  of  h  is  the 
simple  closed  curve  ADB{of  J) -{-AXB. 

Proof.  Since  the  theorem  holds  for  S,  it  can  be  shown  to  hold  for  S'  with 
the  help  of  Theorem  66. 

Theorem  73.  Theorem  72  remains  true  when  the  segment  AXB  contains 
just  one  "ideal"  point. 

Proof.  Suppose  for  simplicity  of  notation  that  A'  is  the  "ideal"  point  of 
the  segment  AXB.  Let  IF,  denote  the  web  used  in  the  definition  of  the  do- 
mains of  X,  and  let  Ni„g]  denote  the  spur  which  contains  X.  A  number  of 
cases  occur  depending  upon  where  the  edge  point  Pj  is.  Only  one  of  these 
cases  will  be  treated.  The  others  may  be  dealt  with  in  a  somewhat  similar 
but  more  complicated  manner. 

Suppose  thatP,-  does  not  belong  to  J+AXB.  Let  /ii„,i,  Jiin^i,  Jainq],  •  •  • 
denote  the  sequence  of  simple  closed  curves  in  Wj  which  has  as  its  sequential 
limit  set  P>-f-A'[„5].  It  can  be  shown  by  using  Theorem  10  that  there  exists  a 
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sequence  Ci,  Ci,  d,  ■  ■  ■  of  simple  closed  curves  whose  sequential  limit  set 
is  Pj+N[nQi  such  that  for  each  k,  (1)  there  is  an  integer  m,  m'^k,  so  that  Ck 
is  a  subset  of  J,ninq]+AXB,  (2)  CkAX  is  an  arc  AiAi'  and  CkBX  is  an 
aTcBkBk' ,  (3)  the  components  of  Cfc  —  Cf^A^5  are  two  segments,  Ak'X^Bk 
and  Ak'  YkBi' ,  which  approach  the  rays  ^A'  and  BX  in  X  from  different 
sides  but  AiXkBk  and  Ak+iXk+iBk+i  approach  these  rays  from  the  same 
side,  and  (4)  the  common  part  of  Ck  and  Ck+i  is  at  most  P,-,  Ck  separating 
Ca+1  —  Ci+i  •  Ck  from  /.  For  each  k,  let  /u  and  hk  denote  respectively  the  com- 
plementary domains  of  ^.l,'(of  AX)+Ai XkBi +BBi{oi  BX)+ACB  or 
^^*"(of  AX)-^Ai'YkBi'+BBi'{oi  BX)+ACB  and  AAi{ol  AX) 
■\-AiXkBk'+BBi{oi  BX)+ADB  or  AA^' +A^'YkB^' +BB^' (oi  BX) 
+ADB  which  are  subsets  of  /.  Let  A  denote  /ii-f-/i2+/i3+  •  ■  •  together 
with  the  limit  points  of  this  set  which  do  not  belong  to  J+AXB,  and  let  h 
denote  /21+/22+/234-  •  •  •  together  with  the  limit  points  of  this  set  which  do 
not  belong  to  J+AXB.  These  point  sets,  /i  and  I2,  can  be  shown  to  be  do- 
mains satisfying  the  conclusions  of  Theorem  72. 

Theorem  74.  Theorem  72  remains  true  if  the  arc  AXB  contains  only  a 
finite  number  of  "ideal"  points. 

Proof.  The  method  of  proof  will  be  that  of  mathematical  induction.  Theo- 
rem 73  shows  that  Theorem  74  holds  true  when  the  number  of  "ideal"  points 
is  one.  We  shall  suppose  that  the  theorem  holds  for  j  — 1  or  less  points  and 
show  that  it  holds  for 7  points.  Suppose  that  AXB-{S' —S)=Zi+Z2+  ■  ■  ■ 
+Zj.  Let  iV[„,]  denote  a  spur  containing  one  of  these  "ideal"  points,  and  let 
Zr  denote  that  one  of  them  on  A' [n,]  which  is  farthest  in  iV[„,]  from  its  end 
point.  Now  the  argument  of  Theorem  73  may  be  applied,  Zr  playing  the  role 
of  A'. 

Theorem  75.  //  /  is  a  simple  closed  curve  containing  only  a  finite  number 
of  "ideal"  points,  then  S'—J  is  the  sum  of  two  mutually  exclusive  connected  do- 
mains each  having  J  for  its  boundary. 

Proof.  Let  0  denote  an  ordinary  simple  point  of  /,  and  let  R  denote  a 
simple  domain  whose  boundary  contains  no  "ideal"  points  such  that  RJ  isa. 
subset  of  an  arc  in  J  of  "ordinary"  points.  Let  ACB  denote  an  arc  of  "ordi- 
nary" points  in  R  which  has  only  the  two  points  A  and  B  in  common  with  / 
and  such  that  an  arc  ADB  of  J  is  sl  subset  of  R.  It  is  now  easy  to  see  that, 
with  the  help  of  Theorem  74,  Theorem  75  may  be  established. 

Theorem  76.  Theorem  72  remains  true  regardless  of  the  composition  of  the 
arc  AXB. 

Proof.  By  slight  modifications  of  the  arguments  of  R.  L.  Moore  a  number 
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of  the  theorems  of  Chapter  III  of  Foundations  can  be  shown  to  hold  true  in  S' 
if  the  simple  closed  curves  involved  contain  at  most  a  finite  number  of  "ideal" 
points. t  In  particular  Theorem  13  of  Chapter  III  of  Foundations  holds  true 
in  S'  for  simple  closed  curves  which  contain  at  most  a  finite  number  of  "ideal" 
points.  Theorem  76  may  then  be  established  in  the  following  manner. 

Since  the  boundaries  of  G'-regions  are  simple  closed  curves  containing 
at  most  a  finite  number  of  "ideal"  points,  it  is  easy  to  see  that  there  exist 
two  sequences  of  mutually  exclusive  arcs  AlXiB( ,  A^X^Bi ,  A3  X3B3 ,  ■  ■  ■ 
and  A{'Y,B{',Ai'¥,B^',  Ai'Y^Bi' ,  ■  ■  ■  such  that  (1)  for  each  k  the  seg- 
ments .4 1  A' a-5a  and.4t"  Y  kB^'  are  subsets  of/,  contain  at  most  a  finite  num- 
ber of  "ideal"  points  and  the  points  A I ,  .6/ ,  A I ' ,  and  Bk'  belong  to  segments 
AC,  BC,  AD,  and  BD  of  /  respectively,  (2)  for  each  k,  the  complementary 
domain  of  A  iX^B^  +A  i  AA  i'  (of  J)  +Bi!  BB^'  (of  J)  +A  I'  Y^BV  which  is  a 
subset  of  I  contains  the  segment  of  AXB  and  the  corresponding  com- 
plementary domain  of  .4t'+iA'i-+i5iVi-|-ylA+i^^t+i(of  J)+BU\BB'Ux{oi  J) 
-\-A'k'+iY k-i-iB'k+-i,  and  (3)  the  sequential  limit  set  of  either  of  these  two  se- 
quences of  arcs  is  AXB.  If  for  each  k,  lu  and  lik  denote  respectively  the 
complementary  domains  of  Ai:CB,!{oi  J)-\-AiXB^  and  Ai'DB^'ipl  J) 
+Ak'YBk'  which  are  subsets  of  /,  then  Ii=^Iik  and  h^'^hk  satisfy  the 
conclusions  of  Theorem  72. 

Now  as  in  Theorem  75  it  is  possible  to  establish 

Theorem  77.  ///  is  a  simple  closed  curve  containing  an  arc  of  "ordinary" 
points,  then  S'  —J  is  the  sum  of  tivo  mutually  exclusive  connected  domains  each 
having  J  for  its  boundary. 

With  the  help  of  Theorem  77  and  methods  similar  to  those  in  Foundations 
it  can  be  shown  that  Theorem  74  remains  true  when  the  simple  closed  curve  J 
is  of  any  nature,  provided  it  contains  an  arc  of  "ordinary"  points.  With  this 
in  mind,  it  is  easy  to  see  that  Theorem  76  remains  true  when  /  is  of  any 
nature,  provided  it  contains  an  arc  of  "ordinary"  points.  Then  as  in  Theorem 
74  it  is  possible  to  establish 

Theorem  78.  If  J  is  a  simple  closed  curve,  S' —J  is  the  sum  of  two  mutually 
exclusive  connected  domains  each  having  J  for  its  boundary. 

Theorem  79.  The  space  S'  satisfies  Axiom  4. 

Theorem  80.  The  space  S  is  homeomorphic  with  a  subset  of  a  space  S' 
which  satisfies  Axioms  0-4,  5*  and  7  and  contains  no  edge  points. 


t  It  may  be  helpful  for  the  reader  to  note  that  an  arc  in  S'  may  be  approximated  by  an  arc  in  S' 
which  contains  at  most  a  finite  number  of  "ideal"  points  since  a  G'-region  has  at  most  two  "ideal" 
points  in  its  boundar>'. 
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Theorem  81.  The  space  S  is  homeomorphic  with  a  subset  of  a  plane  or  a 
sphere. 

Proof.  J.  H.  Robertsf  has  shown  that  S'  of  Theorem  80  is  homeomorphic 
with  a  subset  of  a  plane  or  a  sphere. 

Some  of  the  preceding  results  will  now  be  summarized  for  metric  spaces 

Theorem  82.  A  locally  connected,  complete  metric  space  in  which  the  Jordan 
Curve  Theorem%  is  satisfied  non-vacuously  and  in  which  Axiom  5*  holds  true, 
is  a  cyclicly  connected  subset  of  a  plane  (if  not  compact)  or  a  sphere  (if  compact) . 

Proof.  A  locally  connected  complete  metric  space  satisfies  Axioms  0,  1, 
and  2.  And  such  a  space  in  which  Axiom  5  *  holds  true  satisfies  Axioms  4  and  3 
if  the  Jordan  Curve  Theorem  holds  true  non-vacuously  (Theorem  B).  Axiom 
7  holds  true  in  such  a  space  by  Theorem  31.  Thus  Theorem  82  follows  from 
Theorem  81. 

Theorem  83.  A  locally  connected,  locally  peripherally  connected,  complete 
metric  space  in  which  the  Jordan  Curve  Theorem  is  non-vacuously  satisfied  is  a 
cyclicly  connected  subset  of  a  plane  or  a  sphere.^ 

Theorem  84.  A  locally  connected,  locally  peripherally  compact,  complete 
metric  space  in  which  the  Jordan  Curve  Theorem  is  non-vacuously  satisfied  is  a 
cyclicly  connected  subset  of  a  plane  or  a  sphere. 


t  J.  H.  Roberts,  Concerning  compact  conlinua  in  certain  spaces  of  R.  L.  Moore,  Bulletin  of  the 
American  Mathematical  Society,  vol.  39  (1933),  pp.  615-621 
X  Axiom  4. 
§  See  p  S3. 
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NON-SEPARABLE  AND  PLANAR  GRAPHS* 

BY 

HASSLER  WHITNEY 

Introduction.  In  this  paper  the  structure  of  graphs  is  studied  by  purely 
combinatorial  methods.  The  concepts  of  rank  and  nullity  are  fundamental. 
The  first  part  is  devoted  to  a  general  study  of  non-separable  graphs.  Condi- 
tions that  a  graph  be  non-separable  are  given;  the  decomposition  of  a  sepa- 
rable graph  into  its  non-separable  parts  is  studied;  by  means  of  theorems  on 
circuits  of  graphs,  a  method  for  the  construction  of  non-separable  graphs  is 
found,  which  is  useful  in  proving  theorems  on  such  graphs  by  mathematical 
induction.  In  the  second  part,  a  dual  of  a  graph  is  defined  by  combinatorial 
means,  and  the  paper  ends  with  the  theorem  that  a  necessary  and  suflBcient 
condition  that  a  graph  be  planar  is  that  it  have  a  dual. 

The  results  of  this  paper  are  fundamental  in  papers  by  the  author  on 
Congruent  graphs  and  the  connectivity  of  graphs]  and  on  The  coloring  of  graphs.  % 

I.  Non-separable  graphs 

1.  Definitions. §  A  graph  G  consists  of  two  sets  of  symbols,  finite  in  num- 
ber: vertices,  a,  b,  c,  ■  ■  ■  ,f,  and  arcs,  a{ab),  0{ac),  ■  •  ■  ,  S(cf).  If  an  arc  a{ab) 
is  present  in  a  graph,  its  end  vertices  a,  b  are  also  present.  We  may  write  an 
arc  a{ab)  or  a(ba)  at  will ;  we  may  write  it  also  ab  or  ba  if  no  confusion  arises, — 
if  there  is  but  a  single  arc  joining  a  and  b  in  G.  We  say  the  vertices  a  and  b 
are  on  the  arc  a(ab),  and  the  arc  a(ab)  is  on  the  vertices  a  and  b.  The  null 
graph  is  the  graph  containing  no  arcs  or  vertices. 

The  obvious  geometrical  interpretation  of  such  a  graph,  or  abstract  graph, 
is  a  topological  graph,  let  us  say.  Corresponding  to  each  vertex  of  the  abstract 
graph,  we  select  a  point  in  3-space,  a  vertex  of  the  topological  graph.  Corre- 
sponding to  each  arc  a(ab)  of  the  abstract  graph,  we  select  an  arc  joining  the 
corresponding  vertices  of  the  topological  graph.  An  arc  is  here  a  set  of  points 
in  (1,  1)  correspondence  with  the  unit  interval,  its  end  vertices  corresponding 

*  Presented  to  the  Society,  October  25,  1930;  received  by  the  editors  February  2,  IWl.  ,\n  out- 
line of  this  paper  will  be  found  in  the  Proceedings  of  the  National  .\cadcmy  of  Sciences,  vol.  17 
(1931),  pp.  125-127. 

t  American  Journal  of  Mathematics,  vol.  54  (1932),  pp.  150-168. 

J  An  outline  will  be  found  in  the  Proceedings  of  the  National  Academy  of  Sciences,  vol.  17 
(1931),  pp.  122-125. 

§  Compare  Ste.  Lague,  Les  Rcseaux,  Memorial  des  Sciences  Math£matiques,  fascicule  18,  Paris, 
1926. 
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with  the  ends  of  the  interval.  Moreover,  we  let  no  arc  pass  through  other 
vertices  or  intersect  other  arcs.  We  shall  consider  topological  graphs  no  fur- 
ther till  we  come  to  the  section  on  planar  graphs. 

An  isolated  vertex  is  a  vertex  which  is  not  on  any  arc.  A  chain  is  a  set  of  one 
or  more  distinct  arcs  which  can  be  ordered  thus:  ab,  be,  cd,  ■  ■  ■  ,  ef,  where 
vertices  in  different  positions  are  distinct,  i.e.  the  chain  may  not  intersect 
itself.  A  suspended  chain  is  a  chain  containing  two  or  more  arcs  such  that  no 
vertex  of  the  chain  other  than  the  first  and  last  is  on  other  arcs,  and  these 
two  vertices  are  each  on  at  least  two  other  arcs.  A  circuit  is  a  set  of  one  or 
more  distinct  arcs  which  can  be  put  in  cyclic  order,  a6,  6c,  •  •  •  ,  e/,/(2,  vertices 
being  distinct  as  in  the  case  of  the  chain.  A  k-circuit  is  a  circuit  containing  k 
arcs.  Thus,  the  arc  a{aa)  is  a  1-circuit;  the  two  arcs  a(ab),  ^{ab)  form  a 
2-circuit. 

A  graph  is  connected  if  any  two  of  its  vertices  are  joined  by  a  chain.  Ob- 
viously, if  a  and  b  are  joined  by  a  chain,  and  b  and  c  are  joined  by  a  chain,  then 
a  and  c  are  joined  by  a  chain.  Any  graph  consists  of  a  certain  number  of  con- 
nected pieces  (one,  if  the  graph  is  connected).  In  particular,  an  isolated  vertex 
is  one  of  the  connected  pieces  of  a  graph.  A  graph  is  called  cyclicly  connected 
if  any  two  of  its  vertices  are  contained  in  a  circuit.  If  Gi,  G2,  ■■  ■  ,  Gm  are  a 
set  of  graphs,  no  two  of  which  have  a  common  vertex  (or  arc,  therefore),  we 
say  the  graph  G,  formed  of  the  arcs  and  vertices  of  all  these  graphs,  is  the 
stim  of  these  graphs.  Thus,  a  graph  is  the  sum  of  its  connected  pieces.  A  forest 
is  a  graph  containing  no  circuit.  A  tree  is  a  connected  forest.  A  subgraph  H 
of  G  is  a  graph  containing  a  subset  (in  particular,  all  or  none),  of  the  arcs  of  G, 
and  those  vertices  of  G  which  are  on  these  arcs. 

2.  Rank  and  nullity.*  Given  a  graph  G  which  contains  V  vertices,  E  arcs, 
and  P  connected  pieces,  we  define  its  rank  R,  and  its  nullity  (or  cyclomaiic 
number  or  first  Betti  number)  A'^,  by  the  equations 


R  =  V  -  P, 


N 


R  =  E  -  V  +  P. 


If  G  contains  the  single  arc  ab,  it  is  of  rank  1,  nullity  0,  while  if  it  contains 
the  single  arc  aa,  it  is  of  rank  0,  nuUity  1. 

The  first  two  theorems  follow  immediately  from  the  definitions  of  rank 
and  nulUty: 

Theorem  1 .  If  isolated  vertices  be  added  to  or  subtracted  from  a  graph,  the 
rank  and  nullity  remain  unchanged. 


*  These  are  just  the  rank  and  nullity  of  the  matrix  ff,  of  Poincare.  See  Veblen's  Colloquium 
Lectures,  A  nalysis  Situs. 
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Theorem  2.  Let  the  graph  G'  be  formed  from  the  graph  G  by  adding  the  arc 
ab.  Then 

(1)  if  a  and  b  are  in  the  same  connected  piece  in  G,  then 

R'  =  R^    N'  =  N  +  1; 

(2)  if  a  and  b  are  in  diferenl  connected  pieces  in  G,  then 

R'  =  R  +  I,   X'  =  .V. 

Theorem  3.  In  any  graph  G, 

R  ^0,   y  ^  0. 

For  let  Gi  be  the  graph  containing  the  vertices  of  G  but  no  arcs.  Then  if 
Ri  and  Ni  are  its  rank  and  nullity, 

/?!  =  ,V,  =  0. 

We  build  up  G  from  d  by  adding  the  arcs  one  at  a  time.  The  theorem  now 
follows  from  Theorem  2. 

Theorem  4.  A  forest  G  is  a  graph  of  nullity  0,  and  conversely. 

Suppose  first  G  contained  a  circuit  P.  We  shall  show  that  the  nullity  of  G 
is  >0.  We  build  up  G  arc  by  arc,  adding  first  the  arcs  of  the  circuit  P.  In 
adding  the  last  arc  of  the  circuit,  the  nullity  is  increased  by  1,  as  this  arc 
joins  two  vertices  already  connected.  (This  argument  holds  even  if  the  circuit 
is  a  1-circuit.)  But  in  adding  the  rest  of  the  arcs,  the  nullity  is  never  decreased, 
by  Theorem  2.  Thus  the  nulUty  of  G  is  >0. 

Now  suppose  G  is  a  forest,  and  therefore  contains  no  circuit.  Build  up  G 
arc  by  arc.  Each  arc  we  add  joins  two  vertices  formerly  not  connected.  For 
otherwise,  this  arc,  together  with  the  arcs  of  a  chain  connecting  the  two  ver- 
tices, would  form  a  circuit.  Therefore,  by  Theorem  2,  the  nullity  remains  al- 
ways the  same,  and  is  thus  0. 

3.  Theorems  on  non-separable  graphs.  We  introduce  the  following 

Definitions.  Let  Hi,  which  contains  the  vertex  ai,  and  H^,  which  contains 
the  verte.x  a^,  be  two  graphs  without  common  vertices.  Let  us  rename  ai  a, 
and  rename  the  arcs  of  Hi  on  ai  accordingly;  that  is,  if  aib  is  an  arc  on  Oi,  we 
rename  it  ab.  Rename  also  a^  a,  and  rename  the  arcs  of  H^  accordingly.  Hi  and 
H2  have  now  the  vertex  a  in  common;  they  form  the  graph  G,  say.  We  say  G 
is  formed  by  letting  the  vertex  Oi  of  Hi  coalesce  with  the  vertex  a^  of  H^.,  or, 
by  joining  Hi  and  Ho  at  a  vertex.  Geometrically,  we  pull  the  vertices  ai  and  ^2 
together  to  form  the  single  vertex  a. 

Let  G  be  a  connected  graph  such  that  there  exist  no  two  graphs  Hi  and 
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Hi,  each  containing  at  least  one  arc,  which  form  G  if  they  are  joined  at  a 
vertex.  Then  G  is  called  non-separable.  Geometrically,  a  connected  graph  is 
non-separable  if  we  cannot  break  it  at  a  single  vertex  into  two  graphs,  each 
containing  an  arc.  For  example,  the  graph  consisting  of  the  two  arcs  ah,  be 
is  separable,  as  is  the  graph  consisting  of  the  two  arcs  a{aa),  &{aa).  A  graph 
containing  but  a  single  arc  is  non-separable,  as  is  the  graph  containing  only 
the  arcs  a{ab),  (i{ab). 

If  G  is  not  non-separable,  we  say  G  is  separable.  Thus,  a  graph  that  is  not 
connected  is  separable.  Suppose  some  connected  piece  d  of  G  is  separable. 
If  Hi  and  H^  joined  at  the  vertex  a  form  Gi,  we  say  a  is  a  cut  vertex  of  G.  We 
have  consequently 

Theorem  5.  A  necessary  and  sufficient  condition  that  a  connected  graph  be 
non-separable  is  that  it  have  no  cut  vertex. 

Theorem  6.  Let  G  be  a  connected  graph  containing  no  1-circuit.  A  neces- 
sary and  sufficient  condition  that  the  vertex  a  be  a  cut  vertex  of  G  is  that  there  exist 
two  vertices  b,  c  in  G,  each  distinct  from  a,  such  that  every  chain  from  b  to  c  passes 
through  a. 

First  suppose  a  is  a  cut  vertex  of  G.  Then,  by  definition,  Hi  and  Hi,  each 
containing  at  least  one  arc  which  is  not  a  1-circuit,  form  G  if  they  are  joined 
at  a.  Let  6  be  a  vertex  of  Hi  and  c  a  vertex  of  Hi,  each  distinct  from  a.  As  a 
is  the  only  vertex  in  both  Hi  and  H^,  every  chain  from  6  to  c  in  G  passes 
through  a. 

Suppose  now  every  chain  from  J  to  c  in  G  passes  through  a.  Remove  the 
vertex  a  and  all  the  arcs  on  a.  The  resulting  graph  G'  is  not  connected,  b  and  c 
being  in  different  connected  pieces.  LetH{  be  that  connected  piece  of  G' con- 
taining b,  and  let  Hi  be  the  rest  of  G'.  Replace  a  by  the  two  vertices  ai  and  a^. 
Now  put  back  the  arcs  we  removed,  letting  them  touch  Oi  if  their  other  end 
vertices  are  in  H{ ,  and  letting  them  touch  a.  otherwise.  Let  Hi  and  Ho  be 
the  resulting  graphs.  Then  Hi  and  H-,  each  contain  at  least  one  arc,  and  they 
form  G  if  the  two  vertices  ai,  a^  are  made  to  coalesce.  Hence,  by  definition, 
a  is  a  cut  vertex  of  G. 

Theorem  7.  Let  G  be  a  graph  containing  no  l-circuit  and  containing  at 
least  two  arcs.  A  necessary  and  sufficient  condition  that  G  be  tion-separable  is 
thai  it  he  cyclicly  connected.* 

If  G  is  not  connected,  the  theorem  is  obvious.  Assume  therefore  G  is  con- 
nected. 


*  A  similar  theorem  has  been  proved  for  more  general  continuous  curves  by  O.  T.  W'hyburn, 
Bulletin  of  the  American  Mathematical  Society,  vol.  37  (1<>,U),  pp.  429-433. 
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Suppose  first  G  is  separable.  Then,  by  Theorem  5,  G  has  a  cut  vertex  a, 
and  by  Theorem  6,  there  are  two  vertices  b,  c  in  G  such  that  every  chain  from 
6  to  c  passes  through  a.  Hence  there  is  no  circuit  in  G  containing  b  and  c. 

Suppose  now  there  exist  two  vertices  b,  c  \n  G  which  are  contained  in  no 
circuit.  Let  bd,  de,  ■  ■  ■  ,  gc  be  some  chain  from  b  to  c. 

Case  1.  There  exists  a  circuit  containing  b  and  d.  In  this  case,  let  a  be  the 
last  vertex  of  the  chain  which  is  contained  in  a  circuit  passing  also  through  b. 
Let/  be  the  next  vertex  of  the  chain.  Then  every  chain  from/  to  b  passes 
through  a.  For  suppose  the  contrary.  Let  C  be  a  chain  from/  to  b  not  passing 
through  a.  Let  P  be  a  circuit  containing  b  and  a.  Follow  C  from/  till  we  first 
reach  a  vertex  of  P.  Follow  the  circuit  P  now  as  far  as  6  if  &  was  not  the  vertex 
we  reached,  and  continue  along  P  till  we  reach  a.  Passing  from  a  to  f  along 
the  arc  af  completes  a  circuit  containing  both  b  and/,  contrary  to  hypothesis. 
Hence,  by  Theorem  6,  a  is  a  cut  vertex  of  G,  and  therefore  G  is  separable. 

Case  2.  There  exists  no  circuit  containing  b  and  d.  Then  there  is  but  a 
single  arc  joining  b  and  d,  and  they  are  joined  by  no  other  chain.  As  G  is  con- 
nected and  contains  at  least  two  arcs,  there  is  either  another  arc  on  b  or  an- 
other arc  on  d,  say  the  first.  The  other  case  is  exactly  similar.  If  we  add  a  vertex 
b'  and  replace  the  arc  bd  by  the  arc  b'd,  b  and  d  are  no  longer  joined  by  a  chain, 
and  hence  the  resulting  graph  G'  is  not  connected.  Let  Hi  be  that  part  of  G' 
containing  the  arc  b'd,  and  let  H2  be  the  rest  of  G'.  As  there  is  still  an  arc  on 
b,  H2  contains  at  least  one  arc.  Letting  the  vertices  b  and  b'  coalesce  forms  G, 
and  hence  G  is  separable.  The  proof  is  now  complete. 

Theorem  8.  A  non-separable  graph  G  containing  at  least  two  arcs  contains 
no  l-circuit  and  is  of  nullity  >0.  Each  vertex  is  on  at  least  two  arcs. 

Suppose  G  contained  a  l-circuit.  Call  it  Hi.  Let  Fh  be  the  rest  of  the  graph. 
Then  Hi  and  H2  have  but  a  single  vertex  in  common,  and  thus  G  is  separable. 

Next,  by  Theorem  7,  G  is  cyclicly  connected.  AsG  contains  no  l-circuit,  G 
contains  at  least  two  vertices.  Containing  these  there  is  a  circuit.  Therefore, 
by  Theorem  4,  the  nullity  of  G  is  >0. 

Finally,  if  there  were  a  vertex  on  no  arcs,  G  would  not  be  connected.  If 
there  were  a  vertex  a  on  the  single  arc  ab,  b  would  be  a  cut  vertex  of  G. 

Theorem  9.  Let  G  be  a  graph  of  nullity  1  containing  no  isolated  vertices, 
such  that  the  removal  of  any  arc  reduces  the  nullity  to  0.  Then  G  is  a  circuit. 

By  Theorem  4,  G  contains  a  circuit.  Suppose  G  contained  other  arcs  be- 
sides. Removing  one  of  these,  the  nullity  remains  1,  as  the  circuit  is  still  pres- 
ent, contrary  to  hypothesis.  There  are  no  other  vertices  in  G,  as  G  contains 
no  isolated  vertices.  Hence  G  is  just  this  circuit. 
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Theorem  10.  A  non-separable  graph  G  of  nullity  I  is  a  circuit. 

If  G  contains  but  a  single  arc,  it  is  a  1-circuit,  being  of  nullity  1.  Suppose  G 
contains  at  least  two  arcs.  By  Theorem  8,  it  contains  no  1-circuit.  By  Theorem 
7,  it  is  cyclicly  connected.  Remove  any  arc  ab  from  G;  a  and  b  are  still  con- 
nected, and  therefore,  by  Theorem  2,  the  nullity  of  G  is  reduced  to  0.  Hence, 
by  Theorem  9,  G  is  a  circuit. 

The  converses  of  the  last  two  theorems  are  obviously  true. 

4.  Decomposition  of  separable  graphs.  If  the  graph  G  contains  a  con- 
nected piece  which  is  separable,  we  may  separate  that  piece  into  two  graphs, 
these  graphs  having  formerly  but  a  single  vertex  in  common.  We  may  con- 
tinue in  this  manner  until  every  resulting  piece  of  G  is  non-separable.  We  say 
G  is  separated  into  its  components. 

Lemma.  Let  the  connected  separable  graph  G  be  decomposed  into  the  two 
pieces  Hi  and  H^  which  had  only  the  vertex  a  in  common  in  G.  Then  every  non- 
separable  subgraph  of  G  is  contained  wholly  in  either  Hi  or  Hi. 

Suppose  the  contrary.  Then  some  non-separable  subgraph  /  of  G  is  not 
contained  wholly  in  either  Hi  or  //j.  Let  /i  be  that  part  of  /  in  H\,  and  /■)  that 
part  in  H2;  Ii  and  I«  have  at  most  the  vertex  a  in  common,  /i  and  Ii  each  con- 
tain at  least  one  arc.  For  otherwise,  if  /i,  say,  contained  no  arc,  as  it  contains 
a  vertex  distinct  from  a,  it  would  not  be  connected.  Thus  /  is  separable  into 
the  pieces  /i  and  I-i,  a  contradiction  again. 

Theorem  11.  Every  non-separable  subgraph  of  G  is  contained  wholly  in  one 
of  the  components  of  G. 

This  follows  upon  repeated  application  of  the  above  lemma. 

Theorem  12.  A  graph  G  may  be  decomposed  into  its  components  in  a  unique 
manner. 

Suppose  we  could  decompose  G  into  the  components  Hi,  H^,  •  ■  ■  ,  Hm, 
and  also  into  the  components  Hi ,  Hi ,  ■  ■  ■  ,  H^  .  We  shall  show  that  these 
sets  are  identical.  Take  any  Hi.  It  is  a  non-separable  subgraph  of  G,  and  thus 
is  contained  in  some  component  Hj ,  by  Theorem  11.  Similarly,  HJ  is  con- 
tained in  some  component  Ht-  Thus  Hi  is  contained  in  Hk,  and  they  are  there- 
fore identical.  Hence  77,  and  H,'  are  identical.  In  this  manner  we  show  that 
each  Ht  is  identical  with  some  HI ,  and  each  HI  is  identical  with  some  Hk, 
proving  the  theorem. 

Theorem  13.  Let  Hi,  Hi,  ■  ■  ■  ,  //,„  be  the  components  of  G.  Let 
Ri,  /?2,  •  ■  ■  ,  Rm,  and  Ni,  Ni,  ■  ■  ■  ,  N,,,  be  their  ranks  and  nullities.  Then 
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R  =  R,  +  R.  +  ■  ■  ■  +  R„, 

N  =  N,  +  Ni+  ■  ■  ■  +  N^. 

Let  G'  be  G  separated  into  its  components,  and  let  R'  be  the  rank  of  G'. 
G  is  formed  from  G'  by  letting  vertices  of  different  components  coalesce.  Each 
time  we  join  two  pieces,  the  number  of  vertices  and  the  number  of  connected 
pieces  are  each  reduced  by  1,  so  that  the  rank  remains  the  same.  Thus 

R  =  R'. 

Now 

V  =  V,+  V,+  ■  ■■  +  V„„ 

P'  =  />,  +  p,  +  .  .  .  +  p,„ 

(where  each  P.  =  1).  Subtracting, 

R  =  R'  =  R,  +  R,  +  .  .  .  +  /?„,. 
As  also 

£    =    £,    +    £2    +    •    •    •    +    £m, 

it  follows  that 

N  =  Ni+  N^+  ■  ■  ■  +  iV„. 

For  a  converse  of  this  theorem,  see  Theorem  17. 

Theorem  14.  Divide  the  arcs  of  the  non-separable  graph  G  into  two  groups, 
each  containing  at  least  one  arc,  forming  the  subgraphs  Hi  and  H2,  of  ranks  Ri 
and  Ri.  Then 

Ri  +  R2>  R. 

Let  the  connected  pieces  of  Hi  be  Hu,  ■  ■  ■  ,  Hi„,  (there  may  be  but  one 
piece,  Hu),  and  let  those  of  H^  be  H^u  ■  •  ■  ,  Hn,,.  Then  obviously 

^1  =  A'u  +  •  •  ■  +  Rim, 

R-2    =    Roi   +    •    •   ■    +    Rin, 

whence 

Rl    +    R,    =    A'„    +    ■    ■    ■    +    Rl,n   +    R2i+    ■    ■    ■    +    R2n. 

Let  G'  be  the  sum  of  the  graphs  Hn,  •  ■  ■  ,  H^,,.  Then  G'  is  of  rank 
Rn+  ■  ■  ■  +Rin-  We  form  G  from  G'  by  letting  vertices  of  the  graphs 
^11,  •  •  •  ,  fl^2»  coalesce.  Each  time  we  let  vertices  of  different  connected 
pieces  coalesce,  the  rank  is  unaltered.  Each  time  we  let  vertices  in  the  same 
connected  piece  coalesce,  the  rank  is  reduced  by  1.  This  latter  operation  hap- 
pens at  least  once.  For  otherwise,  let  ai  and  an  be  the  last  two  vertices  we  let 
coalesce.  Then  Oi  and  a-  were  formerly  in  two  different  pieces,  /i  and  /■..  Thus 
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7i  and  I2  joined  at  a  vertex  form  G,  and  G  is  separable,  contrary  to  hypothesis. 
Thus  the  rank  of  G  is  less  than  the  rank  of  G' ,  that  is, 

R<    Ru+    ■    ■    ■   +   R2n. 

Hence 

Ri+  R2>  R.* 

Theorems  13  and  14  give 

Theorem  15.  A  necessary  and  sufficient  condition  that  a  graph  be  non-sepa- 
rable is  that  there  exist  no  division  of  its  arcs  into  two  groups  Hi  and  H2,  each  con- 
taining at  least  one  arc,  so  that 

R  =  Ri  -\-  R2. 

5.  Circuits  of  graphs.  We  shall  say  two  non-separable  graphs,  each  con- 
taining at  least  one  arc,  form  a  circuit  of  graphs,  if  they  have  at  least  two 
common  vertices.  (They  may  also  have  common  arcs.)  Thus  the  two  graphs 
d:  a(ab)  and  G^:  a(ab)  (which  are  the  same  graph)  form  a  circuit  of  graphs. 
However,  the  two  graphs  d:  a(aa)  and  G-z'.  I3{aa),  having  but  one  common 
vertex,  do  not  form  a  circuit  of  graphs.  We  shall  say  three  or  more  non- 
separable  graphs  form  a  c/rcM?/ o/gra/'/;5  if  we  can  name  them  d,  (j2,  • ■ • ,Gm 
in  such  a  way  that  d  and  d.  have  just  the  vertex  ai  in  common,  G2  and  G3 
have  just  the  vertex  do  in  common,  ■■  ■  ,  G„  and  d  have  just  the  vertex  a„, 
in  common,  these  vertices  are  all  distinct,  and  no  other  two  of  these  graphs 
have  a  common  vertex.  Thus  the  three  graphs  G^-.ab,  Go'-bc,  Gs'-ca  form  a  cir- 
cuit of  graphs. 

We  note  that  there  can  be  no  1 -circuit  in  a  circuit  of  graphs;  also,  no  sub- 
set of  the  graphs  in  a  circuit  of  graphs  form  a  circuit  of  graphs.  We  may  think 
of  a  circuit  of  graphs  as  forming  a  single  graph. 

Theorem  16.  A  circuit  of  graphs  G  is  a  non-separable  graph. 

First  suppose  there  are  but  two  graphs,  d  and  G2,  present.  Suppose  G 
were  separable.  Then  it  is  separable  into  at  least  two  components 
Hi,  H2,  ■  ■  ■  ,  Hk-  By  Theorem  11,  d  and  G2  are  each  contained  wholly  in 
one  of  these  components.  As  d  and  Gt  together  form  G,  there  are  just  two 
components,  and  they  are  d  and  G2.  These,  when  joined  at  a  vertex,  form  G. 
But  this  is  contrary  to  the  hypothesis  that  d  and  G2  have  at  least  two  ver- 
tices in  common. 

Next  suppose  there  are  more  than  two  graphs  present.  Let  Ci  be  a  chain 
in  d  joining  a„,  and  Oi,  let  C2  be  a  chain  in  d  joining  ai  and  a^,  ■  ■  ■  ,  let  Cm 
be  a  chain  in  G„,  joining  a„_i  and  a„.  These  chains  taken  together  form  a  cir- 

*  This  theorem  may  also  be  proved  easily  from  Theorem  17. 
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cuit  P  passing  through  all  the  graphs.  Now  separate  G  into  its  components. 
By  Theorem  11  (see  the  converse  of  Theorem  10),  Z'  is  contained  in  one  of 
these  components.  The  same  is  true  of  each  of  the  graphs  d,  d,  ■  ■  ■  ,  Gm, 
and  hence  these  graphs  are  all  contained  in  the  same  component.  Thus  G  is 
itself  this  component,  that  is,  G  is  non-separable. 

Theorem  17.  Let  Gi,  ■  ■  ■  ,  G„,  be  a  set  of  non-separable  graphs,  each  con- 
taining at  least  one  arc,  and  let  G  be  formed  by  letting  vertices  and  arcs  of  differ- 
ent graphs  coalesce.  Then  the  following  four  statements  are  all  equivalent: 

(1)  Gi,  ■  ■■  ,  Gm  are  the  components  of  G. 

(2)  No  t'lvo  of  the  graphs  G\,  ■  ■  ■  ,  Gm  have  an  arc  in  common,  and  there  is 
no  circuit  in  G  containing  arcs  of  more  than  one  of  these  graphs. 

(3)  No  subset  of  these  graphs  form  a  circuit  of  graphs. 

(4)  If  R,  R\,  ■  ■  ■  ,  Rm  are  the  ranks  of  G,  Gi,  ■  ■  ■  ,  G,„  respectively,  then 

R  =  Ri+  ■  ■  ■  +  Rm. 
We  note  that  we  cannot  replace  the  word  rank  by  the  word  nullity  in  (4). 
For  let  G  be  the  graph  containing  the  arcs  a{ab),  0{ab),  y{ab).  Let  d  contain 
a  and  j3,  and  G^,  0  and  y.  Then  the  nullity  of  G  is  the  sum  of  the  nullities  of 
Gi  and  Go,  but  d  and  d  are  not  the  components  of  G.  We  shall  prove 

(a)  if  (1)  holds.  (2)  holds, 

(b)  if  (2)  holds,  (3)  holds, 

(c)  if  (3)  holds,  (1)  holds,  establishing  the  equivalence  of  (1),  (2)  and  (3); 

(d)  if  (1)  holds,  (4)  holds,  and  finally 

(e)  if  (4)  holds,  (3)  holds,  establishing  the  equivalence  of  (4)  and  the  other 
statements. 

(a)  If  (1)  holds,  (2)  holds.  For  first,  in  forming  G  from  its  components 
Gi,  ■  ■  ■  ,  Gvn  we  let  vertices  alone  coalesce,  and  thus  no  two  of  the  graphs 
have  an  arc  in  common.  Also,  there  is  no  circuit  in  G  containing  arcs  of  more 
than  one  of  the  graphs;  for  each  circuit,  being  a  non-separable  graph,  is  con- 
tained entirely  in  one  of  the  components  of  G,  by  Theorem  11. 

(b)  If  (2)  holds,  (3)  holds.  For  suppose  the  contrary.  If,  first,  some  two 
graphs,  say  d  and  G2,  form  a  circuit  of  graphs,  they  have  at  least  two  ver- 
tices in  common,  say  a  and  b.  Join  a  and  6  by  a  chain  C  in  d  and  by  a  chain  D 
in  Go.  By  hypothesis,  d  and  G«  have  no  arcs  in  common,  and  thus  the  arcs 
of  C  and  D  are  distinct.  From  a  follow  along  C  till  we  first  reach  a  vertex  d  of 
D.  From  d  follow  along  D  till  we  get  back,  to  a.  We  have  formed  thus  a  cir- 
cuit containing  arcs  of  both  d  and  G2,  contrary  to  hypothesis. 

Now  suppose  the  graphs  d,  ■  ■  ■  ,Gk,  k>2,  formed  a  circuit  of  graphs. 
In  the  proof  of  Theorem  16  we  found  a  circuit  passing  through  all  the  graphs 
of  such  a  circuit  of  graphs,  again  contrary  to  hypothesis. 
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(c)If  (3)  holds,  (1)  holds.  AssumingthatnosubsetofthegraphsGi,  •  ■  ■  ,G„ 
forms  a  circuit  of  graphs,  we  will  show  first  that  some  one  of  these  graphs 
has  at  most  a  single  vertex  in  common  with  other  of  the  graphs.  For  suppose 
each  graph  had  at  least  two  vertices  in  common  with  other  graphs.  Then  d 
has  a  vertex  Oi  in  common  with  some  graph,  say  Go.  As  Gj  has  at  least  two 
vertices  in  common  with  other  graphs,  it  has  a  vertex  ao,  distinct  from  Oi,  in 
common  with  another  graph,  say  G^.  If  we  continue  in  this  manner,  we  must 
at  some  point  get  back  to  a  graph  we  have  already  considered. 

Now  starting  with  G\,  consider  the  graphs  in  order,  and  let  Gi  be  the  first 
one  which  has  a  vertex  in  common  with  one  of  the  preceding  graphs  other 
than  the  vertex  a,_i,  which  we  know  already  it  has  in  common  with  Gi_i. 
Now  of  the  graphs  G,_i,  G,_2,  •  ■  •  ,  d,  let  G,  be  the  first  with  which  G.  has  a 
common  vertex,  other  than  the  vertex  ai_i.  First  suppose  G;  is  G,_i.  Then  G; 
and  Gi-i  have  at  least  two  vertices  in  common,  and  they  form  therefore  a 
circuit  of  graphs,  contrary  to  hypothesis.  Next  suppose  Gj  is  not  Gi_i.Then 
on  account  of  the  choice  of  Gi  and  G,-,  Gj  and  Gj+i  have  just  one  common 
vertex  a„  Gj+i  and  Gj+o  have  just  one  common  vertex  Uj+i,  ■  ■  ■  ,  Gi  and  Gj 
have  just  one  common  vertex  a;  (for  otherwise  G,  and  Gj  would  form  a  cir- 
cuit of  graphs),  and  no  other  two  of  these  graphs  have  a  vertex  in  common. 
These  vertices  a/,  Oj+i,  ■  ■  ■  ,  ai  are  all  distinct.  For,  on  account  of  the  con- 
struction of  the  chain  of  graphs,  two  succeeding  vertices  a^  and  at+i  are  dis- 
tinct, a,  and  a^  are  distinct,  for  otherwise  G,  and  Gj+i  would  have  a  common 
vertex,  etc.  These  graphs  Gj,  G,+i,  ■  ■  ■  ,Gi  form  therefore  a  circuit  of  graphs, 
contrary  to  hypothesis. 

Some  graph  therefore,  say  Gi,  has  at  most  a  single  vertex  in  common  with 
the  other  graphs.  Thus  either  it  is  separated  from  them,  or  we  can  separate 
it  at  a  single  vertex.  Now  among  the  graphs  G2,  •  •  •  ,  G„,  there  is  also  no 
circuit  of  graphs,  so  again  we  can  separate  one  of  them,  say  Go.  Continuing, 
we  have  finally  separated  G  into  its  components  Gi,  G«,  ■■  ■  ,  Gm- 

(d)  If  (1)  holds,  (4)  holds.  This  is  just  Theorem  13. 

(e)  If  (4)  holds,  (3)  holds.  Let  G'  be  the  sum  of  the  graphs  Gi,  ■  ■  ■  ,  G„. 
We  form  G  from  G'  by  letting  vertices  and  arcs  of  different  graphs  coalesce. 
Each  time  we  let  two  vertices  coalesce,  either  (a)  the  two  vertices  were  form- 
erly in  different  connected  pieces,  in  which  case  the  rank  is  unchanged,  or 
(0)  the  two  vertices  were  in  the  same  connected  piece,  in  which  case  the  rank 
is  reduced  by  1.  Letting  arcs  alone  coalesce  (their  end  vertices  having  already 
coalesced)  does  not  alter  the  rank.  Thus  in  any  case,  the  rank  is  never  in- 
creased. To  begin  with,  the  rank  of  G'  is  Gi+  •  •  •  4-G„,  and  by  hypothesis, 
the  rank  of  G  is  Gi-|-  •  ■  •  +G„.  Thus  the  rank  is  never  altered,  and  {ii)  never 
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occurs.  Hence,  obviously,  no  circuit  of  graphs  is  formed  in  forming  G  from 
G'.  This  completes  the  proof  of  the  theorem. 

6.  Construction  of  non-separable  graphs.  We  prove  the  following  theo- 
rem: 

Theorem  18.  If  G  is  a  non-separable  graph  of  nullity  N>l,we  can  remove 
an  arc  or  suspended  chain  from  G,  leaving  a  non-separaUe  graph  G'  of  nullity 
N-\. 

Assume  the  theorem  is  true  for  all  graphs  of  nullit)'^  2,  3,  •  •  •  ,  A^—  1.  We 
shall  prove  it  for  any  graph  of  nullity  N  (including  the  case  where  N  =  2). 
This  will  establish  the  theorem  in  general. 

Take  any  non-separable  graph  G  of  nullity  iV>  1.  It  contains  at  least  two 
arcs,  and  therefore,  by  Theorem  8,  it  contains  no  1 -circuit.  Remove  from  G 
any  arc  ah,  forming  the  graph  d.  If  Gi  is  non-separable,  we  are  through.  Sup- 
pose therefore  d  is  separable,  and  let  its  components  be  H].,  H^,  ■  ■  ■  ,  H^^i. 
Gi  is  connected,  for  between  any  two  vertices  c,  d  there  e.xists  a  circuit  in  G 
by  Theorem  7,  and  therefore  there  is  a  chain  joining  them  in  G\. 

Let  Hm  consist  of  the  arc  ah.  By  Theorem  17,  no  subset  of  the  graphs 
Hi,  ■  ■  ■  ,  Hm-\  form  a  circuit  of  graphs,  while  some  subset  of  the  graphs 
H\,  •  ■  ■  ,  Hm  form  a  circuit  of  graphs.  We  shall  show  that  the  whole  set  of 
graphs  Hi,  ■  ■  ■  ,  H„  form  a  circuit  of  graphs.  Otherwise,  some  proper  subset, 
which  includes  H„,  form  a  circuit  of  graphs. 

Let  H  be  the  graph  formed  from  this  circuit  of  graphs  by  dropping  out 
Hm.  By  Theorem  16,  the  circuit  of  graphs  is  a  non-separable  graph;  hence  H 
is  connected.  All  the  arcs  in  Gi  not  in  the  circuit  of  graphs,  form  a  graph  /. 
Let  7i  be  a  connected  piece  of  /.  Then  /i  has  at  most  a  single  vertex  in  com- 
mon with  the  rest  of  G.  For  suppose  /i  had  the  two  vertices  c  and  d  in  common 
with  H.  From  c  follow  along  some  chain  towards  d  in  H  till  we  first  reach  a 
vertex  e  in  /i.  From  e  follow  back  along  some  chain  in  /i  to  c.  We  have  formed 
thus  a  circuit  containing  arcs  of  both  H  and  /j.  But  as  H  consists  of  a  certain 
subset  of  the  components  of  d,  this  circuit  contains  arcs  of  at  least  two  com- 
ponents of  Gi,  contrary  to  Theorem  17.  Thus  /i  has  at  most  a  single  vertex 
in  common  with  the  rest  of  G,  and  hence  G  is  separable,  contrary  to  hypoth- 
esis. Thus  Hi,  ■  ■  ■  ,  H,a  form  a  circuit  of  graphs,  that  is,  G  is  formed  of  a 
circuit  of  graphs. 

As  we  assumed  d  was  separable,  w  ^  3.  Therefore  we  can  order  the  graphs 
so  that  Hi  and  H^  have  just  the  vertex  ai  in  common,  ■  ■  ■  ,  H,n-i  and  //,„  have 
just  the  vertex  a„_i  =  6  in  common,  and  H„  and  Hi  have  just  the  vertex 
a„  =  (2  in  common.  Moreover,  these  vertices  are  all  distinct,  and  no  other  two 
of  the  graphs  Hi,  ■  ■  •  ,  H„  have  a  common  vertex. 
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As  the  nullity  of  G  was  >  1,  the  nullity  of  d  is  >0.  By  Theorem  13,  this 
is  the  sum  of  the  nullities  of  Hi,  ■  ■  ■  ,  Hm-i-  Therefore  the  nullity  of  some 
one  of  these  graphs,  say  Hi,  is  >0. 

Suppose  first  the  nuUity  of  Hi  is  1.  Then,  by  Theorem  10,  Hi  is  a  circuit, 
consisting  of  two  chains  joining  Oi-i  and  a,.  Remove  one  of  these  chains  from 
G.  This  leaves  a  graph  G' ,  which  again  is  a  circuit  of  graphs.  For  the  graph 
H,  we  replace  by  an  ordered  set  of  non-separable  graphs,  each  consisting  of 
one  of  the  arcs  of  the  chain  we  have  left  in  H,. 

Suppose  next  the  nullity  of  Hi  is  >  1.  It  is  less  than  iV,  as  Hi  is  contained 
in  d,  whose  nullity  is  N  —\.  Therefore,  by  induction,  we  can  remove  an  arc 
or  a  suspended  chain,  leaving  a  non-separable  graph  H[  of  nullity  one  less.  If 
neither  ai_i  nor  a,  has  thus  been  removed,  we  again  have  a  circuit  of  graphs. 
Suppose  (Z,  but  not  a,_i  was  removed.  Replace  that  part  of  the  chain  we  re- 
moved joining  a.  and  a  vertex  of  Hi  distinct  from  a,_i.  Here  again  we  have  a 
circuit  of  graphs.  Hi  being  replaced  by  H'  and  a  set  of  arcs.  The  case  is  the 
same  if  a,_i  but  not  ai  was  removed.  If  finally,  both  ai  and  ai_i  were  in  the 
chain  we  removed,  we  put  back  all  of  the  chain  but  that  part  between  these 
two  vertices.  Here  again,  the  resulting  graph  G'  is  a  circuit  of  graphs. 

Thus  in  all  cases  we  can  drop  out  from  G  an  arc  or  suspended  chain,  leav- 
ing a  circuit  of  graphs.  By  Theorem  16,  the  resulting  graph  G'  is  non-sepa- 
rable. As  also  the  nullity  of  G'  is  one  less  than  the  nullity  of  G,  the  theorem 
is  now  proved. 

As  a  consequence  of  this  theorem.  Theorem  8,  and  Theorem  10,  we  have 

Theorem  19.  We  can  build  up  any  non-separahle  graph  containing  at 
at  least  two  arcs  by  taking  first  a  circuit,  then  adding  successively  arcs  or  sus- 
pended chains,  so  that  at  any  stage  of  the  construction  we  have  a  non-separable 
graph. 

It  is  easily  seen  that,  conversely,  any  graph  built  up  in  this  manner  is 
non-separable.  For  each  time  we  add  an  arc  or  suspended  chain,  these  arcs, 
each  considered  as  a  graph,  together  with  the  non-separable  graph  already 
present,  form  a  circuit  of  graphs. 

II.  Duals,  planar  graphs 

7.  Congruent  graphs.  We  introduce  the  following 

Definitions.  Given  two  graphs  G  and  G',  if  we  can  rename  the  vertices 
and  arcs  of  one,  giving  distinct  vertices  and  distinct  arcs  different  names,  so 
that  it  becomes  identical  with  the  other,  we  say  the  two  graphs  are  con- 
gruent* (We  used  formerly  the  word  "homeomorphic") 

*  See  the  author's  American  Journal  paper,  cited  in  the  introduction. 
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The  geometrical  interpretation  is  that  we  can  bring  the  two  graphs  into 
complete  coincidence  by  a  (1,  1)  continuous  transformation. 

Two  graphs  are  called  equivalent  if,  upon  being  decomposed  into  their 
components,  they  become  congruent,  except  possibly  for  isolated  vertices. 

8.  Duals.  Given  a  graph  G,  if  Hi  is  a  subgraph  of  G,  and  H2  is  that  sub- 
graph of  G  containing  those  arcs  not  in  Hi,  we  say  H2  is  the  complement  of 
Hi  in  G. 

Throughout  this  section,  R,  R',  r,  r',  etc.,  will  stand  for  the  ranks  of  G, 
G',  H,  H',  etc.,  respectively,  with  similar  definitions  for  V,  E,  P,  N. 

Definition.  Suppose  there  is  a  (1,  1)  correspondence  between  the  arcs  of 
the  graphs  G  and  G',  such  that  if  H  is  any  subgraph  of  G  and  H'  is  the  comple- 
ment of  the  corresponding  subgraph  of  G',  then 

r'  =  R'  -  n. 

We  say  then  that  G'  is  a  dual  of  G.* 

Thus,  if  the  nullity  of  H  is  n,  then  H'  (including  all  the  vertices  of  C) 
is  in  n  more  connected  pieces  than  G' . 

Theorem  20.  Let  G'  he  a  dual  of  G.  Then 

R'  =  N, 

-V  =  R. 

For  let  //  be  that  subgraph  of  G  consisting  of  G  itself.  Then 

n  =  A'. 

If  H'  is  the  complement  of  the  corresponding  subgraph  of  G' ,  H'  contains  no 
arcs,  and  is  the  null  graph.  Thus 

r'  =  0. 
But  as  G'  is  a  dual  of  G, 

r'  =  R'  -  It. 
These  equations  give 

R'  =  N. 

The  other  equation  follows  when  we  note  that  E'  =E. 

Theorem  21.  If  G'  is  a  dual  of  G,  then  G  is  a  dual  of  G' . 

Let  H'  be  any  subgraph  of  G' ,  and  let  H  be  the  complement  of  the  cor- 
responding subgraph  of  G.  Then,  as  G'  is  a  dual  of  G, 

*  WTiile  this  definition  agrees  with  the  ordinary  one  for  graphs  lying  on  a  plane  or  sphere,  a 
graph  on  a  surface  of  higher  connectivity,  such  as  the  torus,  has  in  general  no  dual.  (See  Theorems 
29  and  30.) 
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r'  =  /?'  -  n. 


By  Theorem  20, 
We  note  also, 
These  equations  give 


R'  =  N. 
e  +  e'  =  E. 


r  =  e  -  n  =  e  -  (R'  -  r')  =  e  -    \  +  (f'  -  11') 
=  E  -  X  -  n'  =  R  -  n'. 

Thus  G  is  a  dual  of  G'. 

Whenever  we  have  shown  that  one  graph  is  a  dual  of  another  graph,  we 
may  now  call  the  graphs  "dual  graphs." 

Lemma.  //  a  graph  G  is  decomposed  into  its  components,  the  rank  and  nullity 
of  any  subgraph  H  is  left  unchanged. 

For  each  time  we  separate  G  at  a  vertex,  H  is  either  unchanged  or  is 
separated  at  a  vertex.  Hence  neither  its  rank  nor  its  nullity  is  altered.  (See 
the  proof  of  Theorem  13.) 

Theorem  22.  If  G'  and  G"  are  equivalent  and  G'  is  a  dual  of  G,  then  G"  is  a 
dual  of  G. 

Let  H  be  any  subgraph  of  G,  and  let  H'  be  the  complement  of  the  cor- 
responding subgraph  of  G' .  Let  Gi  and  Gi'  be  G'  and  G"  decomposed  into 
their  components.  Then  Gi  and  Gi'  are  congruent.  H'  turns  into  a  subgraph 
Hi  of  G' .  Let  Hi'  be  the  corresponding  subgraph  of  Gi' ,  and  H"  the  same 

subgraph  in  G".  Then 

ri  =  ri'  . 

But  by  the  above  lemma, 

r'  =  ri  ,        r"  =  ri". 
Hence 

r'  =  r". 

As  a  special  case  of  this  equation,  letting  H'  be  the  whole  of  G',  we  have. 

R'  =  K". 
As  G'  is  a  dual  of  G, 

r'  =  R'  -  n . 

Therefore 

r"  =  R"  -  n, 

and  G"  is  a  dual  of  G. 

The  converse  of  this  theorem  is  not  true.  For  define  the  three  graphs 
G:  a{ab),  Piab),  y{ac),  d{cb),  i{ad),  ^db) ; 
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G':a'{a'h'),&'{c'd'),y'{a'd'),  b'{a'd'),  ,'{h'c'),  ^'{h'c') ; 
G":a"{a"b"),  I3"{b"c"),  y"{a"d"),  h"{a"d"),  e"{c"d"),  ^"{c"d"). 
G'  and  G"  are  both  duals  of  G,  but  they  are  not  congruent.* 

Theorem  23.  Let  Gi,  ■  ■  ■  ,  G„,  and  G{ ,  ■  ■  ■  ,  G„'  be  the  components  of  G 
and  G'  respectively,  and  let  Gl  be  a  dual  of  Gt,  i  =  l,  ■  ■  ■  ,m.  Then  G'  is  a  dual 
ofG. 

Let  H  be  any  subgraph  of  G,  and  let  the  parts  oi  H  in  Gi,  ■  ■  •  ,  Gm  be. 
Hi,  ■  ■  ■  ,  H„.  Let  HI  be  the  complement  of  the  subgraph  corresponding  to 
HiinGi  ,i  =  l,  ■  ■  ■  ,m,  and  let  H'  be  the  union  oi  H{ ,  ■  ■  ■  ,  HJl  in  G' .  Then 
H'  is  the  complement  of  the  subgraph  in  G'  corresponding  to  H  in  G.  Using 
the  proof  of  Theorem  13,  we  find  that 

r'  =  ,./+•••  +  r,:  , 
and 

«    =    Kl   +    •    •    •    +    >'m. 

As  also 

K'  =  Rl  +  ■  ■  ■  +  A'„' 

and 

rl  =  R'i   -  ni  ({•  =  1,  .  .  .  ^m), 

adding  these  last  equations  gives 

r'  =  R'  -  n, 
and  hence  G'  is  a  dual  of  G. 

Theorem  24.  Let  d,  •  •  •  ,  G™  and  Gi ,  ■  •  •  ,  Gm  be  the  components  of  the 
dual  graphs  G  and  G',  and  let  the  correspondence  between  these  two  graphs  be 
such  that  arcs  in  Gi  correspond  to  arcs  in  G' ,  i=\,  ■  ■  ■  ,  m.  Then  Gi  and  Gi 
are  duals,  i  =  l,  ■  ■  •  ,  m. 

Let  Hi  be  any  subgraph  of  Gi,  let  H'  be  the  complement  of  the  correspond- 
ing subgraph  in  G',  and  let  H{  be  the  complement  in  G'.  Then  Hi  ,Gi ,  ■  ■  ,. 
Gm  form  H'.  By  Theorem  13,  we  find 


R'  =  R{  +  R-i  +  • 

■    ■    +   Rnl 

and 

/  =  r{  +  Ro!  +  ■ 

■  ■  +  RJ 

Now 

r'  =  R'  -  «„ 

hence 

r!  =  R{  -  «„ 

and  G{  is  a  dual  of  d.  Similarly  for  Gi ,  •  •  • 

,gj:. 

See  the  author's  .American  Journal  paper,  however. 
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Theorem  25.  Let  G  and  C  he  dual  graphs,  and  let  Hi,  ■  ■  ■  ,  Hm  be  the  com- 
ponents of  G.  Let  H{ ,  ■  ■  ■  ,  II, ,!  be  the  corresponding  subgraphs  of  G'.  Then 
HI ,  ■  ■■  ,  HJl  are  the  components  of  G' ,  and  HI  is  a  dual  of  Hi,  i  =  \,  ■  ■  ■  ,m. 

Hi  is  the  subgraph  of  G  corresponding  to  H{  in  G'.  Its  complement  is  h, 
the  graph  formed  of  the  arcs  of  Ho,  ■  •  •  ,  Hr„.  Obviously  Hn,  •  ■  ■  ,  Hm  are  the 
components  of  7i.  Hence,  by  Theorem  13,  the  nullity  of  I\  is  M2+W3+  •  ■  ■ 
+«„■  Thus,  asG'  is  a  dual  of  G, 

rl  =  R'  -  (n.  +  «3  +  •  •  •  +  «™) .  * 
Similarly, 

;-,'    =   R'   -   {„,  +   „3  +   .   .   .   +  nm), 


rj   =  R'  -  («i  +  «,+  •••  +  »„_i). 

Adding  these  equations  gives 

r!  +  ri  +  ■  ■  ■  +  rj    =  mR'  -  {m  -  1)(hi  +  n.  +  ■  ■  ■  +  «„)  . 

As  Hi,  Hi,  •  •  ■  ,  Hm  are  the  components  of  G, 

Af  =  wi  +  «2  +  •  ■  •  +  «„. 

Also,  as  G  and  G'  are  duals,  by  Theorem  20, 

A"  =  A^. 
Hence 

ri'  +  r/  +  ■  •  •  +  rJl   =  mR'  -  (m  -  l)R' 

=  R'. 

Let  now  Hn  ,  ■  ■  ■  ,  H'n,  be  the  components  of  H{  (there  may  be  but  one) 
and  similarly  for  H! ,  •■  •  ,  H^  .  Then,  by  Theorem  13, 

'■i  =  rii  +  •  •  •  +  '•u-,, 

'  '1  1      ' 

Tm  =  r^i  +  •  •  •  +  rmk„- 

Adding  these  equations  gives 

Zr!i  =  r'i  +  ■■■+/,„  =  R'. 

i.  i 

As  the  graphs  Hii ,  ■  ■  ■  ,  H,ni,„  are  non-separable.  Theorem  17  tells  us  that 
they  are  the  components  of  G'.  Hence  G'  has  at  least  as  many  components  as 

*  Which  equals  tii. 
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G.  Similarly,  G  has  at  least  as  many  components  as  G'.  They  have  therefore 
the  same  number,  m,  of  components. 

There  are  therefore  m  graphs  in  the  set  Hn  ,  ■  ■  ■  ,  njk„-  But  there  is  at 
least  one  such  graph  in  each  graph  H{ ,  ■■  ■  ,  HJ ,  and  there  is  therefore 
exactly  one  in  each.  Hence  each  graph  H,{  fills  out  the  graph  H,' ,  and  the  two 
sets  of  graphs  Hn  ,  ■  •  ■  ,  H,^k„  and  H{ ,  ■  ■  ■  ,  //„'  are  identical,  that  is, 
Hi ,  ■  ■  ■  ,HJ  are  the  components  of  C. 

The  rest  of  the  theorem  follows  from  Theorem  24. 

As  a  special  case  of  this  theorem,  we  have 

Theorem  26.  A  dual  of  a  non-separable  graph  is  non-separable. 

9.  Planar  graphs.  Up  till  now,  we  have  been  considering  abstract  graphs 
alone.  However,  the  definition  of  a  planar  graph  is  topological  in  character. 
This  section  may  be  considered  as  an  application  of  the  theory  of  abstract 
graphs  to  the  theory  of  topological  graphs. 

Definitions.  A  topological  graph  is  called  planar  if  it  can  be  mapped  in  a 
(1,  1)  continuous  manner  on  a  sphere  (or  a  plane).  For  the  present,  we  shall 
say  that  an  abstract  graph  is  planar  if  the  corresponding  topological  graph  is 
planar.  Having  proved  Theorem  29,  we  shall  be  justified  in  using  the  follow- 
ing purely  combinatorial  definition :  A  graph  is  planar  if  it  has  a  dual. 

We  shall  henceforth  talk  about  "graphs"  simply,  the  terms  applying 
equally  well  to  either  abstract  or  topological  graphs. 

Lemma.  If  a  graph  can  be  mapped  on  a  sphere,  it  can  be  mapped  on  a  plane, 
and  conversely. 

Suppose  we  have  a  graph  mapped  on  a  sphere.  We  let  the  sphere  lie  on  the 
plane,  and  rotate  it  so  that  the  new  north  pole  is  not  a  point  of  the  graph.  By 
stereographic  projection  from  this  pole,  the  graph  is  mapped  on  the  plane. 
The  inverse  of  this  projection  maps  any  graph  on  the  plane  onto  the  sphere. 

By  the  regions  of  a  graph  lying  on  a  sphere  or  in  a  plane  is  meant  the  re- 
gions into  which  the  sphere  or  plane  is  thereby  divided.  A  given  region  of  the 
graph  is  characterized  by  those  arcs  of  the  graph  which  form  its  boundary. 
If  the  graph  is  in  a  plane,  the  outside  region  is  the  unbounded  region. 

Lemma.  A  planar  graph  may  be  mapped  on  a  plane  so  that  any  desired  region 
is  the  outside  region. 

We  map  the  graph  on  a  sphere,  and  rotate  it  so  that  the  north  pole  lies 
inside  the  given  region.  By  stereographic  projection,  the  graph  is  mapped 
onto  the  plane  so  that  the  given  region  is  the  outside  region. 

We  return  now  to  the  work  in  hand. 
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Theorem  27.7/  the  components  of  a  graph  G  are  planar,  G  is  planar. 

Suppose  the  graphs  Gi  and  Gi  are  planar,  and  G'  is  formed  by  letting  the 
vertices  fli  and  ^2  of  G\  and  Gs  coalesce.  We  shall  show  that  G'  is  planar.  Map 
G\  on  a  sphere,  and  map  Gz  on  a  plane  so  that  one  of  the  regions  adjacent  to 
the  vertex  ai.  is  the  outside  region.  Shrink  the  portion  of  the  plane  containing 
Gi  so  it  will  fit  into  one  of  the  regions  of  d  adjacent  to  a\.  Drawing  ai  and  a2 
together,  we  have  mapped  G'  on  the  sphere.*  The  theorem  follows  as  a  re- 
peated application  of  this  process. 

Theorem  28.  Let  G  and  G'  be  dual  graphs,  and  let  a(ab),  a'{a'b')  be  two 
corresponding  arcs.  Form  Gifrom  G  by  dropping  out  the  arc  a{ab),  and  form  Gi 
from  G'  by  dropping  out  the  arc  a'{a'b'),  and  letting  the  vertices  a'  and  b' 
coalesce  if  they  are  not  already  the  same  vertex.  Then  d  and  G/  are  duals,  pre- 
serving the  correspondence  between  their  arcs. 

Let  Hx  be  any  subgraph  of  G\  and  let  H(  be  the  complement  of  the  cor- 
responding subgraph  of  Gi . 

Case  1.  Suppose  the  vertices  a'  and  h'  were  distinct  in  G' .  Let  H  be  the 
subgraph  of  G  identical  with  Hx.  Then 

n  =  «!• 

Let  E'  be  the  complement  in  G'  of  the  subgraph  corresponding  to  H.  Then 

r'  =  R'  -  n. 

Now  H'  is  the  subgraph  in  G'  corresponding  to  Hi  in  Gi ,  except  that  H' 

contains  the  arc  a'{a'b'),  which  is  not  in  Hi.  Thus  if  we  drop  out  a'{a'b') 

from  H'  and  let  a'  and  b'  coalesce,  we  form  /// .  In  this  operation,  the  number 

of  connected  pieces  is  unchanged,  while  the  number  of  vertices  is  decreased 

by  1.  Hence 

ri   =  r'  -  1 . 

As  a  special  case  of  this  equation,  if  H'  contains  all  the  arcs  of  G',  we  find 

Ri  =  R'  -  I. 
These  equations  give 

ri  =  Ri  -  «,. 
Thus  Gi  is  a  dual  of  Gx. 

Case  2.  Suppose  a'  and  b'  are  the  same  vertex  in  G'.  In  this  case,  defining 
H  and  H'  as  before,  we  form  Hi  from  H'  by  dropping  out  the  arc  a'{a'a'). 
This  leaves  the  number  of  vertices  and  the  number  of  connected  pieces  un- 

*  Here  and  in  a  few  other  places  we  are  using  point-set  theorems  which,  however,  are  geo- 
metrical'y  evident. 
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changed.  Thus  two  of  the  equations  in  Case  1  are  replaced  by  the  equations 

r(  =  n,   R{  =  /?i. 

The  other  equations  are  as  before,  so  we  find  again  that  G!  is  a  dual  of  Gi. 
The  theorem  is  now  proved. 

Theorem  29.  A  necessary  and  sufficient  condition  that  a  graph  be  planar 
is  that  it  have  a  dual. 

We  shall  prove  first  the  necessitj'  of  the  condition.  Given  any  planar 
graph  G,  we  map  it  onto  the  surface  of  a  sphere.  If  the  nuUity  of  G  is  X,  it 
divides  the  sphere  into  N  +  1  regions.  For  let  us  construct  G  arc  by  arc  Each 
time  we  add  an  arc  joining  two  separate  pieces,  the  nullity  and  the  number  of 
regions  remain  the  same.  Each  time  we  add  an  arc  joining  two  vertices  in  the 
same  connected  pieces,  the  nullity  and  the  number  of  regions  are  each  in- 
creased by  1.  To  begin  with,  the  nullity  was  0  and  the  number  of  regions  was 
1 .  Therefore,  at  the  end,  the  number  of  regions  is  A'  + 1 . 

We  construct  G'  as  follows:  In  each  region  of  the  graph  G  we  place  a 
point,  a  vertex  of  G'.  Therefore  G'  contains  V  =  N  +  l  vertices.  Crossing  each 
arc  of  G  we  place  an  arc,  joining  the  vertices  of  G'  lying  in  the  two  regions  the 
arc  of  G  separates  (which  may  in  particular  be  the  same  region,  in  which  case 
this  arc  of  G'  is  a  1-circuit).  The  arcs  of  G  and  G'  are  now  in  (1,  1)  correspond- 
ence. 

G'  is  the  dual  of  G  in  the  ordinary  sense  of  the  word.  We  must  show  it  is 
the  dual  as  we  have  defined  the  term. 

Let  us  build  up  G  arc  by  arc,  removing  the  corresponding  arc  of  G'  each 
time  we  add  an  arc  to  G.  To  begin  with,  G  contains  no  arcs  and  G'  contains 
all  its  arcs,  and  at  the  end  of  the  process,  G  contains  all  its  arcs  and  G'  con- 
tains no  arcs.  We  shall  show 

(1)  each  time  the  nullity  of  G  is  increased  by  1  upon  adding  an  arc,  the 
number  of  connected  pieces  in  G'  is  reduced  by  1  in  removing  the  correspond- 
ing arc,  and 

(2)  each  time  the  nullity  of  G  remains  the  same,  the  number  of  connected 
pieces  in  G'  remains  the  same. 

To  prove  (1)  we  note  that  the  nullity  of  G  is  increased  by  1  only  when  the 
arc  we  add  joins  two  vertices  in  the  same  connected  piece.  Let  ab  be  such  an 
arc.  As  a  and  b  were  already  connected  by  a  chain,  this  chain  together  with 
ab  forms  a  circuit  P.  Let  a'b'  be  the  arc  of  G'  corresponding  to  ab.  Before  we 
removed  it,  a'  and  b'  were  connected.  Removing  it,  however,  disconnects 
them.  For  suppose  there  were  still  a  chain  C  joining  them.  As  a'  and  b'  are 
on  opposite  sides  of  the  circuit  P,  C'  must  cross  P,  by  the  Jordan  Theorem, 


358  H.\SSLER  WHITNEY  [April 

that  is,  an  arc  of  C  must  cross  an  arc  of  P.  But  we  removed  this  arc  of  C" 
when  we  put  in  the  arc  of  P  it  crosses.  (1)  is  now  proved. 

The  total  increase  in  the  nulhty  of  G  during  the  process  is  of  course  just  N. 
Therefore  the  increase  in  the  number  of  connected  pieces  in  G'  must  be  at  least 
A".  But  G'  was  originally  in  at  least  one  connected  piece,  and  is  at  the  end 
of  the  process  in  V  =  iV  + 1  connected  pieces.  Thus  the  increase  in  the  number 
of  connected  pieces  in  G'  is  just  .V  (hence,  in  particular,  G'  itself  is  connected) 
and  therefore  this  number  increases  only  when  the  nullity  of  G  increases, 
which  proves  (2) . 

Let  now  H  be  any  subgraph  of  G,  let  H'  be  the  complement  of  the  cor- 
responding subgraph  of  G',  and  let  H'  include  all  the  vertices  of  G'.  We  build 
up  H  arc  by  arc,  at  the  same  time  removing  the  corresponding  arcs  of  G'. 
Thus  when  H  is  formed,  H'  also  is  formed.  By  (1)  and  (2),  the  increase  in  the 
number  of  connected  pieces  in  forming  H'  from  G'  equals  the  nullity  of  H, 
that  is, 

p'  -  P'  =  n. 
But 

r'  =  V  -  p',    R'  =  V  -  P', 

as  G'  and  H'  contain  the  same  vertices.  Therefore 

/  =  A"  -  n, 
that  is,  G'  is  a  dual  of  G. 

To  prove  the  sufi&ciency  of  the  condition,  we  must  show  that  if  a  graph 
has  a  dual,  it  is  planar.  It  is  enough  to  show  this  for  non-separable  graphs.  For 
if  the  separable  graph  G  has  a  dual,  its  components  have  duals,  by  Theorem 
25,  hence  its  components  are  planar,  and  hence  G  is  planar,  by  Theorem  27. 
This  part  of  the  theorem  is  therefore  a  consequence  of  the  following  theorem: 

Theorem  30.  Let  the  non-separable  graph  G  have  a  dual  G' .  Then  we  can 
map  G  and  G'  together  on  the  surface  of  a  sphere  so  that 

(1)  corresponding  arcs  in  G  and  G'  cross  each  other,  and  no  other  pair  of  arcs 
cross  each  other,  and 

(2)  inside  each  region  of  one  graph  there  is  just  one  vertex  of  the  other  graph. 

The  theorem  is  obviously  true  if  G  contains  a  single  arc.  (The  dual  of  an 
arc  ab  is  an  arc  a'a',  and  the  dual  of  an  arc  aa  is  an  arc  a'b'.)  We  shall  assume 
it  to  be  true  if  G  contains  fewer  than  E  arcs,  and  shall  prove  it  for  any  graph 
G  containing  E  arcs.  By  Theorem  8,  each  vertex  of  G  is  on  at  least  two  arcs. 

Case  1.  G  contains  a  vertex  b  on  but  two  arcs,  ab  and  be.  As 
G  is  non-separable,  there  is  a  circuit  containing  these  arcs.  Thus  dropping 
out  one  of  them  will  not  alter  the  rank,  while  dropping  out  both  reduces  the 
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rank  by  1.  As  C  is  a  dual  of  G,  the  arcs  corresponding  to  these  two  arcs  are 
each  of  nullity  0,  while  the  two  arcs  taken  together  are  of  nullity  1.  They  are 
thus  of  the  form  a'{a'b'),  ^'{a'h'),  the  first  corresponding  to  ah,  and  the 
second,  to  he. 

Form  Gi  from  G  by  dropping  out  the  arc  be  and  letting  the  vertices  h  and  c 
coalesce,  and  form  Gl  from  G'  by  dropping  out  the  arc  l3'(a'b').  By  Theorem 
28,  Gl  and  G{  are  duals,  preserving  the  correspondence  between  the  arcs.  As 
these  graphs  contain  fewer  than  E  arcs,*  we  can,  by  hypothesis,  map  them  to- 
gether on  a  sphere  so  that  (1)  and  (2)  hold;  in  particular,  a'{a'b')  crosses  ac. 
Mark  a  point  on  the  arc  ac  of  Gi  lying  between  the  vertex  c  and  the  point 
where  the  arc  a'{a'b')  of  G'  crosses  it.  Let  this  be  the  vertex  b,  dividing  the  arc 
ac  into  the  two  arcs  ab  and  be.  Draw  the  arc  p'(a'b')  crossing  the  arc  be.  We 
have  now  reconstructed  G  and  G',  and  they  are  mapped  on  a  sphere  so  that 
(1)  and  (2)  hold. 

Case  2.  Each  vertex  of  G  is  on  at  least  three  arcs.  As  then  G  contains 
no  suspended  chain,  and  G  is  not  a  circuit  and  therefore  is  of  nullity 
A^>1,  we  can,  by  Theorem  18,  drop  out  an  arc  ab  so  that  the  resulting  graph 
Gl  is  non-separable.  G'  is  non-separable,  by  Theorem  26,  and  hence  the  arc 
a'b'  corresponding  to  ab  in  G  is  not  a  1-circuit.  Drop  it  out  and  let  the  vertices 
a',  b'  coalesce  into  the  vertex  a{ ,  forming  the  graph  G/ .  By  Theorem  28, 
Gl  and  G{  are  duals,  and  thus  Gi'  also  is  non-separable. 

Consider  the  arcs  of  G'  on  a'.  If  we  drop  them  out,  the  resulting  graph  G" 
has  a  rank  one  less  than  that  of  G'.  For  if  its  rank  were  still  less,  G"  would  be 
in  at  least  three  connected  pieces,  one  of  them  being  the  vertex  a'.  Let  c  and 
d  be  vertices  in  two  other  connected  pieces  of  G".  They  are  joined  by  no  chain 
in  G",  and  hence  every  chain  joining  them  in  G'  must  pass  through  a',  which 
contradicts  Theorem  6.  If  we  put  back  any  arc,  the  rank  is  brought  back  to 
its  original  value,  as  a'  is  then  joined  to  the  rest  of  the  graph.  Hence,  G'  being 
a  dual  of  G,  the  arcs  of  G  corresponding  to  these  arcs  are  together  of  nullity  1 , 
while  dropping  out  one  of  them  reduces  the  nullity  to  0.  Therefore,  by 
Theorem  9,  these  arcs  form  a  circuit  P.  One  of  these  arcs  is  the  arc  ab.  The 
remaining  arcs  form  a  chain  C.  Similarly,  the  arcs  of  G  corresponding  to  the 
arcs  of  G'  on  b'  form  a  circuit  Q,  and  this  circuit  minus  the  arc  ab  forms  a  chain 
D.  C  and  D  have  the  vertices  a  and  b  as  end  vertices.  Also,  the  arcs  of  Gi 
corresponding  to  the  arcs  of  G{  on  a(  form  a  circuit  R.  These  arcs  of  G{  are 
the  arcs  of  G'  on  either  a'  or  b',  except  for  the  arc  a'b'  we  dropped  out.  Thus 
the  arcs  of  Gi  forming  the  circuit  R  are  the  arcs  of  the  chains  C  and  D. 

As  Gl  and  G/  contain  fewer  than  E  arcs,  we  can  map  them  together  on  a 


*  Obviously  d  is  non-separable. 
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sphere  so  that  properties  (1)  and  (2)  hold.  a{  Hes  on  one  side  of  the  circuit  R, 
which  we  call  the  inside.  Each  arc  of  R  is  crossed  by  an  arc  on  a{ ,  and  thus 
there  are  no  other  arcs  of  G{  crossing  R.  There  is  no  part  of  G{  lying  in- 
side R  other  than  a{  ,  for  it  could  have  only  this  vertex  in  common  with  the 
rest  of  G( ,  and  G{  would  be  separable.  Also,  there  is  no  part  of  d  lying  in- 
side R,  for  any  arc  would  have  to  be  crossed  by  an  arc  of  G{ ,  and  any  vertex 
would  have  to  be  joined  to  the  rest  of  d  by  an  arc,  as  d  is  non-separable. 

Let  us  now  replace  a{  by  the  two  vertices  a'  and  b',  and  let  those  arcs 
abutting  on  a{  that  were  formerly  on  a'  be  now  on  a',  and  those  formerly  on 
b',  now  on  b'.  As  the  first  set  of  arcs  all  cross  the  chain  C,  and  the  second  set 
all  cross  the  chain  D,  we  can  do  this  in  such  a  way  that  no  two  of  the  arcs 
cross  each  other.  We  may  now  join  a  and  b  by  the  arc  ab,  crossing  none  of 
these  arcs.  This  divides  the  inside  of  R  into  two  parts,  in  one  of  which  a' 
lies,  and  in  the  other  of  which  b'  lies.  We  may  therefore  join  a'  and  b'  by  the 
arc  a'b',  crossing  the  arc  ab.  G  and  G'  are  now  reconstructed,  and  are  mapped 
on  the  sphere  as  required.  This  completes  the  proof  of  the  theorem,  and  there- 
fore of  Theorem  29. 

Theorem  31.  yl  necessary  and  sufficient  condition  that  a  graph  be  planar 
is  that  it  contain  neither  of  the  two  following  graphs  as  subgraphs: 

Gi.  This  graph  is  formed  by  taking  Jive  vertices  a,  b,  c,  d,  e,  and  joining  each 
pair  by  an  arc  or  suspended  chain. 

Go.  This  graph  is  formed  by  taking  two  sets  of  three  vertices,  a,  b,  c,  and  d,  e,f, 
and  joining  each  vertex  in  one  set  to  each  vertex  in  the  other  set  by  an  arc  or 
suspended  chain. 

This  theorem  has  been  proved  by  Kuratowski.*  It  would  be  of  interest  to 
show  the  equivalence  of  the  conditions  of  the  theorem  and  Theorem  29 
directly,  by  combinatorial  methods.  We  shall  do  part  of  this  here,  in  the  fol- 
lowing theorem:! 

Theorem  32.  Neither  of  the  graphs  G\  and  G2  has  a  dual. 

Suppose  the  graph  d  had  a  dual.  By  Theorem  28,  if  d  contains  a  sus- 
pended chain,  we  can  drop  out  one  of  its  arcs  and  let  the  two  end  vertices 
coalesce,  and  the  resulting  graph  will  have  a  dual.  Continuing,  we  see  that  the 
graph  G3,  in  which  each  pair  of  vertices  of  the  set  a,  b,  c,  d,  e  are  joined  by  an 
arc,  must  have  a  dual.  Similarly,  if  d  has  a  dual,  then  the  graph  Gi,  in  which 
each  vertex  of  the  set  a,  J,  c  is  joined  to  each  vertex  of  the  set  J,  e,  /  by  an  arc, 
must  have  a  dual.  Both  of  these  are  impossible. 

♦  Fundamenta  Mathematicae,  vol.  15  (1930),  pp.  271-283. 

t  The  other  half  has  recently  been  proved  by  the  author.  See  Bulletin  of  the  .\merican  Math- 
ematical Society,  abstract  (38-1-39).    (Note  added  in  proof.) 
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(a)  The  graph  d.  To  avoid  subscripts,  let  us  call  it  G.  Suppose  it  had  a 
dual,  G' .  Then 

R  =  N'  =  4, 

N  =  R'  =  6, 

E  =  E'  =  10. 

If  G'  has  isolated  vertices,  we  drop  them  out,  which  does  not  alter  its 
relation  to  G. 

(1)  There  are  no  1-circuits,  2-circuits  or  triangles  in  G'.  For  if  there  were, 
dropping  out  the  corresponding  arcs  of  G  would  have  to  reduce  the  rank  of  G. 
But  we  cannot  reduce  its  rank  without  dropping  out  at  least  four  arcs. 

(2)  G'  contains  at  least  five  quadrilaterals.  For  if  we  drop  out  the  four 
arcs  on  any  vertex  of  G,  the  rank  is  reduced  by  1,  and  if  we  put  back  any  of 
these  arcs,  the  rank  is  brought  back  to  its  original  value;  Theorem  9  now 
applies. 

(3)  At  least  two  of  these  quadrilaterals  have  an  arc  in  common,  as  there 
are  but  ten  arcs  in  G'. 

There  are  just  two  ways  of  forming  two  quadrilaterals  out  of  fewer  than 
eight  arcs  without  forming  any  2-circuits  or  triangles.  One  of  these  graphs, 
/i' ,  contains  the  arcs  a'b',  b'e',  a'c',  c'e',  a'd',  d'e'.  The  other,  !■! ,  contains  the 
arcs  a'e',  e'f',f'b',  b'a',  e'c',  c'd',  d'f.  But  there  is  no  subgraph  of  the  type 
7/  in  G' ,  for  this  subgraph  is  of  rank  4  and  nullity  2,  and  there  would  have  to 
be  a  subgraph  of  G  of  rank  2  and  nullity  2,  and  such  a  graph  contains  a  1- 
or  a  2-circuit,  of  which  there  are  none  in  G.  Hence  G'  contains  a  subgraph  li . 

(4)  Each  vertex  of  G'  is  on  at  least  three  arcs,  as  there  are  no  1-  or  2-cir- 
cuits in  G. 

Each  of  the  vertices  a',  b' ,  c' ,  d'  of  li  is  on  but  two  arcs.  Hence  there 
must  be  another  arc  on  each  of  these  vertices.  As  /•/  contains  seven  arcs,  and 
G'  contains  but  ten,  one  of  the  three  arcs  left  must  join  two  of  these  vertices. 
But  if  we  add  an  arc  a'b'  or  c'd',  we  would  form  a  2-circuit;  if  we  add  an  arc 
a'c'  or  b'd',  we  would  form  a  triangle;  if  we  add  an  arc  a'd'  or  b'c' ,  we  would 
form  a  graph  of  the  type  // .  As  G'  contains  none  of  these  graphs,  we  have  a 
contradiction. 

(b)  The  graph  G4.  Let  us  call  it  G.  If  it  has  a  dual  6",  then 

R  =  N'  =  5, 
AT  =  ;?'  =  4^ 

£  =  £'  =  9. 

We  proceed  exactly  as  for  the  graph  G3.  In  outline: 
(1)  G'  contains  no  1-  or  2-circuits. 
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(2)  There  is  no  subgraph  of  6"  containing  four  vertices,  each  pair  being 
joined  by  an  arc.  For  this  graph  is  of  rank  3  and  nullity  3,  and  G  would  have 
to  contain  a  subgraph  of  rank  2  and  nullity  1,  that  is,  a  2-circuit. 

(3)  There  are  at  least  nine  subgraphs  of  G'  of  rank  3  and  nullity  2,  and 
hence  of  the  form  a'b',  a'c',  b'c',  b'd',  c'd',  as  there  are  nine  quadrilaterals  in  G. 

(4)  As  G'  contains  but  nine  arcs,  two  of  these  subgraphs  have  an  arc  in 
common.  There  is  therefore  a  subgraph  of  one  of  the  forms  //  :  a'e',  a'b',  b'e', 
a'c',  c'c',  a'd',  d'e',  or  U  :  a'e',  a'b',  b'e',  b'c',  c'e',  c'd',  d'e'. 

(5)  Each  vertex  of  G'  is  on  at  least  four  arcs. 

Now  each  of  the  graphs  /' ,  I!  contains  seven  arcs.  We  have  but  two 
arcs  left  which  we  must  place  so  that  each  vertex  of  /i  or  /■/  is  on  at  least 
four  arcs.  This  cannot  be  done.  The  theorem  is  now  proved. 

Theorem  31  together  with  this  theorem  gives  an  alternative  proof  of  the 
second  part  of  Theorem  29.  For  suppose  a  graph  G  had  a  dual.  Then  it  con- 
tains neither  the  graph  d  nor  GV  For  if  it  did,  dropping  out  all  the  arcs  of  G 
but  those  forming  one  of  these  graphs,  Theorem  28  tells  us  that  this  graph 
has  a  dual.  But  we  have  just  seen  that  this  is  not  so.  Hence,  by  Theorem 
31,  G  is  planar. 

Euler's  formula.  Map  any  connected  planar  graph  G  on  a  sphere,  and  con- 
struct its  connected  dual  G'  as  described  in  the  proof  of  Theorem  29.  Then 
in  each  region  of  G  there  is  a  vertex  of  G'.  Let  F  be  the  number  of  regions 

(or  faces)  in  G.  Then 

R'  =  N, 

R  =  V  -  1, 

R'  =  V  -  1, 

V  =  F, 
and  hence 

V-E+F=R+\-E+N+l 

=  2, 
which  is  Euler's  formula. 

Harvard  University, 
Cambridge,  Mass. 


A  CHARACTERIZATION  OF  THE  CLOSED  2-CELL* 

BY 

HASSLER  WHITNEYt 

1.  Introduction.  A  number  of  characterizations  have  been  given  of  the 
simple  closed  surface.  J  The  proofs  involve  considerable  point  set  difi&culties. 
We  give  here  a  characterization  of  the  closed  2-cell,  that  is,  a  point  set  homeo- 
morphic  with  a  circle  and  its  interior.  The  fundamental  theorem  is  partly  of  a 
combinatorial  and  partly  of  a  continuity  nature.  Pt  reads 

Theorem  I.  Let  Rbea  continuous  curve  §  containing  the  simple  closed  curve 
J,  such  that 

(1)  /  is  irreducibly  homologous  to  zero  in  R,  and 

(2)  7/7  is  an  arc  with  just  its  two  end  points  a  and  b  on  J,  then  R—y  is  not 
connected. 

Let  R'  and  J'  be  defined  similarly.  Then  R  and  R'  are  homeomorphic,  with 
J  corresponding  with  J' . 

That  i?  is  a  closed  2-cell  then  follows  immediately  from  the  following 
theorem.  We  note  that  /  corresponds  with  the  circle,  that  is,  /  is  the  bound- 
ary of  R. 

Theorem  II.  7/  7  is  a  circle  in  the  plane  and  S  is  I  with  its  interior,  then  S 
and  I  satisfy  the  conditions  prescribed  for  R  and  J  in  the  above  theorem. 

The  exact  meaning  of  Condition  (1)  of  Theorem  I  is  given  in  §4;  a  stronger 
condition  is  the  following;  For  every  €>0  and  any  two  points  a  and  b  on  J, 
there  is  a  set  of  points  a  a  in  R,  1  ^i^m,  1  ^j^n,  such  that  all  points  ai,- 
coincide  with  a,  all  points  a,„;  coincide  with  b,  all  points  an  lie  on  one  arc  ab 
of  J,  all  points  a,„  he  on  the  other  arc  ab  of  /,  andj] 

moreover,  this  does  not  hold  in  any  proper  subset  of  R  containing  J. 


*  Presented  to  the  Society,  October  31,  1931;  received  by  the  editors  .'\pril  13,  1932. 

t  National  Research  Fellow. 

t  That  is,  a  point  set  homeomorphic  with  the  surface  of  a  sphere.  See  L.  Zippin,  .\merican  Jour- 
nal of  Mathematics,  vol.  52  (1931),  pp.  331-350;  these  Transactions,  vol.  31  (1929),  pp.  744-770; 
C.  Kuratowski,  Fundamenta  Mathematicae,  vol.  13  (1929),  pp.  307-318;  also  references  in  these 
papers. 

§  See  Lemma  A. 

II  p(P,  ?)  =  distance  from  p  to  q,  or  in  general,  distance  between  two  point  sets;  6(5)  =  diameter  of 
S;  r,(5)  =  those  points  p  for  which  pip,  S)<e;  ir,(5)  =  those  points  p  for  which  p(p,  S)^(. 
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Notations  and  preliminary  theorems  are  given  in  §§2,  3  and  4;  an  outline 
of  the  proof  of  Theorem  I  will  be  found  in  §5.  The  Jordan  and  related 
theorems  follow  of  course  from  the  above  theorems. 

2.  Point  set  background.  Elementary  properties  of  point  sets  we  shall 
need  may  be  found  in  Hausdorff,  Mengenlehre,  chapter  VI.  A  continuous 
curve  is  a  metric  space  which  can  be  expressed  as  the  continuous  image  of  a 
closed  line  segment.  An  arc  is  the  topological  image  of  a  closed  line  segment ; 
a  simple  closed  curve,  the  topological  image  of  a  circle. 

Two  fundamental  lemmas  are  the  following: 

Lemma  A.*  A  compact,  connected  and  locally  connected  metric  space  is  a 
continuous  curve,  and  conversely. 

Lemma  B.f  ^1  continuous  curve  is  arcwise  connected. 

That  is,  any  two  points  p  and  q  in  the  set  are  end  points  of  an  arc  pq  in 
the  set.  Using  the  definition  of  a  continuous  curve,  it  is  easily  seen  that  two 
continuous  curves  which  have  common  points  form  a  continuous  curve. 

From  these  lemmas  we  deduce  the  following  known  theorems. 

Lemma  C.  Any  continuum  C  of  diameter  <e  in  a  continuous  curve  R  is 
contained  in  a  continuous  curve  C  in  R  of  diameter  <€. 

Say  6(C)  =«  —  €'.  R  being  the  continuous  image  of  a  closed  hne  segment, 
we  can  divide  this  segment  into  segments  so  small  that  the  diameter  of  the 
image  of  each  is  <«'.  We  let  C  be  the  union  of  all  of  these  images  which  have 
points  in  common  with  C. 

Lemma  D.  A  continuous  curve  R  is  locally  arcwise  connected. 

That  is,  given  a  point  p  and  an  e >0,  there  is  a  5  >0  such  that  if  g  c  Vs{p), 
then  there  is  an  arc  pq  in  R  of  diameter  <  e.  As  i?  is  locally  connected,  we  can 
take  6  so  that  if  9  c  Vs{p),  there  is  a  continuum  C  in  i?  of  diameter  <«  con- 
taining p  and  q.  The  continuum  C  is  contained  in  a  continuous  curve  C  of 
diameter  <e,  and  C  is  arcwise  connected;  hence  there  is  an  arc  pqcC'  c  R, 
and  d{pq)  <€. 

R  is  of  course  uniformly  locally  arcwise  connected,  by  the  Borel  Theorem. 

Lemma  E.  A  connected  open  subset  R'  of  a  continuous  curve  R  is  arcwise  con- 
nected. 


*  See  G.  T.  WTiyburn,  Concerning  continuous  images  of  the  interval,  American  Journal  of  Mathe- 
matics, vol.  53  (1931),  pp.  670-674. 

t  See  references  in  R.  L.  Moore,  Report  on  continuous  curves,  Bulletin  of  the  American  Mathe- 
matical Society,  vol.  29  (1923),  p.  293,  footnote  (t). 
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If  there  are  two  points  p  and  q  in  R'  which  are  joined  by  no  arc  in  R' , 
let  A  contain  p  and  all  points  of  R'  joined  to  p  by  an  arc  in  R' ,  and  put 
B=R'  —  A;  then  there  is  no  arc  joining  a  point  of  yl  to  a  point  of  B  in  R' . 
As  R'  is  connected,  there  is  a  point  p'  in  one  of  these  sets,  say  B,  which  is  a 
limit  point  of  points  of  the  other  set,  A.  A.?,  R'  is  open  in  R,  p(p',  R  —  R')  = 
€>0.  We  can  take  q'  in  A  so  close  to  p'  that  there  is  an  arc  p'q'  in  R  of  dia- 
meter <«.  But  then  p'q'  cR',  a  contradiction. 

Suppose  R  is  connected,  and  p  cR  is  such  a  point  that  R  —  p  is  not  con- 
nected. Then  p  is  called  a  cut  point  of  R. 

Lemma  F.  Let  R  be  a  continuous  curve  without  a  cut  point.  Then  for  every 
«  >0  there  is  a  5>0  such  that  if  p(q,  />)  ^  e  and  p(q',  p)  ^  e,  then  there  is  an  arc 
qq'  with  no  points  in  Vi{p). 

Suppose  the  contrary.  Then  there  are  three  sequences  of  points  { />,. } , 
\qn],  [qn],  approaching  points  p,  q,  q',  respectively,  with  p(q„,  pn)^e, 
p{qn  ,  pn)  ^e,  and  such  that  for  each  n,  any  arc  qnqJi.  must  contain  points  in 
ViJ^pn),  where  lim„,^6„=0.  By  Lemma  D  it  is  seen  that  for  any  n  greater 
than  some  N  there  are  arcs  q^q,  qnq' ,  with  no  points  in  Vti-zip)-  It  follows  that 
any  arc  qq'  must  pass  through  p,  contradicting  Lemma  E  (as  p  is  not  a  cut 
point) . 

3.  Combinatorial  background.*  A  k-simplex,  or  abstract  k-simplex,  is  a  set 
of  k  elements  (say  points)  a^a^  •  •  •  ak-  The  order  in  which  we  write  the  points 
is  immaterial.  For  ^  =  0,  1  and  2  we  use  also  the  terms  vertex,  segment  and 
triangle  respectively.  A  k-chain  is  a  set  of  ^-simplexes,  and  is  written  as  the 
sum  ,of  these  simplexes.  The  sum  (mod  2)  of  several  ^-chains  is  the  ^-chain 
containing  those  simplexes  which  occur  in  an  odd  number  of  the  ^-chains. 

The  boundary  K  of  a  k-simplex  L,  k>0,  is  the  sum  of  all  {k  —  1) -simplexes 
formed  bj'  dropping  out  one  of  the  vertices  of  the  simplex.  We  write  L^>K. 
A  0-simplex  has  no  boundary.  Thus 

a  —>  0,  ab  —^  a  +  b,  abc  -^  ab  -\-  ac  +  be. 

The  boundary  of  a  ^-chain  is  the  sum  (mod  2)  of  the  boundaries  of  the  sim- 
plexes of  the  chain.  Thus 

ab  -f  be  +  ed  ^>  a  +  d,  abc  +  bed  — >  cJ  -f-  ae  -{-  bd  +  ed. 

Evidently  the  boundary  of  a  sum  of  several  k-chains  is  the  sum  of  the  boundaries 
of  the  chains.  If  a  A'-chain  has  no  boundary,  it  is  called  a  A-cycle.  (Any  0-chain 
is  a  0-cycle.)  The  boundary  of  a  k-chain  (^>0)  is  a  (k—\)-cycle.  This  is  evi- 

*  Compare  L.  Vietoris,  Uber  den  holieren  Zusammenhang  kompiikler  Riiiime,  Mathematische 
Annalen,  vol.  97  (1927),  pp.  454-472. 
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dent  if  the  ^-chain  is  a  ^'-simplex.  The  general  case  then  follows  from  the  last 
theorem. 

Lemma  G.  //  K^a  +  b  is  a  1-chain,  then  there  is  a  chain  of  segments  aai, 
oiOi,  ■  ■  ■  ,  aj}  in  K. 

For  otherwise  we  could  divide  the  segments  of  K  into  two  groups  Ki^a 
and  K2  3  b,  no  two  simplexes  from  different  groups  having  a  common  vertex. 
But  then  Ki—^a,  Ki-^b,  which  cannot  be,  as  the  boundary  of  any  1-chain  con- 
tains an  even  number  of  vertices. 

A  1-circuit  is  a  1-cycle  of  the  form  aia^,  ooOs,  •  •  •  ,  a„-ia„,  a„ai,  the  vertices 
being  distinct  except  as  shown. 

Lemma  H.  Any  l-cycle  K  is  a  sum  of  l-circuits. 

If  aia„  is  a  segment  of  iir,  then  K+aian-^ai+a„,  a.sK^>0  and  aia„-^ai4-a„. 
We  can  thus  find  a  set  of  distinct  segments  and  vertices  aiOi,  •  ■  ■  ,  an-\a„  in 
A'-Fflifln  not  containing  aia„.  This  with  ai(7„  is  a  1-circuit  K\.  As  iTi— »0, 
K+Ki  is  a  1-cycle  containing  no  segments  of  A'l,  and  it  contains  a  1-circuit 
Ki.  Continuing,  we  find  K  =  Ki  +  K2+  •  •  ■  +A'„. 

4.  A  ^-chain  K  is  said  to  lie  in  a  point  set  R  if  each  vertex  of  K  is  in  R. 
Any  vertex  now  has  both  a  name  and  a  position.  Two  vertices  are  distinct  if 
their  names  are  distinct,  irrespective  of  whether  they  coincide  in  position  or 
not.  6  being  a  positive  number,  a  ^-simplex  A  c  i?  is  called  an  (e,  k)-simplex 
in  R  if  5 (A)  <  €,  i.e.  if  any  two  vertices  of  K  are  within  e  of  each  other.  A  k- 
chain  is  an  (e,  k)-chain  if  each  of  its  simplexes  is  an  (e,  ^) -simplex.  A  ^-cycle 
A  in  5  is  said  to  be  e-homologous  to  zero  (A'e~0)  in  R  if  there  is  an  (e,  ^-|-1)- 
chain  Z  in  A  of  which  K  is  the  boundary.  //  Ait^-O  and  K2  €'~0,  then  K1+K2 
€-^0.  We  write  also  Ait-^Aa  for  Ai-f  A2€~'0.  //  Ai€~'A'2  and  Aje^'A'a, 
then  Kie'^Ks. 

Suppose  the  closed  set  R  contains  the  simple  closed  curve  /.  If  for  every 
t  >0  there  is  a  5  >0  such  that  any  (S,  l)-cycle  on  /  is  t^O  in  R,  then  we  say 
that  /~0  in  R.  If  /  is  '~0  in  A  but  is  not  -^0  in  any  proper  closed  subset  of 
R  containing  /,  then  we  say  that  /  is  irreducibly  '^0  in  A. 

Lemma  I.  Given  a  simple  closed  curve  J,  let  us  divide  it  into  the  arcs*  aia2, 
ajfls,  ■  •  •  ,  a„-ia„,  a„ai,  each  of  diameter  <e/2.  Let  5  be  smaller  than  the  dis- 
tance bet'd'een  any  two  of  these  arcs  which  have  no  common  points.  Then  if 
A' =  0102+02^3+  •  ■  •  H-flnai  and  K  is  any  (5,  \)-cycle  on  J,  A  is  either  e^'O 
or  t'^K'  on  J. 

By  Lemma  H,  A  is  a  sum  of  l-circuits  A'l,  •  •  •  ,  A„,.  If  we  show  that  each 


*  Here,  aiai  denotes  an  arc,  and  oiOo,  a  segment. 
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Ki  is  e~Q;iA",  a;  =  0  or  1,  it  will  follow  that  X=  X^'.  6~  Y^aiK' =  Q  or  K' 
(depending  on  whether  2Za,  is  even  or  odd),  and  the  lemma  will  be  proved. 

Consider  any  A'i  =  ^)A+M3+  •  •  •  +6.61,  say.  If  a  vertex  bj  of  Ki  does 
not  lie  on  any  point  a*,  say  bjCakak+u  add  to  Ki  the  boundary  of  the  €- 
triangles  bj^ib,ak  -\-bjhj+iak ,  where  a*  is  a  new  vertex  lying  on  ak.  The  result 
is  an  (e,  l)-circuit  Ki'-^^e^Ki,  the  vertex  6,  having  been  replaced  by  the  ver- 
tex a/ .  Repeat  the  process  till  we  have  an  (e,  l)-circuit  K"  =  ciC2+CiCs+  ■  -  • 
+c,ci  e^Ki. 

Now  any  two  consecutive  vertices  c,-,  Cj+\  lie  on  the  same  or  consecutive 
vertices  of  A''.  Suppose  c,  is  on  a*  andcy+jisonai+p, />?^2  or  —2.  Then  add  the 
boundary  of  CjC,+iC,+2,  replacing  the  segments  C;Cy+i+c,+iC/+2  by  the  single 
segment  c,c,+2.  Continue  till  we  arrive  at  a  (possibly  void)  (e,  l)-circuit  K* 
=  did2+  ■  ■  ■  -{-drdif^Ki.  If  di  lies  on  C/,,  then  d;+x  Ues  on  at+,,  where  we 
put  n+p  =  p,  etc. 

If  K*  contains  no  segments,  Ki  €~^0.  Otherwise,  following  the  vertices 
di,  di,  ■  ■  ■  ,  dr,  di  of  K*,  we  have  gone  around  /  p  times  say.  Add  to  K*  the 
boundaries  of  all  the  2r  e-triangles  of  the  following  sort.  If  d;  lies  on  a*,  and 
dj+i  on  ak±i,  two  of  the  triangles  are  djdj+iak  and  dj+x  a^akti-  The  result  is  an 
(e,  l)-cycle  pK'  =  0  or  A'.  Thus  Kte^^O  or  A',  and  the  proof  is  complete. 

An  immediate  consequence  of  this  lemma  is 

Lemma  J.  Let  the  simple  closed  curve  J  lie  in  the  closed  set  R.  If  for  every 
€>0  there  is  a  l-cycle  A'  in  J  as  above  described  which  is  c^O  in  R,  then  7-^0 
in  R. 

Lemma  K.  If  y  is  an  arc,  then  for  every  e>0  there  is  a  5>0  such  that  any 
(S,  \)-cycle  on  y  is  e^-O  on  y. 

The  proof  below  holds  in  fact  if  7  is  a  closed  A-cell,  any  k.  It  is  sufficient 
to  prove  it  for  the  case  that  7  is  a  closed  line  segment,  in  which  case  we  can 
take6  =  €/2.t 

Let  A  be  a  (5,  l)-cycle  on  7,  let  ao&o  be  a  segment  of  A,  and  say  5(7)  =a. 
Choose  a  fixed  point  p  in  7,  and  an  integer  n>a/5.  Let  the  vertices  ai, 
02,  ■  ■  ■  ,  fln-i  divide  the  segment  aop  into  n  equal  parts,  and  similarly  for  the 
vertices  &i,  62,  •  •  •  ,  bn-i.  Add  to  A  the  boundaries  of  all  triangles  of  the  form 
UiOi+ibi,  Oi+ibibi+i,  an-ibn-ip,  and  of  all  similar  triangles  corresponding  to  the 
other  segments  of  A.  The  result  is  0.  As  all  the  triangles  employed  are  e- 
triangles,  A€~0  in  7. 

5.  Outline  of  the  proof  of  Theorem  L  The  proof  runs  as  follows. 


t  The  essential  point  in  the  proof  below  is  that  7  is  convex:  any  two  points  of  7  are  end  points 
of  a  line  segment  in  y.  The  proof  is  then  easily  extended  to  the  case  of  any  set  homeomorphic  with  7. 
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(a)  In  §6  we  show  how  an  arc  y  can  be  drawn  in  R  crossing  J,]  avoiding 
two  given  closed  sets.  /?  — 7  is  not  connected. 

(b)  In  §7  we  prove  some  lemmas.  These  show  (§8)  that  R—y  contains 
exactly  two  components  A'  and  B' .  If  A  =A'-\-y,  then  A  and  its  boundary 
curve  J  A  (which  is  7  plus  a  part  of  /)  satisfy  condition  (1)  of  the  theorem; 
similarly  for  B  =  B'+y  and  Jn-  Further,  A  and  B  are  continuous  curves. 

(c)  In  §9  it  is  shown  that  any  arc  in  A  (or  B)  crossing  Ja  (Jh)  divides 
A  (B).  Thus  A  and  J  a  (B  and  Jb)  satisfy  all  the  conditions  of  the  theorem. 
Hence  we  can  cut  up  each  set  just  as  we  cut  up  R,  and  can  continue  indefi- 
nitely. 

(d)  The  object  of  §10  is  to  prove  that  R  may  be  cut  into  pieces  of  arbi- 
trarily small  diameter. 

(e)  The  homeomorphism  between  R  and  R'  is  now  easily  established.  We 
cut  R  up  indefinitely,  and  cut  R'  in  a  corresponding  fashion.  Any  point  poi  R 
lies  in  a  descending  sequence  of  pieces;  the  corresponding  sequence  in  R' 
determines  a  point  p',  which  we  let  correspond  to  p. 

We  turn  now  to  the  detailed  proof. 
6.  An  arc  crossing  J.  We  prove  here 

Lemma  L.J  Let  the  simple  closed  curve  J  be  -^0  in  the  continuous  curve  R. 
Let  c  and  d  be  two  points  of  /,  dividing  J  into  the  two  arcs  rji  and  772-  //  C  and  D 
are  two  closed  sets  in  R  containing  c  and  d  respectively,  and  C  D  =  0,  then  there 
is  an  arc  7  in  R  joining  rjx  to  rji  which  has  no  points  in  C  or  in  D. 

Say  p{C,  D)=3e,  and  put  C'  =  TF<(C),  D'  =  W,(D);  then  p(C',  D')  =  e. 
Take  a  so  small  that  anj^  two  points  in  R  within  a  of  each  other  are  joined  by 
an  arc  of  diameter  <  «  (Lemma  D).  Take  8  so  small  that  any  (5,  l)-cycle  on 
J  is  o-~'0  in  R.  Construct  the  (5,  1)-C3'cle  K  =  cci+ciC2+  ■  ■  ■  +Cnd+ddi 
-i-did2+  ■  ■  •  +d„c,  CiCTii,  diCr]i.  There  is  a  ((t,  2)-chain 

L  =  Lc  +  Ld^K 

in  R,  where  we  let  Lc  contain  all  those  triangles  of  L  with  vertices  in  C,  and 
let  Ld  be  the  rest  of  L. 
Say 

Lc  ->  Kc  =  AV  +  /v  *, 

where  we  let  Kc  contain  all  those  segments  of  Kc  which  are  also  in  K.  As 
Lc<^V,{C'),  K*D'  =  0.  Define  AV  by  the  relation 


t  That  is,  y  lies  in  R,  and  has  only  its  end  points  on  J. 

X  Compare  P.  Urysohn,  Uber  Riiume  mil  verschwiiideiider  erster  Broii'cerscher  Zahl,  Proceedings. 
Amsterdam  .\kademie  van  Wetenschappen,  vol.  31  (192S),  pp.  808-SlO. 
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Lo  — >  Kb  =  A'i)    +  A*. 

Adding  these  relations  gives  L  on  the  left,  and  hence  A'  on  the  right: 

A  =  A'c  +  A'd  . 

As  all  the  segments  of  A'c'  are  in  A',  A'd  must  contain  Just  those  segments  of 
K  not  in  Kc  ;  in  particular,  it  contains  no  segments  of  AT*.  Hence  all  the  seg- 
ments of  K*  are  present  in  Kd  -\-K*,  the  boundary  of  Ld  (i.e.  none  have  can- 
celed out  with  segments  of  Kd  ) .  Hence,  as  Zd  •  C  =  0, 

A*  C  =  K*  D'  =  0. 

As  Kc  is  the  boundary  of  Lc,  it  is  a  1-cycIe;  hence 

A'c  +  cci  =  A'c'  +  A*  +  ffi  ^  c  +  ci. 

By  Lemma  G,  Kc+cci  contains  a  chain  of  segments  joining  Ci  to  c.  Following 
this  chain,  let  p,  be  the  first  vertex  in  7/2,  and  pa,  the  last  vertex  before  p, 
in  Tji,  and  say  p^pi,  pxpi,  •  •  •  ,  ps-\ps  are  the  segments  in  between.  We  shall 
show  that  these  segments  are  in  K*.  If  5  >  1  this  is  obvious,  as  then  />i,  •  •  • 
p,-\  exist  and  are  not  on  J.  Suppose  s  =  l  and  popi'is  not  in  K*;  then  it  is  in 
Kc  +cci.  It  could  only  be  the  segment  cci.  But  cci  hes  in  A"  and  not  in  A'c, 
hence  it  is  in  A^c",  it  is  not  in  A^*,  hence  it  is  in  Kc+K*  =  Kc' ,  and  therefore 
not  in  Kc  +cci.  This  proves  the  statement. 

Now  let  p,pi+i  be  an  arc  of  diameter  <e'm  R,i  =  0,  ■  •  •  ,s  —  l.  These  arcs 
form  a  continuous  curve,  from  which  we  can  pick  out  an  arc  7  (Lemma  B) 
joining  771  to  772;  we  can  take  y  so  only  its  end  points  are  on  /.  As  pipi+i  c  A'* 
and  5(pipi+i)  <e,y  has  no  points  in  C  or  in  D,  and  the  lemma  is  proved. 

7.  We  prove  three  lemmas. 

Lemma  M.  7/  /  c  C,  7~0  in  C+D,  and  CD  =  an  arc  y,  then  7~0  in  C. 

Given  an  €>0,  choose  first  €i  so  small  that  any  (Sei,  1) -cycle  on  7  is 
e~0  in  7  (Lemma  K).  Take  next  €2  <  «i  so  that  \i  pcD  and  p{p,  C)  <  €2,  then 
p{p,  7)  <ei.  (If  D^  =  D-D  F.,(7),  take  t2<p{D,,  C).)  Take  finally  5 < 62  so 
that  any  (5,  l)-cycle  K  on  J  h  e2~0  in  C+D;  we  shall  show  that  Ke^Q  in  C. 

LetZ-»A'bean  (ej,  2)-chain  in  C-|-£>.  Take  any  vertex />  of  Lin  £>•  F.^C) 
—7,  and  replace  it  by  a  vertex  p'  c  7,  where  p{p,  p')  <  ei.  L  is  thus  replaced 
by  a  {3(1,  2)-chain  L',  in  which  each  triangle  lies  wholly  in  either  C  or  D. 
Moreover,  L'—>K,  as  no  vertices  of  A'  have  been  moved. 

Put  L'  =Lc+Lv,  where  Lc  contains  those  triangles  of  Z,'  in  C.  Say 

Xc  ^  A  +  A*;  then  Ld  ->  A*. 

A'*  is  a  (3e,,  l)-cycle  lying  in  CD  =  y;  it  bounds  an  (t,  2)-chain  L*  in  7. 
Hence 
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Lc  +  L*->  {K  +  A-*)  +  A'*  =  A'. 
Lc  +  L*  is  an  (e,  2)-chain  in  C,  and  the  lemma  is  proved. 

Lemma  N.  Let  AB=y,  an  arc  whose  end  points  are  a  and  h.  Let  the  arcs 
a  and  ^  join  a  and  h  in  A  and  B  respectively,  neither  having  any  points  other 
than  a  and  b  in  common  'with  y.  //a+(3~0  in  A  +B,  thena+y^Q  in  A. 

Given  an  e>0,  choose  ei,  €2  and  8  as  in  the  last  lemma.  Take  (5,  l)-chains 
Ka,  Kg  and  Ky  in  a,  /3  and  7  respectively,  each  bounded  by  a  +  i;  by  Lemma  J, 
it  is  sufficient  to  show  that  Ka  +  Ky  e~0  in  A. 

Ka  +  Kff  bounds  an  (62,  2)-chain  L  in  A+B;  we  move  each  vertex  of  L 
in  B-Vt^(A)—y  onto  7,  giving  a  (36i,  2)-chain  L'-^Ka+Kl .  Say  L'  =  La 
+Lb,  where  LacA,  LbcB.  If  La-^Ku+K*,  then  Lb-^K^  +K*,  and 
K*cy.  K*  +  Ky  is  a  (3ei,  l)-cycle  on  7  bounding  an  (e,  2)-chain  L*  in  7. 
Hence  LA+L*—yKa  +  Ky  in  A,  completing  the  proof. 

Lemma  0.  Let  a,  /3  and  7  be  three  arcs  such  that  a-P  =  a-y=l3y  =  a  +  b. 
Saya+y  c  A  and  |8+7  c  B.  If  a+y^O  in  A  a;ji  /3+7~0  in  B,  then  a+/3~0 
in  A+B. 

Define  Ka,  K^,  Ky  as  before;  we  need  merely  show  that  Ka  +  Kge^O  in 
A+B.  There  are  (e,  2)-chains  La  and  Lb  such  that  LA-^Ka  +  Ky  in  A  and 
La^K^+Ky  in  B;  hence  La+Lb-^K^+K^  in  A  +B. 

8.  The  set  A— 7.  Let  7  be  any  arc  in  R  crossing  /;  say  the  end  points  of 
7  divide  /  into  the  two  arcs  a  and  0.  By  condition  (2)  of  the  theorem,  R—y 
is  not  connected.  Let  A'  and  B'  be  those  components  of  i?  — 7  containing 
<a>t  and  </3>  respectively.  These  are  not  the  same  component.  For  if 
they  were,  putting  A  =  A'+ y,D  =  R  —  A',  we  have  7c  ^,  J^O'mR  =  A+D, 
and  AD  =  y;  hence,  by  Lemma  M,  /~0  in  A,  a,  proper  subset  of  R,  contrary 
to  condition  (1)  of  the  theorem. 

The  same  reasoning  shows  that  R  has  no  cut  point  p;  we  need  merely  re- 
place 7  by  /)  in  Lemma  M  and  above. 

Put 

A   =  A'  +  y,B  =  B'  +  y. 

li  D  =  R-  A' ,  then  A  ■  D  =y  and  J  =  a+0^O  in  R=  A  +D.  Hence,  by  Lemma, 
N,  a+7~0  in  A.  Similarly,  /3+7~0  in  B.  Consequently,  by  Lemma  0, 
y~0  in  A  +B,  from  which  follows  that  A  +B=R. 

Moreover,  a+y  is  irreducibly  '--O  in  A.  For  if  a+7~0  in  A*,  a+y  cA* 
cA,  then,  by  Lemma  0,  a+/3~0  in /l*  +  5;  hence  ^*+5=i?,  which  is  only 
possible  ii  A*  =  A.  Similarly,  jS+y  is  irreducibly  ~0  in  B. 

t  <a>  is  a  except  for  its  end  points,  etc. 
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Let  us  show  that  ^  is  a  continuous  curve.  It  is  connected,  as  ^'  is;  it  is 
self-compact,  being  a  closed  subset  of  a  compact  space.  A  is  locally  connected. 
For  if  p  and  q  are  points  of  A  close  enough  together,  there  is  an  arc  pq  in  R 
of  small  diameter;  if  pq  lies  partly  in  B',  we  can  replace  that  part  of  it  by  an 
arc  of  7  of  small  diameter.  Lemma  A  now  applies.  Similarly,  5  is  a  con- 
tinuous curve. 

9.  We  shall  now  show  that  any  arc  5  crossing  J  a  =a+y  in  A  divides  A. 
The  following  two  lemmas  will  be  useful. 

Lemma  P.  If  iji  and  7?2  are  arcs  contained  ivilhin  the  arcs  y  and  /?  respectively, 
then  there  is  an  arc  pq  crossing  J b  =/3+T  in  B,  with  pcr]i,qc  r]2. 

This  is  an  immediate  consequence  of  Lemma  L,  if  we  take,  for  the  closed 
sets  of  that  lemma,  the  closed  intervals  of  Jb  complementary  to  rji  and  r/j. 

Lemma  Q.  There  are  no  two  arcs  ab  and  cd  in  R  without  common  points,  each 
crossing  J,  whose  end  points  are  in  the  order  acbd  on  J. 

This  follows  directly  from  what  we  have  seen  above. 

To  show  that  5  divides  A,  we  must  consider  four  cases. 

Case  1.  Both  end  points  of  5  lie  on  a.  Suppose  ^  —  5  is  connected;  then 
it  is  arcwise  connected,  by  Lemma  E.  Hence  there  is  an  arc  in  ^  —  5  joining  a 
point  p  oi  a  lying  between  the  two  end  points  of  5  and  a  point  q  within  y.  If 
r?i  is  an  arc  within  y  containing  q,  there  is  an  arc  rs  in  B  joining  r/i  to  a  point 
s  within  /3,  with  only  its  end  points  r  and  s  on  J b,  by  Lemma  P.  The  arc 
pqrs  crosses  /  and  does  not  touch  5.  But  the  end  points  of  this  arc  alternate 
with  those  of  5  on  J,  contradicting  Lemma  Q. 

Case  2.  S  is  an  arc  cd,  where  c  lies  within  a,  d  hes  within  7.  If  ^  —  5  is  con- 
nected, let  Pq  be  an  arc  in  this  set  joining  points  of  a  on  opposite  sides  of  c. 
If  771  is  an  arc  of  7  containing  d  but  not  touching  pq,  let  the  arc  rs  join  771  to 
/3  in  5;  then  the  arcs  pq  and  cdrs  contradict  Lemma  Q. 

Case  3.  The  end  points  c  and  d  oi  h  lie  within  y  =  ab,  say  in  the  order 
acdb.  If  .4  —5  is  connected,  let  pq  be  an  arc  in  this  set  joining  a  point  p  within 
a  to  a  point  g  in  7  between  c  and  d.  If  rji  is  an  arc  of  7  containing  q  but  not 
touching  8,  let  ri.yi  be  an  arc  in  B  joining  771  to  a  point  Si  within  /3. 

The  arcs  acrx  of  7  and  n^i  form  an  arc  acriSi  crossing  /;  hence 

R  —  acTiSi  =  Ci  +  d, 

where  Ci  contains  the  open  arc  <asi  >  of  0,  and  C2  contains  b  and  points  con- 
nected with  b.  As  riSi  lies  in  B,  A' cCi+Co;  the  connected  set  A'+b  Hes  thus 
in  Cj.  If  772  is  an  arc  of  7  containing  c  but  not  touching  771,  and  ra^j  is  an  arc  in 
Ci  joining  772  to  a  point  ^2  of  /3  between  a  and  Si,  then  rii+rtSt  does  not  touch 
pqriSi,  and  has  only  the  point  c  in  common  with  8. 
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Similarl)',  if  773  is  an  arc  of  7  containing  d  but  not  touching  t/i,  there  is  an 
arc  ^3^3  in  R  —  bdriSi  such  that  rz  lies  in  7/3,  53  lies  in  /3  between  5i  and  b,  and 
'73  +  ^3.y3  does  not  touch  pqriSi  and  has  only  the  point  d  in  common  with  5. 
The  arc  riS}  does  not  touch  r^s^,  as  it  lies  in  Co.  Thus  the  two  arcs  pqriSi  and 
SiriCdnsz  {cd  =  h)  contradict  Lemma  Q. 

Case  4.  The  same  as  Case  3,  except  that  c  =  a  or  d  =  b,  say  the  latter. 
Then,  in  the  notation  of  Case  3,  the  arcs  pqr^Si  and  SiTicb  {cb  =  8)  contradict 
Lemma  Q. 

This  completes  the  proof  that  A  and  J  a  {B  and  Jb)  satisfy  the  conditions 
of  Theorem  I. 

10.  The  cutting  up  of  R.  We  are  concerned  with  the  following  lemma. 

Lemma  R.  R  may  be  cut  into  a  finite  number  of  pieces  of  arbitrarily  small 
diameter. 

Given  an  6>0,  choose  5  <«  so  as  to  satisfy  the  requirement  in  Lemma  F. 
Suppose  R  is  cut  up  so  that  the  diameter  of  the  boundary  of  each  piece  is 
<8.  Then  each  piece  is  of  diameter  <3e.  For  otherwise  there  is  a  point  q  of 
some  piece  Ri  at  a  distance  ^  e  from  its  boundary  /,.  Let  ^  be  a  point  of 
Ji,  and  q',  el  point  of  R  —  Ri  at  a  distance  ^  e  from  p.  Every  arc  from  q  to  q' 
must  cut  the  boundary  Ji  of  Ri  and  thus  must  pass  within  5  of  p,  contra- 
dicting Lemma  F. 

The  lemma  thus  follows  from 

Lemma  S.  Given  a  8>0,  R  can  be  cut  up  so  that  tlie  diameter  of  the  boundary 
of  each  piece  is  <  S. 

Express  R  as  the  union  of  a  finite  number  of  continua: 

R  =  K,  +  K.+ h  K,„,  5(A',)  <  5/2. 

We  shall  cut  up  R  in  such  a  manner  that  no  two  of  these  continua  A',  and  Kj 
have  points  on  the  boundary  of  the  same  piece  of  R,  if  A',- A"j=0;  the  lemma 
will  then  follow. 

Suppose  we  have  cut  i?  up  a  certain  amount  (perhaps  not  yet  at  all),  into 
the  pieces  Ri,  R2,  ■  ■  ■  ,  A„,  with  boundaries  7i,  J2,  ■  ■  ■  ,  Jn  (we  may  have.  R 
and  J  alone).  Of  course  each  boundary  Ji  separates  Rifrom  the  rest  of  R.  Take 
any  two  continua,  say  Ki  and  Ki,  with  A'l  ■  A2  =  0,  each  of  which  has  points 
on  one  of  these  7„  say  7i.  We  shall  cut  R  up  further  so  that  in  the  new  pieces 
there  is  no  one  (i.e.  no  piece,  not  merely  no  boundary  of  a  piece)  which  has  any 
points  in  common  with  both  Ai  and  A'2;  then  on  any  further  cutting  up  of  R, 
this  will  still  be  true. 

Divide  the  points  of  Ji  into  three  sets,  as  follows.  We  put  a  point  x  into 
the  first  set  if  it  lies  in  Aj,  or  if  following  Ji  in  both  directions  we  reach  points 
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of  A'l  before  reaching  points  of  K^;  we  put  x  into  the  second  set  if  the  same 
conditions  hold  with  A'l  and  A'2  interchanged;  all  other  points  we  put  into  the 
third  set.  This  set  Li  consists  of  open  intervals  of  /i,  each  being  bounded  by 
a  point  of  Ki  on  one  end  and  a  point  of  K^  on  the  other.  The  points  of  the 
first  set  together  with  the  points  Ki-Ri  form  a  closed  set  Li,  and  those  of  the 
second  set  together  with  K2R1  form  a  closed  set  L2.  Then  p(Li,  L^>0  as 
Zi  1,2  =  0,  from  which  follows  that  there  are  but  a  finite  number  of  intervals 
in  Li .  As  Ki  is  connected,  each  component  of  Zi  has  points  on  /i,  and  thus  on 
one  of  the  intervals  Li  of  /i  complementary  to  the  intervals  of  Li .  Thus  there 
are  a  finite  number  of  components  Zu,  Z12,  •  •  •  ,  Li™,  in  Li.  Similarly  there 
are  a  finite  number  of  components  Z21,  Z22,  •  •  •  ,  Lim.  in  Z2. 

We  shall  now  cut  i?i  into  a  number  of  pieces,  in  each  of  which  either  Ki  has 
no  points  or  K2  has  no  points.  Suppose  Ln  ,  ■  ■  ■  ,  Zsm,'  and  L^,  ■  ■  ■  ,  Zsmj 
are  the  intervals  of  Li  and  L3  respectively,  and  say  they  lie  in  the  order  Z31, 
Li' ,  Li2,  Lii ,  •  ■  ■  ,  Lim,,  Lim[  on  Ji.  If  we  go  around  /i,  the  intervals  of  Z3  lie 
alternately  in  L\  and  L2.  Starting  at  Ln,  which  lies  in  Zu  say,  go  around  J\  till 
we  reach  another  interval  L%k  in  Zu  (we  may  have  gotten  back,  to  Z31).  Put 
Z32,  Zs.i-i  and  all  of  Zi  between  these  into  a  set  Mi  (which  may  be  Z32  alone), 
and  put  Lik,  Z31,  and  all  of  Zi  between  these  on  the  other  side  from  Z32  into  a 
set  Mi  (which  may  be  Z31  alone) .  Z31'  and  Z3',  k-\  are  the  two  intervals  of  Zi 
complementary  to  M{  and  Mi . 

No  set  L\i  or  Z2;  has  points  in  both  M{  and  Mi .  This  follows  for  Zu  by 
construction.  If  it  were  false  for  some  other  set,  say  Lu,  then  Lu  would  have 
points  on  two  intervals  Z3p  and  Z3,  separated  by  Z31  and  Lik  on  Zi.  Now 
ZuZu  =  0,  hence  p{Ln,  Lu)  >0.  As  Ri  is  a  continuous  curve,  there  are  con- 
tinuous curves  Zu*  and  Zu*  in  Ri  containing  Zu  and  Lu  and  such  that 
Zu*-Zu*  =  0  (see  Lemma  C).  These  sets  are  arcwise  connected,  and  we  can 
draw  arcs  contradicting  Lemma  Q. 

Let  Ml  be  Mi  plus  all  components  Lu  and  Z2/  containing  points  of  Mi , 
and  define  M^  similarly.  Then  Mi  and  M-,  are  closed,  Mi-Mi  =  0,  and  M1+M2 
3  Z1+Z2.  By  Lemma  L  we  can  draw  an  arc  71  from  Zsi'  to  Li,k~i  which  has 
no  points  in  Mi  or  in  M2.  Ri  is  thus  cut  into  two  pieces,  in  each  of  which  there 
is  at  least  one  component  Lu  or  Z2,;  for  one  contains  Zu,  and  the  other  con- 
tains that  Z2;  containing  Z32.  Thus  in  each  piece  there  are  less  than  nii  +  mi 
components,  the  number  in  Ri. 

If  one  of  the  resulting  pieces  contains  more  than  one  component,  we  cut 
it  up,  etc.  Finally  each  new  piece  of  Ri  has  points  of  only  one  component,  and 
thus  Ki  and  K2  are  separated  in  Ri.  We  now  separate  Ki  and  A'2  in  each 
other  piece  Ri  of  R  also.  This  is  possible,  for  if  Ki  {i  =  l,  2)  has  points  in  any 
Rk,  it  also  has  points  on  Za. 
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If  now  there  are  any  other  two  of  the  continua  Ki  and  Kj,  KiKj  =  0,  each 
of  which  has  points  on  some  new  Jt,  we  cut  R  further  till  this  is  no  longer 
true,  etc.  This  completes  the  proof. 

11.  The  homecmcrphism.  Cut  R  into  pieces  of  diameter  <  some  a.  We 
make  corresponding  cuts  in  R'  as  follows.  The  first  arc  y  drawn  in  R  cuts  R 
into  the  two  pieces  i?i  and  Ri  with  boundaries  /i  and  /j  say.  Draw  any  arc 
y'  crossing  /'  in  R',  cutting  R'  into  the  pieces  i?/  and  R2'  with  boundaries 
Jl  and  /s'-  We  note  that  J{  -{-J-!  is  homeomorphic  with  /1+/2,  with  Ji 
corresponding  to  /j-,  ^  =  1,  2.  Say  71  is  an  arc  in  Ri,  cutting  Ri  into  pieces  Rn 
and  i?i2  with  boundaries  /n  and  /12.  If  ai  and  by  are  the  end  points  of  71,  let 
a*  and  a*  be  the  corresponding  points  of  Jx  in  the  above  homeomorphism. 
Draw  an  arc  7/  crossing  J(  in  RI ,  with  end  points  a/  and  bi  close  to  a*  and 
b*  respectively  (Lemma  P) ;  7?/  is  divided  thereby  into  the  pieces  Rn  and 
R12  with  boundaries  Jn  and  J12  ■  Moreover,  Ju  +Jn  +J2  is  homeomor- 
phic with  /11+/12+/2,  with  boundaries  with  the  same  subscripts  correspond- 
ing. 

In  general,  suppose  i?,-,,-,.  •  .,„  is  a  piece  that  is  present  after  R  is  cut  a  cer- 
tain amount,  and  say  the  arc  7ti. .  ■<„  divides  this  set  into  the  pieces  i?;,. .  .i„i 
and  i?i, .  . .  ,„,2,  with  boundaries  Jt^.-.i^i  and  /ii...<„2.  If  ai^...i„  and 
i,, . .  .,„  are  the  end  points  of  7,-, . .  .,„,  let  a,,* . .  .,„  and  6,-,*...f„  be  the  correspond- 
ing points  on  /'i...,„,  in  the  homeomorphism  we  have  already.  Draw  an  arc 
7,,' . .  .,„  crossing  /,'  .  ..,■„,  with  end  points  a,,'  . . .  <„  and  &,•/  . . .»„  close  to  the 
above  points,  dividing  /?;,'  ...,•„  into  the  pieces  Ri'  ...i„\  and  i?,/  ...,„,2,  with 
boundaries  /</  . .  .,„i  and  /,/  . .  .,„2.  The  set  of  boundaries  with  primes  is  now 
homeomorphic  with  the  set  of  boundaries  without  primes,  boundaries  with 
the  same  subscripts  corresponding.  We  note  that  if  i?i, . .  .;„  and  Rj^ . .  .,„  have 
common  points,  then  Ri'  . .  .,„  and  Rj'  ...j^  have  common  points,  and  conversely. 

Having  cut  R  into  pieces  of  diameter  <(r  and  having  cut  R'  in  a  cor- 
responding fashion,  we  now  cut  each  piece  of  R'  into  pieces  of  diameter 
<o-/2  and  cut  each  piece  of  i?  in  a  corresponding  fashion.  Next  we  cut  each 
resulting  piece  of  R  into  pieces  of  diameter  <o-/4,  etc.  Now  for  any  €>0 
there  is  an  m  such  that 

8{R.:,...iJ  <e,      5(<....J  <  ., 

for  any  wz-fold  subscript. 

We  now  estabhsh  the  homeomorphism  between  R  and  R'.  Let  p  be  any 
point  of  R.  It  lies  in  either  Ri  or  R^  (perhaps  in  both),  say  in  Ri,.  Then  it  lies 
in  either  Ri^i  or  i?i,2  (perhaps  in  both),  say  in  Ri^i,,  etc.  Thus  we  have  a  se- 
quence of  pieces 
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R  Z>   /?,,  Z>   ^,„-,  D    .  .  .  D  /,. 
The  corresponding  pieces  in  7?'  have  a  single  limit  point: 

A''  3  /?;,  D  /?;,„  D  •  • .  D  /)'. 

This  point  />'  we  let  correspond  to  p. 

If  there  are  different  sequences  of  pieces  in  R  containing  p,  we  have  dif- 
ferent sequences  in  R'  defining  points  p' .  However,  all  these  points  p'  are  the 
same.  For  if  R,  Ri,,  /?,,,,,  •  •  •  ,  and  R,  i?,-,,  /?,-,,,,  •  •  •  ,  are  two  sequences 
containing  p,  then  each  piece  /?,-,...,„,  has  points  in  common  with  Rn-i„, 
namely,  the  point  p;  hence,  as  we  saw  above,  7?i,'  ...,•„  and  i?,-,'  ...,„  have 
common  points.  Thus  the  corresponding  sequences  in  R'  close  down  on  a 
single  point.  Similarly,  to  each  point  p'  in  7? '  corresponds  a  single  point  p  in  R. 

Finally,  the  correspondence  is  continuous.  For  take  a  point  p'mR  and  an 
€>0.  Let  p'  be  the  corresponding  point  in  R',  and  choose  an  m  so  that 
5(R,,'  . .  .,,J  <  €  for  all  w-fold  subscripts.  Consider  all  the  i?,-, . .  .<„  with  w-fold 
subscripts  which  contain  p;  these  include  all  points  of  R  in  some  Vi(p). 
Then  if  9  c  Vi(p),  the  corresponding  point  q'  is  in  V,(p'),  and  the  continuity 
is  established.  This  completes  the  proof  of  Theorem  I. 

12.  Proof  of  Theorem  II.  Let  7  be  a  circle  in  the  plane,  and  let  She  I  plus 
its  interior.  5  is  self-compact,  connected  and  locally  connected,  and  is  thus  a 
continuous  curve.  That  /~0  in  5  follows  from  Lemma  K.f 

To  show  that  /  is  irreducibly  ^^0  in  S,  suppose  that  /'~0  in  S',  a  proper 
closed  subset  of  5;  we  can  suppose  that  S'  is  a  continuous  curve.  Let  ^  be  a 
point  of  5  not  in  S',  and  let  Vi(p)  have  no  points  in  S'.  Let  ab  be  a  Segment 
of  a  straight  line  passing  through  p  with  its  ends  on  /.  Let  aibi  and  02^2  be 
parallel  segments  enclosing  ab,  and  lying  at  a  distance  5  from  ab.  Then  in 
that  portion  of  S'  between  ai^i  and  02^2,  the  (short)  arcs  OiOt  and  bibi  are  not 
connected.  But  if  C  and  D  are  those  parts  of  S'  outside  aibi  and  0262,  by  Lemma 
L  v/e  can  draw  an  arc  joining  0102  to  bib^  in  S'  —  (C+D),  a  contradiction. 

Finally,  that  an  arc  crossing  7  in  5  divides  5  is  a  special  (and  easily 
proved)  case  of  the  Jordan  theorem.  This  completes  the  proof. 

13.  The  Jordan  theorem.  Let  7  be  a  simple  closed  curve  in  the  plane.  Let 
7  be  a  circle  containing  /  in  its  interior.  Draw  two  non-intersecting  line 
segments  from  I  to  J.  S  =  I  plus  its  interior  is  thus  cut  into  three  closed  2-cells, 
one  of  which,  say  R,  has  the  boundary  /.  Then  R—J  is  the  inside  of  /.  The 
points  of  /  are  obviously  accessible  from  either  side. 

t  For  S  is  a  closed  2-cell. 

Prinxeton  Untversitv, 
Princeton,  N.  J. 


CONCERNING  SIMPLE  PLANE  WEBS 

BY 

R.  H.  BING 

A  compact  continuum  W  is  said  [l](')  to  be  a  simple  web  if  there  exists 
an  upper  semi-continuous  collection  G  of  mutually  exclusive  continua  filling 
up  W  and  another  such  collection  H  also  filling  up  W  such  that  (1)  G  is  a 
dendron  with  respect  to  its  elements  and  so  is  H  and  (2)  if  g  and  h  are  elements 
of  G  and  H,  respectively,  the  common  part  of  g  and  h  exists  and  is  totally 
disconnected.  Hence,  a  simple  web  is  a  web(^). 

Examples  of  simple  plane  webs.  Although  a  simple  web  is  not  necessarily 
a  subset  of  the  plane,  this  paper  will  deal  only  with  those  of  this  type.  A 
square  plus  its  interior  is  a  simple  web.  We  may  consider  the  elements  of  G 
to  be  intervals  parallel  to  one  pair  of  sides  of  the  square  and  the  elements 
of  H  to  be  intervals  parallel  to  the  other  pair  of  sides.  We  see  from  Theorem  1 
of  this  paper  that  if  d,  C2,  •  •  •  are  circles  no  two  of  which  intersect  each 
other  and  such  that  Ci  incloses  d  {i  =  2,  3,  •  ■  •  ).  then  Ci  plus  its  interior 
minus  the  sum  of  the  interiors  of  C2,  C3,  •  •  •    is  a  simple  web. 

A  square  plus  its  interior  plus  an  interval  intersecting  both  the  interior 
and  the  exterior  of  the  square  is  not  a  simple  web.  Hence,  a  plane  web  is  not 
necessarily  a  simple  web.  By  the  use  of  Theorem  1  of  this  paper,  we  find  that 
the  continuous  curve  described  on  page  273  of  [7]  which  is  left  connected 
but  not  locally  connected  on  the  omission  of  some  countable  subset  is  not  a 
simple  web. 

This  paper  gives  necessary  and  sufficient  conditions  that  a  compact  plane 
continuum  be  a  simple  plane  web.  Professor  R.  L.  Moore  suggested  the  prob- 
lem of  finding  such  conditions.  Much  credit  is  due  him  for  the  development 
of  this  paper. 

It  has  been  shown  [6]  that  every  simple  plane  web  is  a  continuous  curve. 
In  the  present  paper,  the  following  theorem  will  be  established. 

Theorem  1.  In  order  that  a  compact  plane  continuous  curve  be  a  simple 
plane  web,  it  is  necessary  and  sufficient  that  it  remain  connected  and  locally  con- 
nected on  the  omission  of  any  countable  subset. 


Presented  to  the  Society,  September  17,  1945;  received  by  the  editors  May  12,  194S  and, 
in  revised  form,  December  24,  1945. 

(1)  Numbers  in  brackets  refer  to  the  references  cited  at  the  end  of  the  paper. 

(2)  A  web  has  been  defined  by  Moore  [3]  to  be  a  compact  continuum  M  for  which  "there 
exist  two  upper  semicontinuous  collections  Hi  and  Hi  of  mutually  exclusive  continua  such  that 
(1)  each  of  these  collections  fills  up  M,  (2)  each  of  them  is  a  dendron  with  respect  to  its  elements, 
and  (3)  there  exists  an  uncountable  subcollection  W  of  the  collection  Hi  such  that  no  clement 
of  W  is  a  subset  of  any  element  of  Hj." 
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Proof  of  necessity.  The  following  argument  is  similar  to  that  found  in  the 
proof  of  Theorem  1  of  [l].  Suppose  that  G  and  H  are  collections  satisfying 
with  respect  to  the  simple  plane  web  W  all(^)  of  the  conditions  described  in 
the  preceding  definition.  Suppose  that  A^  is  a  countable  subset  of  W.  If  Wz 
{Z  =  G,  H)  denotes  the  sum  of  all  of  the  continua  of  the  collection  Z  that  do 
not  intersect  K,  then  any  two  points  of  Wa+  Wh  He  on  a  continuum  which  is 
the  sum  of  three  continua  of  the  collection  G+H  that  do  not  intersect  K. 
As  Wg+Wh  is  dense  in  W,  W—K  is  connected. 

If  W—Kis  not  locally  connected  at  P,  there  exist  a  domain(^)  d  containing 
P  and  a  sequence  of  points  of  W—K  converging  to  P  such  that  each  belongs 
to  a  different  component  of  {W—K)-d.  Let  Ci,  d,  C3  denote  three  circles  such 
that  Ci  incloses  P,  C2  incloses  Ci,  C3  incloses  d  but  no  element  oi  G  or  H 
and  C3  plus  its  interior  is  a  subset  of  d.  Now  C\  incloses  a  sequence  of  points 
Pu  P2,  ■  •  ■  of  Wg  no  two  of  which  belong  to  the  same  component  of 
{W—K)-d  such  that  if  g,-  is  the  component  containing  Pi  of  the  common 
part  of  d  and  the  element  of  G  containing  P,,  then  gi,  g2,  •  ■  •  has  a  sequential 
limiting  set  F.  There  exists  a  sequence  Qi,  Qi,  •  ■  •  in  Wh  converging  to  a 
point  of  C2  such  that  Qn  is  a  point  of  a  subcontinuum  of  gm  (m'^n)  irreducible 
from  Ci  to  C3.  If  hi  denotes  the  component  containing  Qi  of  the  common  part 
of  d  and  the  element  of  //  containing  Qi,  then  some  nondegenerate  subcon- 
tinuum of  F  belongs  (see  [6,  Theorem  2])  to  the  limiting  set  of  hj,  Ih,  •  •  •  . 
However,  as  G  and  H  are  upper  semi-continuous  collections,  this  nondegener- 
ate continuum  is  both  a  subset  of  an  element  of  G  and  a  subset  of  an  element 
of  H.  This  is  contrary  to  the  hypothesis  that  the  common  part  of  an  element 
of  G  and  an  element  of  H  is  totally  disconnected. 

This  establishes  the  necessity  of  the  condition  of  Theorem  1.  A  number 
of  preliminary  theorems  will  be  proved  before  the  establishment  of  its  suffi- 
ciency. When  the  term  "simple  plane  web"  is  used  in  the  following  theorems, 
it  is  to  be  understood  that  we  refer  to  a  compact  plane  continuum  that  re- 
mains connected  and  locally  connected  on  the  omission  of  any  countable  sub- 
set. 

Theorem  2.  Each  complementary  domain  of  a  simple  plane  web  is  bounded 
by  a  simple  closed  curve  but  no  two  boundaries  of  its  individual  complementary 
domains  have  more  than  one  point  in  common. 

Proof.  The  outer  boundary  of  a  bounded  complementary  domain  of  a 
continuous  curve  is  a  simple  closed  curve  [4].  As  a  simple  plane  web  has  no 
cut  points,  the  boundary  of  one  of  its  complementary  domains  is  also  the 
outer  boundary  of  this  domain.  If  the  boundaries  of  two  such  complementary 


(')  However,  in  the  argument  no  use  is  made  of  the  condition  that  G  and  H  are  dendrons 
with  respect  to  their  elements. 

(*)  A  domain  is  an  open  set  not  necessarily  connected.  However,  a  complementary  domain 
is  connected  [7,  pp.  11  and  153]. 
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domains  intersected  in  a  pair  of  points,  this  pair  of  points  would  separate  the 
simple  plane  web. 

Theorem  3.  If  the  connected  set  x  is  the  sum  of  a  countable  number  of  points 
and  complementary  domains  of  the  simple  plane  web  W,  then  each  point  of  Wx 
is  a  limit  point  of  W—Wx. 

Proof.  Suppose  that  J  is  a  domain  containing  a  point  P  of  Wx.  As 
W—Wx  is  a  connected  and  locally  connected  inner  limiting  set,  the  com- 
mon part  of  it  and  d  contains  [s]  an  arc  AQB.  There  exists  in  IF  an  arc  ACB 
containing  no  point  of  the  countable  point  set  Wx  +  Q.  The  point  set 
AQB-\-ACB  contains  a  simple  closed  curve  /  which  contains  an  interval 
A'QB'  of  AQB.  There  exists  in  W an  arc  a  from  Q  to  J-A'QB'  which  con- 
tains no  point  of  Wx+A' -\-B'.  The  arc  a  contains  an  arc  Q'OL  having  in 
common  with  /  only  its  end  points  Q'  and  L  which  belong  to  A'QB'  and 
J— A'QB'  respectively.  Let  Q'A'L  and  Q'B'L  be  arcs  lying  on  J  with  points 
as  indicated.  Then  Q'A'L-\-Q'B'L-\-Q'OL  divides  space  into  three  mutually 
exclusive  domains  only  one  of  which  contains  the  connected  set  x.  Now  one 
of  the  segments(')  {Q'A'L),  {Q'B'L)  and  {Q'OL)  contains  no  point  of  x  and 
each  of  them  contains  a  point  of  d.  Therefore  d  contains  a  point  of  W—  W-  x. 
Since  any  domain  containing  a  point  of  Wx  contains  a  point  of  W—Wx, 
then  each  point  of  Wx\%  a.  limit  point  of  W—  W-x. 

Theorem  4.  Under  the  hypotheses  of  Theorem  3,  the  closure  of  x  does  not 
separate  W. 

Proof.  If  P  is  a  point  of  the  plane  5,  then  S—{x+P)  is  a  connected  and 
locally  connected  inner  limiting  set.  Hence  [S]  it  is  arcwise  connected.  Fur- 
thermore [2,  Theorem  12],  S  —  x  is  connected. 

Suppose  that  W—Wx  is  the  sum  of  two  mutually  separated  sets  S\  and 
52.  There  exists  in  S  —  x  an  arc  AB  from  a  point  A  of  5i  to  a  point  B  of  3%. 
Let  P  denote  the  last  point  of  the  closed  point  set  SiAB  in  the  order  from 
A  to  B  on  AB.  There  is  a  point  Q  following  P  on  AB  such  that  the  interval 
PQ  ol  AB  contains  no  point  of  52.  Let  P'  denote  the  first  point  in  the  order 
from  Qto  B  that  the  interval  QB  of  A  B  has  in  common  with  0,  the  boundary 
of  d,  the  complementary  domain  of  W  that  contains  Q.  Since  the  closure  of 
x+d  does  not  separate  5,  one  arc  of  /3  from  P  to  P'  contains  no  point  of  x. 
But  P  belongs  to  5i  and  P'  belongs  to  52.  Thus,  the  supposition  that  W—  W-  x 
is  not  connected  leads  to  a  contradiction. 

Theorem  5.  If  R  is  a  connected  point  set  consisting  of  a  plane  domain  plus 
a  totally  disconnected  point  set  and  the  complement  of  R  is  a  locally  connected 
inner  limiting  set,  then  R  is  a  continuous  curve. 

Proof.  If  ^  is  not  locally  connected,  there  exist  a  domain  d,  a  sequence 

(')  By  {a)  is  meant  the  arc  a  niimis  its  end  points. 
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of  components  C],  C2,  •  ■  •  of  J  /?,  and  a  sequence  of  arcs  oi,  a2,  •  •  •  such  that 
(1)  for  each  positive  integer  j,  a,-  is  a  subset  of  d  —  d-  R;  (2)  if  h,  i,  j  are  posi- 
tive integers  such  that  h<i<j,  then  a,-  separates  Ch  from  c,-  in  d  and  c,-  sepa- 
rates ak  from  a,-  in  d;  (3)  d  intersects  c,  the  sequential  Hmiting  set  of 
Ci,  C2,  ■  •  ■  .  The  sequence  ai,  02,  ■  ■  ■    converges  to  c. 

As  no  point  of  c  is  a  point  of  a  domain  lying  in  R  and  some  nondegenerate 
subcontinuum  c'  of  c  is  a  subset  of  d,  the  complement  of  R  contains  two  points 
Pi  and  P2  of  c'.  There  exist  domains  di  and  d^  containing  Pi  and  P2  respec- 
tively such  that  di  and  d2  are  mutually  exclusive  subsets  of  d.  As  the  comple- 
ment of  R  is  locally  arcwise  connected  at  Pi  and  P2,  there  exists  a  positive 
integer^'  such  that  each  of  the  point  sets  di—dj-R  and  ^2  — ^2-K  contains 
an  arc  intersecting  both  a,-  and  ai+2.  Therefore,  there  is  a  simple  closed  curve  J 
lying  in  d  —  d-R  and  intersecting  a,-  and  q;,+2.  As  R  is  connected  and  contains 
no  point  of  /,  it  does  not  intersect  both  the  interior  and  the  exterior  of  /. 
Therefore,  no  component  of  d-  R  separates  a,-  from  a,+2  in  d  and  R  is  locally 
connected. 

Theorem  6.  Under  the  hypotheses  of  Theorem  3,  x  is  a  continuous  curve  each 
of  whose  degenerate  cyclic  elements  is  a  point  of  W  in  x  and  each  of  whose  non- 
degenerate  cyclic  elements  is  the  closure  of  a  complementary  domain  of  W  in  x. 

Proof.  As  the  complement  of  :)c  is  a  locally  connected  inner  limiting  set,  it 
follows  from  Theorem  5  that  x  is  a  continuous  curve.  If  P  is  a  cut  point  of  x, 
it  is  a  cut  point  of  x  and  therefore  must  be  a  point  of  W  in  x. 

If  /  is  a  simple  closed  curve  in  x,  we  shall  show  that  it  is  a  subset  of  the 
closure  of  a  complementary  domain  of  W\n  x.  Since  x  does  not  separate  space 
(see  Theorem  4),  one  of  the  complementary  domains  of  /  is  a  subset  of  x. 
By  Theorem  3,  we  have  that  /  separates  no  two  points  of  x—x  from  each 
other.  Therefore,  one  of  the  complementary  domains  of  /  is  a  subset  of  x 
and  is  therefore  a  subset  of  a  complementary  domain  of  W  in  x. 

Theorem  7.  Suppose  W  is  a  simple  plane  web,  13  is  its  outer  boundary  and 
X  is  the  collection  of  all  nondegenerate  continua  x  such  that  x  is  maximal  with 
respect  to  being  the  closure  of  a  connected  set  which  is  the  sum  of  a  countable 
number  of  points  and  bounded  complementary  domains  of  W.  If  A  and  B  are 
points  of  W,  there  is  an  arc  AB  in  W  such  that  A  B  minus  its  end  points  contains 
no  point  of  either  j3  or  any  element  of  X. 

Proof.  Suppose  that  A  belongs  to  xa  of  X  and  that  B  belongs  to  neither  18 
nor  any  element  of  X.  As  W—W-Xa+A  is  connected,  A  is  accessible  [lO, 
Theorem  l]  from  W—W-Xa-  Since  the  continua  of  the  collection  X  are  mu- 
tually exclusive  and  no  one  of  them  separates  the  plane,  then  Xa  plus  the  com- 
plement of  the  sum  of  the  elements  of  X  is  a  connected  and  locally  connected 
inner  limiting  set  which  if  regarded  as  space  satisfies  Axioms  1-5  of  [7].  In 
this  space,  there  exists  an  arc  AB  having  no  point  except  A  in  common  with 
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xa+^-  The  arc  AB  is  a  subset  of  W. 

Theorem  8.  Under  the  hypotheses  of  Theorem  7,  if  P  is  a  poitit  belonging  to 
both  /3  and  an  element  xp  of  X,  Q  is  another  point  of  /3  and  c  is  a  compotient  of 
xp  —  P,  then  there  exists  in  W  a  simple  closed  curve  J  inclosing  c  hut  no  point 
of  xp  —  c  and  containing  P  and  Q  but  no  other  point  either  of  ^  or  of  an  element 
of  X. 

Proof.  Let  X'  denote  the  set  of  all  continua  of  the  collection  X  except  xp 
and  xq  where  xq  denotes  the  element  of  X  containing  Q  if  there  is  one  but  de- 
notes Q  if  there  is  not.  Let  Z  denote  the  collection  whose  elements  are  the 
continua  of  X'  and  the  points  of  the  plane  that  belong  to  no  element  of  X'. 
The  collection  Z  is  upper  semi-continuous  and  no  one  of  its  elements  sepa- 
rates the  plane.  It  follows  [5]  that  the  space  2i  whose  "points"  are  elements 
of  Z  is  topologically  equivalent  to  the  plane.  If  22  denotes  the  space  whose 
"points"  are  the  "points"  of  2i  other  than  the  elements  of  X'  not  intersect- 
ing |8,  then  it  is  topologically  equivalent  to  a  plane  minus  a  countable  number 
of  points.  If  jS'  denotes  the  "point"  set  whose  points  are  the  points  of  jS  that 
belong  to  no  element  of  X'  and  the  continua  of  X'  that  intersect  ^,  then  in 
the  space  22,  j8'  is  a  simple  closed  curve  and  xp  and  xq  are  continuous  curves 
each  lying  except  for  one  point  wholly  in  the  interior  of  jS'.  In  this  space,  there 
exists  an  arc  EQ  from  a  point  £  of  c  to  (2  such  that  xp-\-xq+^'  intersects  EQ 
only  at  E-\-Q.  Furthermore  [7,  Theorem  12,  p.  217],  there  exists  a  simple 
closed  curve  intersecting  Xp-\-Xq+^'  only  at  P+Q  and  inclosing  c-\-EQ  —  Q 
but  no  point  of  Xp  —  c. 

Description  of  dendrons  G  and  F.  In  this  section,  W  will  designate  a 
compact  plane  continuous  curve  which  is  left  connected  and  locally  connected 
on  the  omission  of  any  countable  point  set.  Also,  X  will  denote  the  set  of  all 
nondegenerate  continua  x  such  that  x  is  maximal  with  respect  to  being  the 
closure  of  a  connected  set  which  is  the  sum  of  a  countable  number  of  points 
and  bounded  complementary  domains  of  W. 

As  a  step  toward  proving  the  sufficiency  of  Theorem  1,  we  shall  describe 
an  upper  semi-continuous  collection  G  of  mutually  exclusive  continua  filling 
up  H^such  that  G  is  a  dendron  with  respect  to  its  elements.  At  the  same  time, 
we  shall  describe  a  dendron  F  m  W  such  that  each  element  of  G  intersects  F 
in  only  one  point. 

As  the  description  of  G  is  somewhat  complicated,  we  shall  describe  it  by 
steps.  First,  we  consider  a  transformation  T  throwing  a  square  plus  a  subset 
of  its  interior  into  W.  Next,  we  describe  an  upper  semi-continuous  collection 
of  mutually  exclusive  continua  which  is  an  arc  with  respect  to  its  elements 
and  which  covers  a  part  of  the  inverse  of  W  under  transformation  T.  We  cover 
more  of  this  inverse  by  another  upper  semi-continuous  collection  of  mutually 
exclusive  continua.  The  process  is  continued  until  we  have  an  upper  semi- 
continuous  collection  of  mutually  exclusive  continua  filling  up  the  inverse 
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of  W  under  T  such  that  this  collection  is  a  dendron  with  respect  to  its  ele- 
ments. The  image  of  the  elements  of  this  collection  with  respect  to  T  gives 
the  elements  of  G. 

Transformation  T.  Let  P1P2P3  and  P1P4-P3  be  two  arcs  whose  sum  is  the 
boundary  /3  of  the  unbounded  complementary  domain  of  IF  and  whose  ends 
are  not  points  of  X*{^).  There  exist  in  W  arcs  PiA-Pa  and  PiPiPi  which 
except  for  their  end  points  are  mutually  exclusive  and  contain  no  point  of 
X*+^.  Let  R  be  the  interior  of  a  square  with  diagonals  V1V3  and  F2F4  and 
let  Vi,  Fe  be  the  midpoints  of  F1F4,  F2  F3  respectively. 

There  exists  a  continuous  transformation  T  oi  R  into  W+X*  such  that 
T{V,V,)  =  T{V,V,)  =  PiA,  T{ViV,)  =  T{V,V,)  =  P,P,,  nV.V^)  =  P5P3, 
T{VtVi)  =PiP6  and  each  point  of  W+X* -PiP^-P^Pi  is  the  image  of  only 
one  point  oi  R—  IWiVi—  FjFeFs  under  the  transformation  T. 

Let  M  denote  the  set  of  all  points  P  oi  R  such  that  the  image  of  P  under 
r  is  a  point  of  W.  We  note  that  AI  is  a  compact  continuous  curve  which  is 
left  connected  and  locally  connected  on  the  omission  of  any  countable  subset. 
Let  Y  be  the  collection  of  all  continua  y  such  that  y  is  the  inverse  under  T 
of  an  element  of  X.  We  note  that  y  is  maximal  with  respect  to  being  the  clos- 
ure of  a  connected  set  which  is  the  sum  of  a  countable  number  of  points  and 
bounded  complementary  domains  of  M. 

The  elements  of  Y  are  ordered  yi,  y^,  ■  •  •  .  By  Theorem  7  and  the  fact 
that  AI  is  separable,  there  exists  a  countable  point  set  Zi,  z^,  •  ■  •  dense  in  AI 
and  such  that  for  each  positive  integer  i,  Zi  belongs  to  AI  but  not  to  Y*  or 
the  boundary  of  R.  The  bounded  complementary  domains  of  AI  are  ordered 
di,  6,2,  •  ■  ■  . 

We  shall  describe  an  upper  semi-continuous  collection  G'  of  mutually  ex- 
clusive continua  filling  up  AI  such  that  (1)  G'  is  a  dendron  with  respect  to 
its  elements,  (2)  no  element  of  G'  contains  more  than  two  points  of  Y*, 
(3)  each  element  of  G'  intersects  F5F2  and  F4F6,  and  (4)  each  element  of 
G'  is  a  continuum  of  condensation  of  AI.  Also,  we  shall  describe  a  dendron 
F'  in  AI  such  that  each  element  of  G'  intersects  F'  in  only  one  point. 

First  step.  If  some  element  of  Y  has  a  point  P  in  common  with  F1F2  or 
F4F3  and  P  is  nearer  the  midpoint  than  either  end  point  of  the  one  of  FiFi, 
Fi  F3  on  which  it  lies,  let  i  be  the  least  positive  integer  n  such  that  y^  is  such 
an  element  of  Y  and  let  P  be  the  point  that  y;  has  in  common  with 
F1F2+F4F3.  If  there  is  no  such  i,  let  P  be  the  midpoint  of  F1F2.  Let  Pi 
and  P2  be  the  projections  of  P  on  Vx  F2  and  F4  F3  respectively.  Let  k  be  the 
least  positive  integer  n,  if  there  is  one,  such  that  y„  has  no  point  in  common 
with  the  boundary  of  R.  There  are  two  arcs  Pi^P2  and  P1DP2  lying  in  AI, 
intersecting  Y*  plus  the  boundary  of  R  only  at  Pi  and  P2  and  forming  a 
simple  closed  curve  /  such  that  (1)  /  incloses  Zi  and  y*,  (2)  the  interior  of  J 
together  with  Pi  and  P2  contains  each  element  of  Y  (if  any)  that  contains 

(')  By  X*  is  meant  the  set  of  all  points  P  such  that  P  is  a  point  of  an  element  of  X. 
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Pi  or  P.,  and  (3)  PiAPo  separates  (P1DP2)  from  F,  V,  in  M. 

We  shall  consider  the  case  in  which  Pi  and  P2  belong  to  elements  y{Pi) 
and  ^(^2)  of  F  respectively.  Let  (P1BP2)  and  {PiCPi)  be  mutually  exclusive 
open  arcs  in  M  which  are  inclosed  by  /,  which  contain  no  point  of  F*,  and 
which  are  such  that  P1BP2  separates  (PiCPo)  from  ViVt  in  Af,  the  simple 
closed  curve  formed  by  PiAP^  +  PiBPi  incloses  3'(Pi)— Pi,  the  simple  closed 
curve  formed  by  P1BP2+P1CP2  incloses  3'(P2)  -P2,  and  P2C  of  PiCPi  inter- 
sects ViV2. 

If  ^(Pi)— P]  is  not  connected,  let  Ci,  C2,  •  •  •  denote  its  components.  Let 
i,  j  be  the  least  positive  integers  m,  n  respectively  such  that  2„,  >>„  are  in- 
closed by  PiAPi-j-PiBPi.  There  is  a  simple  closed  curve  /i  in  M  containing 
Pi  and  P2  and  inclosing  Ci,  Zi,  jj  but  no  point  of  ^(Pi)  —C\  which  is  such  that 
J1  —  P1  —  P2  contains  no  point  of  F*  and  is  inclosed  by  P1AP2  +  P1BP2.  Let  0 
represent  the  simple  closed  curve  which  is  a  subset  of  Pi.(4P2  +  Pi5P2  +  -/i  and 
which  incloses  C2  but  no  point  of  7i.  Let  i,  j  be  the  least  positive  integers  m,n 
such  that  2m,  Jn  are  inclosed  by  0.  There  is  a  simple  closed  curve  J2  in  M 
containing  Pi  and  P2  and  inclosing  C2,  2,,  jj  but  no  point  of  Y{P^  —C2  which 
is  such  that  J2—P1—P2  contains  no  point  of  F*  and  is  inclosed  by  0.  This 
process  is  continued  until  for  each  c,  there  is  a  unique  /,  inclosing  it. 

The  interior  of  P1AP2+P1BP2  is  topologically  equivalent  to  the  bounded 
complementary  domain  of  P1BP2+P2C+P1DP2.  Treating  PiBPi  +  PiDPi  as 
P1AP2  and  P2C+CP2  as  P1BP2,  we  consider  curves  J{ ,  Ji ,  ■  ■  ■  inclosing 
the  components  of  yiPi)  — P2  in  a  manner  similar  to  that  in  which  we  consid- 
ered simple  closed  curves  inclosing  the  components  of  y{Pi)  —Pi. 

Let  gl  denote  the  closure  of  y+PiBP2+P2C+/,+/2+  •  •  •  +// +// 
-\-  ■  •  ■  .  The  continuum  gi  is  a  subset  of  an  element  of  G' .  It  is  to  be  noted 
that  gl  is  a  continuum  of  condensation  of  M  intersecting  both  ^5^2  and 
Vi  Fe  and  if  C  is  the  common  part  of  M  and  a  bounded  complementary  domain 
of  gl',  then  (1)  C  intersects  the  interiors  of  triangles  V1V2V1,  and  VtVsVi, 
(2)  C  is  a  simple  plane  web,  and  (3)  no  two  elements  of  F  intersect  both  C 
and  the  boundary  of  C  with  respect  to  M. 

Second  step.  Let  i  be  the  least  positive  integer  n  such  that  t„  intersects 
one  of  the  intervals  FiPi  and  F4P2  in  a  point  P  nearer  the  midpoint  than 
either  end  point  of  that  interval.  If  there  is  no  such  i,  let  P  be  the  midpoint 
of  FiPi.  Let  Pi,  Pi  be  the  projections  of  P  on  FiPi  and  F4P2  respectively. 
By  treating  FiPi+Pi^P2-f  P2F4+  F4F1  as  the  boundary  of  R  and  following 
a  procedure  similar  to  that  used  in  finding  g{ ,  we  obtain  ^2' •  By  treating 
PiF2+F2F3+F3P2-fP2.C>Pi  as  the  boundary  of  R,  we  get  g/.  This  process 
is  continued  until  every  point  of  M  belongs  to  either  the  closure  of  the  sum 
of  all  the  g„"s  or  to  a  bounded  complementary  domain  of  one  of  them. 

If  U  is  a.  component  of  M  minus  the  common  part  of  M  and  the  sum  of 
the  gn  's  together  with  their  bounded  complementary  domains  and  U  is  closed, 
L'^  will  have  a  point  in  common  with  F1F2  and  a  f)oint  in  common  with  F4F3 
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and  is  to  be  considered  as  a  g'.  If  U  is  not  closed,  it  will  not  have  a  point  in 
common  with  either  ViVi  or  F4T'3  and,  as  every  two  g„'  's  are  separated  in  Af 
by  a  third  gn  ,  there  is  only  one  g„'  which  contains  a  limit  point  of  U.  If  there 
are  such  L'^'s,  g^  plus  all  U's  which  have  a  point  of  g„'  as  a  limit  point  is  a  g'. 
Each  g'  described  is  a  subset  of  an  element  of  G'. 

If  Gi  is  the  set  of  maximal  g"s  thus  described,  d'  is  an  arc  with  respect 
to  its  elements,  each  point  of  G{*  is  a  limit  point  of  M'  —  Gi*,  no  element  of 
Gi  has  two  points  in  common  with  an  element  of  Y  and  each  element  of  Gi 
has  both  a  point  in  common  with  F1F2  and  a  point  in  common  with  ViVz. 
There  exists  a  dendron  Fi  in  M  such  that  Fi  Gi*  is  ViV^,  Fi  -  VtVi  inter- 
sects neither  ViV^  nor  any  element  of  Y  and  if  C  is  a  component  of  M—Gi*, 
then  Fi  ■  C  is  an  arc  minus  an  end  point  of  diameter  less  than  the  diameter 
of  F1F2  and  if  X"  is  a  connected  subset  of  C  that  intersects  both  this  arc  and 
an  element  of  Y  that  intersects  the  boundary  of  C  with  respect  to  M,  then  K 
intersects  both  Vt  V2  and  F4  Fe.  Let  Di  be  a  domain  containing^  T^"/  —  F4  V3  such 
that  each  point  of  Z?i  is  nearer  Fi  than  Gi'*+F4F6.  Then  A  intersects  G/* 
only  in  Vt  V3. 

Third  step.  If  C  is  a  component  of  M—Gi*,  C  is  the  common  part  of  M 
and  a  bounded  complementary  domain  of  some  element  of  Gi .  We  now  con- 
sider the  breaking  up  of  C  into  elements  of  G' .  We  note  that  C  intersects  the 
interiors  of  the  triangles  V1V2V1.  and  F4F3F6.  If  jS  denotes  the  boundary  of  C 
with  respect  to  M,  then  C+/3  is  a  simple  plane  web  and  no  more  than  one  ele- 
ment of  Y  intersects  both  C  and  /3. 

Let  ya  be  such  an  element  of  Y  intersecting  /3  at  Pi  and  let  c  denote  the 
closure  of  the  common  part  of  %  and  C.  Let  Q1Q2  be  an  arc  such  that  ^1^2  —  ^1 
is  Fi  ■  C.  Let  i  be  the  least  positive  integer  n  such  that  (f„  is  a  subset  of  c.  There 
is  a  point  Pi  of  the  boundary  of  di  such  that  c+fi-Pi  is  connected.  There  is  a 
subcontinuum  w  of  c  such  that  (1)  iv  contains  Pj  and  P2,  (2)  if  a  point  of  a 
complementary  domain  of  M  belongs  to  w,  the  complementary  domain  is  a 
subset  of  w,  and  (3)  no  subcontinuum  of  w  has  properties  (1)  and  (2).  There 
is  an  upper  semi-continuous  collection  E  of  mutually  exclusive  continua  filling 
up  w  such  that  E  is  an  arc  from  Pi  to  Po  with  respect  to  its  elements  and  such 
that  every  element  of  E  is  either  a  point  or  an  arc  which  has  only  its  end 
points  in  common  with  the  boundary  of  c.  Designate  the  arc  of  elements  of  E 
by  ^{PiPi).  Each  connected  subset  of  C  that  intersects  ^(PiPs)  and  Q1Q2  also 
intersects  F6F2  and  F4F6.  To  adjust  the  argument  to  the  case  where  no  ele- 
ment of  Y  has  a  point  in  common  with  both  C  and  0,  let  ^(PiPi)  be  an  arc 
in  C+Pi  from  a  point  Pi  of  jS  to  a  point  Pi  of  C  such  that  ^(PiP^)  contains 
no  point  of  Y*  and  any  connected  subset  of  C  intersecting  both  ^(PiPi)  and 
dQ2  also  intersects  both  F6F2and  F4F6. 

Let  j,  k  be  the  least  positive  integers  m,  n  respectively  such  that  r„,  jn 
are  subsets  of  C.  There  is  a  simple  closed  curve  J  lying  in  C,  inclosing  jk, 
intersecting  ^{PiP2)+QiQi  only  at  P2  +  <22  and  such  that  Q1Q2  +  J  contains  Zj. 
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We  note  that  J  plus  the  common  part  of  M  and  the  interior  of  /  is  a  simple 
plane  web  intersecting  both  ViVia.nd  ViV^. 

A  breaking  up  of  the  portion  of  C  not  in  the  interior  of  /  into  elements 
of  G'  will  now  be  considered.  Considering  the  elements  of  ^(^1^2)  as  points, 
kiPiPi)  as  F1F2,  /3  as_KiF4,  ^(PiPz)  as  F4F3,  /  as  F2F3,  and  Q,Q2  as  WV,,  we 
divide  the  portion  of  C  not  in  the  interior  of  /  in  a  manner  somewhat  analo- 
gous to  that  described  in  the  second  step.  We  divide  the  portion  of  C  corre- 
sponding to  FiF2F6F6  in  the  manner  in  which  F1F2F3F4  was  divided  in  the 
second  step  and  we  divide  the  portion  of  C  corresponding  to  ViVeVsVt  in 
the  same  fashion,  care  being  taken  that  each  pair  of  g"s  thus  defined  that 
intersect  on  Q}Qi  also  intersect  the  same  elements  of  ^(PiPi). 

The  closures  of  all  components  of  M—Gi*  are  broken  up  just  as  was  C. 
If  a  g'  as  defined  in  this  step  intersects  another  g'  defined  in  either  this  or 
the  second  step,  the  sum  of  the  two  is  a  g'.  Let  Gi  denote  the  set  of  maximal 
g"s  defined.  We  note  that  the  boundary  of  di  of  ja  is  a  subset  of  Gi*.  Also, 
each  element  of  G2'  intersects  F6F2  and  F4F6  and  so  does  each  component 
of  M-Gi*. 

There  exists  a  dendron  F2  in  M  such  that  F«  Gi*  is  F,' ,  Fi  —  Fi  is  a 
subset  of  Du  Fi  —  Fi  intersects  no  element  of  Y,  and  if  C  is  a  component  of 
M—Gi*,  then  Fi  •  C  is  an  arc  minus  one  end  point  of  diameter  less  than  one- 
half  the  diameter  of  F1F2.  Let  £>2  be  a  domain  containing  Fi  —  Fi  such  that 
each  point  of  D2  is  nearer  Fi  than  Gi*  D2  and  is  a  subset  of  Di  +  Fi . 

Fourth  step.  We  shall  now  describe  the  breaking  up  of  a  component  C  of 
M—Gi*.  The  boundary  of  C  with  respect  to  M  is  a  simple  closed  curve  /. 
If  an  element  of  Y  intersects  both  C  and  /,  break  up  C  as  described  in  the 
third  step.  Otherwise,  let  j  be  the  least  integer  equal  to  n  such  that  y„  is  in- 
closed by  /.  Let  P  be  a  point  of  jj  such  that  y'j-P  is  connected.  Let  Q1Q2  —  Q1 
be  the  common  part  of  Fi  and  the  interior  of  J.  There  is  an  arc  QiP  in  M 
which  except  for  its  end  points  intersects  neither  J+Q1Q2  nor  any  element  of 
Y  and  which  is  such  that  any  connected  subset  of  the  interior  of  /  intersecting 
Q1Q2  and  yj  but  not  QiP  intersects  both  F6F2  and  F4F6.  Treating  QiP+J, 
QiQi,  and  yj  as  P,  Q1Q2,  and  c  respectively  were  treated  in  the  third  step,  we 
break  up  the  common  part  of  M  and  the  interior  of  7  in  a  manner  analogous 
to  that  in  which  C  was  broken  up  as  considered  in  the  third  step. 

Let  Gi  be  the  set  of  all  g"s  considered  after  all  components  of  M  —  Gi* 
are  broken  up  as  described  above.  We  define  a  dendron  Fi  in  £12  containing 
Fi  and  satisfying  conditions  analogous  to  those  satisfied  by  Fi .  In  like  man- 
ner, we  consider  Gi ,  Gi ,  •  ■  ■  and  Fi ,  Fi ,  ■  ■  ■  .  It  is  to  be  noted  that  (1)  for 
each  positive  integer  j,  there  is  an  n  such  that  s,-  and  the  boundary  of  di  be- 
longs to  Gn*,  (2)  for  no  n  do  three  points  of  Y*  belong  to  the  same  element 
of  G„',  (3)  each  element  of  G„'  intersects  F6F2  and  F4F6,  and  (4)  each  compo- 
nent of  M—Gn*  intersects   F6F2  and   F4  Fe. 

Definition  of  dendron  G.  Let  G'  be  the  set  of  all  continua  such  that  g' 
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is  an  element  of  G'  only  if  either  (1)  for  some  positive  integer  n,  g'  belongs  to 
G„'  and  GUi  or  (2)  g'  is  a  component  of  M-{G{*+Gi*+  •  •  •  )•  With  re- 
spect to  its  elements,  G'  is  a  dendron.  Each  element  of  G'  is  a  continuum 
intersecting  both  V^Vi  and  VtVi.  Each  element  of  G'  is  a  continuum  of  con- 
densation of  M.  No  element  of  G'  intersects  an  element  of  Y  in  more  than 
two  points. 

We  define  G  to  be  the  collection  of  all  point  sets  g  such  that  g  is  the  image 
of  an  element  of  G'  under  T.  We  note  that  G  is  an  upper  semi-continuous 
collection  of  mutually  exclusive  continua  filling  up  IF  such  that  G  is  a  dendron 
with  respect  to  its  elements. 

Definition  of  dendron  F.  We  define  F'  to  be  the  limiting  set  of 
Fi  ,  Fi ,  ■  ■  ■  .  We  note  that  it  is  a  dendron  that  intersects  each  element  of  G' 
in  only  one  point.  We  define  F  to  be  the  image  of  F'  under  transformation  T. 
We  note  that  F  is  a  dendron  that  intersects  each  element  of  G  in  only  one 
point  and  the  outer  boundary  of  W  in  only  an  arc. 

Description  of  arc  H.  We  shall  describe  an  upper  semi-continuous  collec- 
tion //  of  mutually  exclusive  continua  filling  up  W  such  that  H  is  an  arc 
with  respect  to  its  elements  and  such  that  if  g  and  h  are  elements  of  G  and  H 
respectively,  then  gh  is  totally  disconnected.  First,  we  shall  establish  four 
additional  theorems. 

Theorem  9.  If  R  is  the  interior  of  a  square  and  E  is  a  collection  of  point 
sets  covering  R  such  that  for  each  point  P  and  each  domain  D  there  is  a  point  P' 
of  D  which  belongs  to  no  element  of  E  that  contains  P,  then  for  any  positive  e  and 
any  two  points  A  and  B  of  R  there  is  in  R+A  +B  an  arc  A  CB  such  that  (1)  for 
any  two  points  Qi  and  QoofACBC),  cos  {QiQ2,  AB)>\  —tand  (2)  no  element  of 
E  contains  a  subarc  of  A  CB. 

Proof.  There  is  a  point  Pi  such  thatC^)  d{A,  Pi)  =d{Pi,  B),  the  intervals 
APi  and  PiB  are  subsets  of  i?+^+5,  and  cos  {APi,  AB)>\-€.  There 
exists  a  quadrilateral  Q  lying  in  R-{-A-\-B  and  inclosing  APi+PiB  —  {A-{-B). 
Within  Q  there  exist  (1)  a  point  P^  not  belonging  to  any  element  of  E  that 
contains  A  and  such  that  max[d{A,  Pi);  d{P2,  Pi)]<{2/i)d{A,  Pi), 
cos  {APu  AB)>\  - 1  Sind  cos  (PoPj,  ^B)  >1 -eand  (2)  a  point  P3  not  belong- 
ing to  any  element  of  £  that  contains  Pi  and  such  that  max  [d{Pi,  P3)  ;d(P3,  B)  ] 
<  (2/3)rf(Pi,  B) ,  cos  (P1P3,  ^5)  >  1  -  e  and  cos  {P^B,  AB)>\-i.  Likewise  we 
get  within  Q  a  point  P4  not  belonging  to  any  element  of  E  containing  A  and 
such  that  max  [d{A,P,) ;  d{P,,  P.)  ]  <  {2/3)d{A,P2)  and  cos  {APt,  AB)>l-€ 
and  cos  (P4P2,  AB)  >1  —  e.  This  process  is  continued. 

Let  L  denote  the  closure  of  the  sum  of  all  such  P„'s.  Since  L  is  closed  and 
compact  and  as  its  projection  on  the  line  AB  is  the  interval  AB  and  each  line 

(')  By  cos  (.AB,  CD)  is  meant  the  cosine  of  the  smaller  angle  between  the  lines^Band  CD. 
If  AB  and  CD  are  coincident  or  parallel,  cos  {AB,  CD)  =  1. 
(')  By  <i(.4,  B)  is  meant  the  distance  between  A  and  B. 
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perpendicular  to  this  interval  contains  only  one  point  of  L,  then  L  is  an  arc 
from  A  to  B. 

As  each  of  the  numbers  cos  (P2-P1,  AB)  and  cos  {P1P3,  AB)  is  greater 
than  1— e  and  as  the  projection  of  Pi  on  AB  is  between  the  projections  of 
P2  and  Pi,  it  follows  that  cos  {P2P3,  AB)>l—€.  By  induction,  we  get  for 
different  integers  _;'  and  k  that  cos  {PjPk,  AB)>l  —  e.  Hence  if  Qi  and  Q2  are 
points  of  the  continuum  L,  cos  {QiQt,  AB)  >  1  —  e. 

Each  subarc  of  L  contains  a  P,  and  a  Pk  such  that  P,  does  not  belong  to 
any  element  of  E  containing  Pt-  Hence,  no  subarc  of  I,  is  a  subset  of  an  ele- 
ment of  E. 

Theorem  10.  Let  R  be  the  interior  of  a  square  with  diagonals  V1V3  and 
V2  V4 ;  let  E  be  a  collection  of  mutually  exclusive  point  sets  filling  up  R  such  that 
(1)  no  element  of  E  contains  a  nondegenerate  connected  subset  of  ViVi-\-V2V3 
and  (2)  no  element  of  E  is  dense  in  a  domain ;  then  there  exists  an  upper  semi- 
continuous  collection  H  of  mutually  exclusive  arcs  filling  up  R  such  that  H  is  an 
arc  with  respect  to  its  elements,  each  element  of  H  has  one  end  point  on  F1F2 
and  one  on  V4  V3,  each  point  of  Vi  F2+  F4  V3  is  an  end  point  of  an  element  of  H, 
and  no  element  of  E  contains  a  subarc  of  an  element  of  H. 

Proof.  With  the  help  of  the  preceding  theorem,  it  will  be  shown  that 
there  exists  a  set  of  mutually  exclusive  arcs  ai,  a^,  •  •  ■  such  that  (1)  each  of 
them  has  one  end  point  on  Fi  V2  and  the  other  on  V4  V3  and  has  no  arc  in  com- 
mon with  an  element  of  E  and  (2)  the  components  of  R  —  {a\-\-a2-\r  ■  ■  •  )  are 
arcs  having  one  end  point  on  F1F2  and  one  on  ^4^3  and,  furthermore,  no  such 
component  has  an  arc  in  common  with  an  element  of  E. 

We  shall  assume  that  'R  —  R'is  a,  unit  square.  Consider  points  Qi,  Q2,  Q3, 
Qi,  Qi,  (26  in  the  orders  ViQiQ^QsVi  and  F2(24(25<36 F3  and  such  that  Qu  Q2,  Q3 
and  Qi,  Qi,  Qs  divide  Fi  V4  and  V2  V3  respectively  into  four  equal  parts.  Choose 
a  positive  number  e  less  than  1.  Let  Po  be  the  midpoint  of  F1F2  and  Pi,  P2 
be  points  of  FiFj  at  a  distance  from  Po  equal  to  e/6  and  in  the  order 
F1P1P0P2F2.  Let  P3  and  P4  denote  points  on  FiF2  at  a  distance  from  Po 
equal  to  26/6  and  in  the  order  FiP3PoP4F2.  Similarly,  consider  points 
Pi,  Pe,  •  •  •  ,  i'2,-1,  Pii  where  P2,_i  and  P2,  are  at  a  distance  from  Po  equal 
to  je/6  and  from  Vi  and  F2  respectively  of  not  more  than  e/6  and  are  in  the 
order  FiP2,_iPoP2,  F2.  Let  P2,+i  be  the  midpoint  of  FiP2,_i  and  in  general 
let  P2,+2A-+i  be  the  midpoint  of  FiP2,+2*-i  for  all  positive  integers  k.  Also 
P2,+2A:+2  is  the  midpoint  of  P2,>2fcF2.  Let  Pi.i,  P,,2,  P.. 3,  P..4  be  the  projections 
of  Pi  on  QiQi,  QoQi,  Q^Qe,  F4F3  respectively. 

It  is  assumed  that  each  of  the  following  arcs  has  the  properties  that 
(1)  no  subarc  of  it  is  a  subset  of  E  and  (2)  if  A  and  B  are  two  points  of  it, 
cos  (AB,  FiF4)>l/(l+e2)i/2.  There  exist  in  Po+P2+i?  mutually  exclusive 
arcs  PoPo.i  and  P2P2,i  satisfying  the  above  two  conditions  and  such  that  no 
arc  from  P0P2  to  Po.iPi.i  in  PoP2+Po,iP2.i  plus  the  interior  of  PoP^+PiPi.i 
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+P2,i-fo,i+-Po,i-Po  is  a  subset  of  an  element  of  E.  In  the  case  where  the  ele- 
ments of  E  contain  arcs,  this  may  be  seen  by  constructing  PaPo.i  and  P2P2.1  so 
that  two  elements  of  E  contain  arcs  from  PoPo.i  to  PiP2.i  in  P(sPa.i'\-PiPi.\ 
plus  the  interior  of  PoPi+PiPi.i+Pi.xPo.i  +  Pfi.-iPo.  Also,  there  exist  in  R 
mutually  exclusive  arcs  Po.iPo.s  and  P^.^Pi.z  which  satisfy  the  above  two  con- 
ditions and  such  that  no  arc  from  P0.2-P2.2  to  Po.sPi.s  in  Po.2jP2.2+-Po,3i'2.3 
plus  the  interior  of  Po, 2^2,2+^2, 2^2,3+^2. 3^0,3+^0,3^0,2  is  a  subset  of  an  ele- 
ment of  E.  Furthermore,  there  are  mutually  exclusive  arcs  Po,iPo,2  and 
Pi,iPi.2  in  R  satisfying  the  above  two  conditions  and  such  that  no  arc  from 
Pi.iPo,!  to  Pi,2Po,2  in  Pi,iPo,]+Pi,2Po,2  plus  the  interior  of  Pi,iPo,i+Po,iPo.2 
+Po,2Pi.2+Pi,2Pi,i  is  a  subset  of  an  element  of  E.  Arcs  satisfying  correspond- 
ing conditions  join  Pi, 3,  Po,3  to  Pij,  Po,4  respectively.  Furthermore,  arcs  which 
intersect  no  arc  previously  described  and  which  satisfy  conditions  analogous 
to  those  given  join  P3,  Pj  to  Pa.i,  Pi.u  P3.2,  P1.2  to  P3.3,  Pi,3;  P2,i,  Pt.i  to 
P2,2,  P4,2;  P2,3,  P4,3  to  P2,4,  P4,4;  Ps,!,  Ps.i  to  P6,2,  P3,2;  •  '  •  in  such  a  manner 
that  if  a,-  designates  P.P.M-fP.-,,P.-.2+P.,2P..3+P,,3P..4,  then  F1F4,  F2F3 
are  the  sequential  limiting  sets  of  ai,  as,  •  •  ■    and  ao,  a2,  ■  •  •    respectively. 

Let  Hi  be  the  set  consisting  of  FiF4,  F2F3,  ao,  ai,  ■  •  ■  .  If  hi  and  h^  are 
elements  of  Hi  which  are  not  separated  from  each  other  in  R  by  any  element 
of  Hi  and  C  is  set  of  all  points  of  R  between  hi  and  /?2,  no  arc  from  ^2^5  to 
V1V2+  ViVs  in  (22*26+  I'il^2+  1^4  1^3  plus  the  bounded  complementary  domain 
of  Vi  V2+  Vt  V3  +  hi  +  h2  is  a  subset  of  an  element  of  E. 

Designate  FiF2Cand  F4F3Cby  ^i?72and  £74^/3  respectively,  where  the 
points  Ui,  U2,  Us,  Ui  are  in  the  orders  V1U1U2V2  and  VtUiUiVi.  Treating 
U1U2  and  UiUs  as  V1V2  and  F4F3  were  treated,  we  break  up  C  in  a  manner 
somewhat  analogous  to  that  in  which  R  was  divided  except  that  instead  of 
three  lines  QiQt,  Q2Qb,  QiQe,  we  use  seven  lines  parallel  to  U1U2  that  divide  a 
segment  from  U1U2  to  UtUz  into  eight  equal  parts.  The  division  of  all  such 
C's  gives  us  H2.  This  division  of  C  is  possible,  for  no  use  was  made  above  of 
the  fact  that  ViVt  and  F2F3  were  straight  lines.  In  fact,  it  can  be  shown 
that  if  (1)  P1P2  and  P{  P^  are  parallel  intervals,  (2)  PiP{  and  P2P2'  are  mu- 
tually exclusive  arcs  such  that  if  A  and  B  are  either  two  points  of  PiP/  or 
two  points  of  P2P2',  then  sin  (AB,  PiP2)>l/il+e'y'\  (3)  Qi,  Q,,  Ql ,  Q{  are 
points  in  the  orders  P1Q1Q2P2  and  P{  Q{  Qi  Pi  and  min  [sin  {QiQi ,  P1P2); 
sin  ((22<2i  .  PiP2)]>  1/(1 +€2)1/2,  and  (4)  £  \^  ^  collection  of  mutually  exclu- 
sive point  sets  filling  up  P1P2+P2P2'  +P2  Pi  +P( Pi  plus  its  interior  and  such 
that  no  element  of  E  is  dense  in  a  domain,  then  there  exist  in  its  interior  plus 
the  points  Qi,  Q2,  Qi  and  Qi  two  mutually  exclusive  arcs  <2i<2i'  and  ^2^2'  such 
that  no  arc  from  Q1Q2  to  QlQi  in  QiQi  +  QiQi  +QiQi  +Q(Qi  plus  its  interior 
is  a  subset  of  an  element  of  E  and  such  that  if  C  and  D  are  two  points  of  QiQi 
or  two  points  of  QiQi,  then  sin  {CD,  PiP^)>l/(l+e2)i/2. 

No  element  of  E  contains  an  arc  in  R  —  {H*+H*)  whose  projection  of 
ViVi  is  of  length  3/8.  With  the  use  of  fifteen  lines  parallel  to  F1F2,  H3  is  de- 
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fined  in  such  a  way  that  no  element  of  E  contains  an  arc  in  ^—{Hi^-\-H^-\-Hf) 
whose  projection  on  FiF4  is  of  length  3/16.  If  a  suitable  pattern  is  used  in 
defining  Hi,  Hi,,  •  ■  ■  and  H  is  the  set  such  that  h  is  an  element  of  H  only  if 
it  is  an  element  of  some  if„  or  a  component  of  R  —  {H*-\-H*-\-  ■  •  •  ),  then  H 
satisfies  the  conditions  of  our  theorem. 

Our  method  actually  gives  the  following  result. 

Theorem  11.  Let  R  he  the  interior  of  a  square  with  diagonals  VxVz  and 
Vi  V2 ;  let  E  be  a  collection  of  point  sets  covering  R  such  that  no  element  of  E  con- 
tains a  nondegenerate  connected  subset  of  Vi  F4+  V2  V3  and  if  Di  and  D2  are  two 
domains,  there  exist  nondegenerate  connected  subsets  f\  and  fi  of  D\  and  D2  re- 
spectively such  that  no  element  of  E  intersects  both  f\  and  ft.  Then  there  exists  an 
upper  semi-continuous  collection  H  of  mutually  exclusive  arcs  filling  up  R  such 
that  H  is  an  arc  with  respect  to  its  elements,  each  element  of  H  has  one  end  point 
on  V1V2  and  one  on  F4F3,  each  point  of  F1F2+  F4F3  is  an  end  point  of  an  ele- 
ment of  H  and  no  element  of  E  contains  a  subarc  of  an  element  of  H. 

Theorem  12.  Let  R  be  the  interior  of  a  square  with  diagonals  Vi  V3  and  Fj  F4 ; 
let  F  be  a  dendron  in  R  intersecting  the  boundary  of  R  only  in  F4  Vz ;  let  E  bea 
collection  of  point  sets  covering  R  such  that  no  element  of  E  contains  a  nondegen- 
erate connected  subset  of  F1F4+  F2F3  and  if  Dy  and  D2  are  two  domains,  there 
exist  nondegenerate  connected  subsets  fi  andfi  in  Di  and  D2  respectively  such  that 
no  element  of  E  intersects  both  fi  and  f^.  There  exists  an  upper  semi-continuous 
collection  H  of  mutually  exclusive  continua  filling  up  R  such  that  H  is  a  dendron 
with  respect  to  its  elements,  F1F4  is  a  subset  of  an  element  of  H  and  so  is  F2F3, 
no  element  of  E  contains  a  nondegenerate  subcontinuum  of  an  element  of  H  and 
each  element  of  H  intersects  F  in  only  one  point  and  Vi  V2  in  only  a  totally  discon- 
nected point  set. 

Indication  of  proof.  We  construct  dendron  H  so  that  each  element  of 
H  intersects  F  in  only  one  point  in  a  manner  analogous  to  that  in  which  we 
constructed  G'  so  that  it  intersected  F'  in  only  one  point.  We  use  the  methods 
of  Theorem  10  to  insure  that  no  element  of  H  intersects  an  element  of  E 
in  a  nondegenerate  continuum. 

Definition  of  arc  H.  We  shall  now  define  an  upper  semi-continuous  collec- 
tion H  of  mutually  exclusive  continua  filling  up  W  such  that  //  is  an  arc 
with  respect  to  its  elements,  each  element  of  H  intersects  each  element  of  G, 
and  the  intersection  of  an  element  of  G  and  an  element  of  i7  is  a  totally  dis- 
connected point  set. 

As  the  points  of  M—M-  Y*  and  the  elements  of  Y  form  an  j.ippcr  semi- 
continuous  collection  of  mutually  exclusive  continua  filling  up  R,  it  follows 
[5]  that  there  is  a  continuous  transformation  T'  carrying  M+  Y*  into  R  such 
that  (1)  T'  carries  each  point  of  FeFs-f  F4F6  plus  the  portion  of  the  boundary 
of  R  not  belonging  to  Y*  into  itself,  (2)  T'  carries  each  point  of  M-M-  Y* 
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into  a  point,  (3)  T'  carries  each  element  of  Y  into  a  point,  and  (4)  each  point 
of  ^  is  either  the  image  of  only  one  point  of  M—  M-  Y*  or  the  image  of  only 
one  element  of  Y.  If  G"  is  the  set  of  all  T'ig'Ys  where  g'  is  an  element  of  G' , 
the  elements  of  G"  intersect  V!,V2  and  ViV^.  By  the  methods  of  Theorem  11, 
it  can  be  shown  that  there  is  an  upper  semi-continuous  collection  H"  of 
mutually  exclusive  continua  filling  up  R  such  that  (1)  H"  is  with  respect  to 
its  elements  an  arc  with  ends  at  Vi  and  F3,  (2)  every  element  of  H"  other 
than  Vi  and  F2  is  an  arc  having  only  one  point  on  V1V2+  F2F3  and  only  one 
point  on  Vi  F4+  V^  F3,  these  points  being  its  end  points,  (3)  if  g"  is  an  element 
of  G"  intersecting  an  element  h"  of  H" ,  g"  h"  is  totally  disconnected,  and 
(4)  one  element  of  H"  contains  Vi-\-Vi  and  another  contains  Vi-\-V(,  and 
each  of  these  elements  lies  except  for  its  end  points  on  the  interior  of  the 
parallelogram  Vi  V2  Vt,  Vi. 

If  //'  is  a  set  such  that  h'  is  an  element  of  H'  only  if  it  is  a  subcontinuum 
of  M  which  is  maximal  with  respect  to  T'(h')  being  an  element  of  H",  then 
H'  is  a  collection  of  mutually  exclusive  continua  filling  up  M.  Furthermore, 
it  is  an  arc  with  respect  to  its  elements.  As  no  element  of  G'  has  more  than  two 
points  in  common  with  the  boundary  of  an  element  of  F,  if  g'  is  an  element  of 
G'  having  a  point  in  common  with  an  element  /;'  of  H',  g'  ■  h'  is  totally  dis- 
connected. 

Let  H  he  a.  set  such  that  h  is  an  element  of  H  only  if  it  is  a  continuum 
which  is  maximal  with  respect  to  being  the  image  under  T  of  the  sum  of  two 
or  three  elements  of  H'.  Then  //  is  the  required  collection  of  mutually  exclu- 
sive continua  filling  up  W.  The  sufficiency  of  Theorem  1  is  demonstrated. 

Theorem  1  may  also  be  stated  as  follows: 

Theorem  1.  A  necessary  and  sufficient  condition  that  a  compact  plane  con- 
tinuum W  remain  connected  and  locally  connected  on  the  omission  of  any  count- 
able subset  is  that  there  exist  two  continuous  monotone  transformations  Ti  and 
T2  such  that  both  T\{W)  and  7^2(11^)  are  nondegenerate  dendrons  and  if  a  andb 
are  elements  of  Ti{W)  and  TiiW)  respectively,  then  Tr^ia)  ■  T^^ifi)  exists  and  is 
totally  disconnectedi^). 

Alternate  definition  of  a  simple  plane  web.  Actually,  we' have  shown 
that  the  following  is  an  equivalent  definition  to  that  previously  given. 

Definition.  A  compact  plane  continuum  W  is  a  simple  plane  web  pror 
vided  there  exist  an  upper  semi-continuous  collection  G  of  mutually  exclu- 
sive continua  filling  up  W  and  another  such  collection  H  also  filling  up  W 
such  that  (1)  G  is  a  dendron  with  respect  to  its  elements  and  //  is  an  arc  with 
respect  to  its  elements  and  (2)  if  g  and  h  are  elements  of  G  and  H  respectively, 
then  gh  exists  and  is  totally  disconnected.  It  has  been  shown  [l  ]  that  condi- 
tion (1)  is  unnecessary. 

(')  G.  T.  Whyburn  and  some  of  his  students  have  worked  with  monotone  mappings  onto 
dendrons.  See  [9]  for  references. 
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However,  we  cannot  substitute  for  (1)  in  the  above  definition  the  condi- 
tion (1')  that  G  is  an  arc  with  respect  to  its  elements  and  so  is  H.  Consider 
the  plane  continuum  IV  obtained  by  subtracting  from  a  circle  Co  plus  its 
interior  the  interiors  of  five  mutually  exclusive  circles  Ci,  d,  Ci,  Ct,  d,  each 
of  which  is  tangent  to  Co  internally.  Now  C,  is  not  both  a  subset  of  an  element 
of  G  and  also  a  subset  of  an  element  of  H.  Assume  that  C,  (j  =  1,  2,  3)  is  not  a 
subset  of  an  element  of  G.  Then  there  are  uncountably  many  elements  of  G 
that  intersect  C,.  It  may  be  seen  that  some  element  g,  of  G  separates  a  point 
P,  of  C,  from  Co  +  C,+  •  •  •  +C5  — C,in  IF  and  intersects  C;  («  =  0,  1,  ■  •  •  ,  5) 
only  if  i  is  equal  to  j.  No  one  of  the  elements  gi,  gi,  ga  separates  the  other  two 
from  each  other  in  W.  Hence,  G  is  not  an  arc  with  respect  to  its  elements. 

Theorem  13.  //  W  is  a  simple  plane  web,  there  exist  a  dendron  F  in  W,  an 
arc  a  in  F,  an  upper  semi-continuous  collection  G  of  mutually  exclusive  continua 
filling  up  W  and  another  such  collection  H  also  filling  up  W  such  that  (1)  G  is 
a  dendron  with  respect  to  its  elements  and  H  is  an  arc  with  respect  to  its  elements, 

(2)  if  g  and  h  are  elements  of  G  and  II  respectively,  g  ■  h  exists  and  is  totally  dis- 
connected, (3)  each  element  of  G  intersects  F  in  only  one  point,  and  (4)  each  ele- 
ment of  H  intersects  a  in  only  one  point. 

Proof.  Consider  the  dendron  F  and  the  upper  semi-continuous  collections 
Gand  H  already  defined.  If  a  is  the  common  part  of  Fand  the  outer  boundary 
of  W,  then  F,  a,  G,  and  H  satisfy  the  conditions  of  our  theorem. 

Theorem  14.  //  W  is  a  simple  plane  web,  there  exist  a  dendron  F  in  W,  an 
upper  semi-continuous  collection  G  of  mutually  exclusive  continua  filling  up  W 
and  another  collection  H  also  filling  up  W  such  that  (1)  G  is  a  dendron  with  re- 
spect to  its  elements  and  so  is  H,  (2)  if  g  and  h  are  elements  of  G  and  H respec- 
tively, gh  exists  and  is  totally  disconnected,  (3)  each  element  of  G  intersects  F 
in  only  one  point  and  so  does  each  element  of  H. 

Proof.  The  dendron  F  and  the  upper  semi-continuous  collection  G  arc  the 
same  as  those  previously  described. 

We  shall  use  the  same  symbols  as  those  used  in  our  definition  of  the  arc  H. 
Let  F"  be  the  image  of  F'  under  T' .  If  h  is  the  element  of  H"  containing 
F4-I-  Fe,  let  Hi'  denote  the  set  of  all  continua  h"  such  that  h"  is  either  Fj, 
h,  or  an  element  of  H"  between  Fi  and  h.  Using  the  methods  of  Theorem  12, 
it  can  be  shown  that  there  exists  an  upper  scini-continuous  collection  Hi' 
of  mutually  exclusive  continua  filling  up  h+(R-II{'*)  such  that  (1)  Hi'  is 
a  dendron  with  respect  to  its  elements,  (2)  A  is  a  subset  of  an  element  of  Hi' , 

(3)  each  element  of  Hi'  intersects  F"  in  only  one  point  and  VeVs  in  a  totally 
disconnected  set,  and  (4)  if  g"  is  an  element  of  G"  intersecting  an  element  h" 
of  Hif,  g"h"  is  totally  disconnected.  We  define  H  from  Hi'  -\-IIi'  in  the 
same  manner  in  which  the  arc  //was  defined  from  H" . 

Theorem  14  may  also  be  stated  as  follows. 
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Theorem  14.  Suppose  that  W  is  a  compact  plane  continuum  and  that  Ti,  Tt 
are  continuous  monotone  transformations  of  W  such  that  if  a  and  b  are  elements 
of  Ti{W)  and  7^2(1^)  respectively,  then  Tr^(a)  and  Tr^{b)  are  nondegenerale 
sets  whose  common  part  exists  and  is  totally  disconnected.  Then  there  exist  mono- 
tone retractions  Ri  and  Ro  of  W  such  that  Ri{\V)  is  a  dendron,  R2{W)  is  the  same 
dendroji  and  if  a  and  b  are  elements  of  this  dendron,  Rr^ia)-R2'-{b)  exists  and  is 
totally  disconnected. 
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ON  GENERALIZED  CONVEX  FUNCTIONS 

BY 

E.  F.  BECKENBACH  AND  R.  H.  BING 

1.  Introduction.  Let  {^^(ac)]  be  a  family  of  real  functions  defined  in  the 
interval  a<x<b  and  satisfying  the  following  conditions: 

(1)  Each  F(x)  is  a  continuous  function  of  x  in  a<x<b. 

(2)  There  is  a  unique  member  of  the  family  which,  at  arbitrary  a:i,  Xj  satis- 
fying a<Xi<X2<b,  takes  on  arbitrary  values  yi,  y^  respectively. 

By  F{x\  Xu  y\',  Xi,  yi)  we  shall  denote  the  member  of  {  F{x)  |  which  takes 
on  values  yi,  yi  at  X\,  x^,  respectively.  For  a  given  function  /(x)  we  shall  for 
brevity  denote  F\x;  Xi,f{xi);  Xj,f{xj)]  by  Fij{x).  We  shall  further  denote  the 
interval  a<x<b  by  (a,  b). 

Definition.  The  real  function /(.r),  defined  in  (a,  b),  is  a  sub- F{x)  junction 
provided  the  inequality 


(3) 


(X\    +    X2\  /Xl    +    X2\ 


holds  for  all  Xi,  x^  satisfying  a  <xi  <Xz<b. 

If  the  functions  F{x)  are  linear,  then  the  class  of  sub-F(.r)  functions  is 
the  class  of  convex  functions.  Since  not  all  convex  functions  are  continuous 
[4]('),  it  follows  that  (1),  (2)  and  (3)  do  not  imply  that/(.r)  is  continuous. 
For  a  discussion  of  convex  functions,  sec  [2,  5,  6,  8]. 

We  note  that  the  above  definition  of  a  sub-F(a;)  function  is  more  general 
than  that  i)reviously  given  [l  ],  in  whicli  (3)  was  replaced  by 

W  f(x)  ^  -Fi,2(.v) 

for  all  Xl,  Xi,  X  satisfying  a  <Xi  <x  <Xi<b.  FunctionsJ(x)  satisfying  (4)  neces- 
sarily are  continuous  (Corollary  4,  below);  and  for  continuous  functions/(a:), 
conditions  (3)  and  (4)  are  equivalent  (Lemma  3,  below). 

2.  The  family  \F(x)}.  We  shall  have  need  for  the  first  two  results  given 
in  this  section.  The  third  is  included  to  show  that  for  some  families  { F(a:) } 
satisfying  (1)  and  (2)  the  class  of  sub-F(x)  functions  is  not  topologically 
equivalent  to  the  class  of  convex  functions. 

Lemma  1  [l  ].  For  a  given  xa  with  a  <xo<b,  let  F,ix)  and  Fs(x)  be  two  mem- 
bers of  a  family  \Fix)]  saiisfyino  (\)  and  (2),  such  that 

(5)  Fr{Xo)  =  F,{xo), 

Presented  to  the  Society,  .-Xpril  29,  1944;  received  by  the  editors  June  12,  1944. 
(')  Numbers  in  brackets  refer  to  the  references  cited  at  the  end  of  the  paper. 
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(6)  Fr{x)fkF,{x)  {a<x<b); 

then  Fr{x)  <  F,(.r)  for  all  x  in  (a,  b)  on  one  side  of  xo,  while  F^ix)  >  F,{x)  for  all  x 
in  {a,  b)  on  the  other  side  of  xo- 

Proof.  By  (2),  (5)  and  (6),  F^{x)9^F,{x)  in  (a,  b),  except  at  Xo\  conse- 
quently, by  (1),  on  either  side  of  Xo,  one  of  Fr{x),  F^ix)  is  greater  than  the 
other.  Suppose  it  could  be  the  same  one,  say  Fs{x),  which  is  greater  on  each 
side;  we  shall  show  that  this  is  impossible. 

Let  Xi,  X2  satisfy  a<Xi<Xo<X2<b,  and  consider  the  member  F,{x)  of 
JF(.r)},  determined  by  F,(x)  =  F[x;  Xi,  F,(xi);  X2,  ^^^(^2)].  We  have  F,(xi) 
<Fs{xt),  so  that  Ft(x)<Fs{x),  Xi<x<b;  in  particular, 

(7)  F,{xo)  <  F,(xo). 
Similarly, 

(8)  F,{xo)  >  Fr(Xo). 

Now  (7)  and  (8)  contradict  (5). 

Lemma  2.  Let  Xo  satisfy  a<Xo<b  and  let  E  be  a  closed  and  bounded  set  of 
numbers  in  (o,  Xa)  (or  in  {xo,  b)) ;  then  for  any  real  yo,  M  there  is  a  member  F*{x) 
of  {F{x)}  satisfying  F*(xo)=yo  and  F*{x)>  M  for  all  x  in  E. 

Proof.  For  each  x'  in  E  there  is  an  h  =  h{x')  such  that  if  I  =  I{x')  denotes 
the  interval  (x'  —  h,  x'-\-h),  we  have 

F{x;  Xo,  yo;  x',  2M)  >  M 

for  all  X  in  /.  By  the  Heine-Borel  theorem  there  is  a  finite  set  xl ,  xi  ,  ■  •  ■  ,  xi 
of  numbers  in  E  such  that  each  number  in  E  is  contained  in  at  least  one  of 
I{xi),  I{xi),  ■  ■  •  ,  I{x,!);  therefore  there  is  a  finite  set 

R:    F,(x),F2{x),-  ■  ■  ,Fn(x), 

of  members  of  (  F{x)  ]  such  that  for  each  x'  in  E,  we  have 

max  [Fi{x'),F2{x'),  ■  ■  ■  ,F^{x')]  >  M. 

By  Lemma  1,  some  member  of  R  satisfies  the  conditions  specified  for  F*{x). 

Remark  [7].  Not  all  families  \  Fix) }  satisfying  (1)  and  (2)  are  topologically 
equivalent  to  the  family  \L{x)]  of  all  nonvertical  line  segments  terminating  on 
x=a,  x  =  b. 

Proof.  Let  the  family  {F(a:)}o  be  determined  for  —  co  <x<  +  <x>  as  fol- 
lows: A  function  F(x)  is  a  member  of  {  F{x) }  0  if  and  only  if  its  graph  in  Car- 
tesian coordinates  is  (i)  a  line  of  nonpositive  slope  or  (ii)  a  continuous  broken 
line,  with  break  on  the  x-axis,  such  that  the  slope  is  positive  for  3'<0  and  half 
as  much  for  y>0. 
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The  family  {F(a:)}o  satisfies  conditions  (1)  and  (2)  in  any  interval  (a,  b). 

Let  ABC  and  A' B'C  be  triangles  in  the  half-strip  a<x<b,  y<0,  such  that 
the  lines  AA',  SB',  CC  intersect  in  a  point  P  of  a<x<b,  y>0;  the  slopes 
of  AA'  and  BB'  are  negative  while  that  of  CC  is  positive;  and  (see  Desar- 
gues'  Theorem  [3])  the  corresponding  sides  of  the  triangles  intersect  in  col- 
linear  points  in  a<x<b,  y<0. 

het  Fa (x),  Fb{x),  Fc{x)  be  the  members  of  { F(a;) }  o  whose  graphs  con- 
tain A,  A';  B,  B';  C,  C,  respectively.  Then  P  is  on  Fa{x)  and  on  Fb{x),  but 
not  on  Fc{x). 

Suppose  there  were  a  reversible  continuous  transformation  of  the  strip 
a<x<b  into  itself  carrying  {  Fix)  ]  o  into  {L(x)  } .  Since  a  reversible  continu- 
ous transformation  preserves  concurrency  of  graphs,  triangles  ABC  and 
A'B'C  are  carried  into  triangles  whose  corresponding  sides  intersect  in  col- 
linear  points,  so  that,  by  the  converse  of  Desargues'  Theorem,  the  lines  joining 
corresponding  vertices  are  parallel  or  concurrent.  This  contradicts  the  fact 
that  P  is  on  pAix)  and  on  Fb(x)  but  not  on  Fc{x). 

Actually  we  have  shown  more,  that  no  plane  domain  D  containing  a  seg- 
ment of  the  X-axis  can  be  mapped  topologically  on  a  plane  domain  D'  in  such 
a  way  that  the  graphs  of  the  functions  {  F(x) }  o  in  D  are  mapped  on  unbroken 
lines  or  line-segments  in  D'. 

3.  Continuous  sub-P(a;)  functions.  We  shall  use  the  following  lemma. 

Lemma  3.  Iff{x)  is  continuous  in  {a,  b),  then  a  necessary  and  sufficient  condi- 
tion that  f{x)  be  a  sub-F{x)  function  in  (a,  b)  is  that  we  have 

(9)  fix)  ^  F^,,ix) 

for  all  Xi,  X2,  X  satisfying  a  <xi <x<x2<b. 

Necessity.  If  (9)  does  not  hold,  then  there  exist  xs,  X4,  x^,  with  a<Xi<Xi 
<X4<b,  such  that 

(10)  fix,)  >  ^3.4(^5). 

By  (10)  and  the  continuity  oi  fix)  and  of  Fj^^ix),  there  exist  Xi,  xi,  with 
Xz-^X\<Xi<Xi'^x^,  such  that 

(11)  fix)^^F^Aoi)  ix^^x^x^,- 

the  sign   of  equality   holding  at   the  end   points  but  not   elsewhere;  then 
Fz.iix)  =  Fi,2ix),  so  that  (11)  can  be  written  as 

(12)  fix)  >  Fi,2ix)  ixi<  X  <  Xi). 

Now  (12)  contradicts  (3);  hence  if  (9)  does  not  hold,  then /(a;)  is  not  a  sub- 
Fix)  function. 

Sufficiency.  If  (9)  holds,  then  (3)  holds  as  a  special  case  of  (9),  and  conse- 
quently/(.r)  is  a  sub-/<"(a:)  function. 
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Our  argument  gives  also  the  following  result. 

Corollary  1 .  A  necessary  and  sufficient  condition  that  a  function  f{x)  con- 
tinuous in  (a,  b)  be  a  sub-F(x)  function  is  that  for  each  pair  of  numbers  Xi,  Xi 
satisfying   a<Xi<X2<b,    there   exist   an   Xs   satisfying   a;i<a:3<a:2   such   that 

f{X3)^Fu2{X3). 

Lemma  4.  A  necessary  and  sufficient  condition  that  a  function  f(x)  continuous 
in  (a,  b)  be  a  sub-F{x)  function  is  that  there  exist  a  set  E  of  numbers  dense  in 
(a,  b)  such  that  for  each  Xi,  X2  in  E  we  have 

Necessity.  U  f{x)  is  a  sub-F(a;)  function,  then  the  existence  of  a  set  E  of 
numbers  dense  in  (a,  b)  such  that  (13)  holds  for  each  xi,  x^  in  E  follows  from 
the  definition  of  a  sub-F(x)  function. 

Sufficiency.  As  shown  in  Lemma  3,  (12),  iif{x)  is  not  a  sub-F(x)  function, 
then  there  exist  xi,  X2  such  that  fix)  >Fi,2{x)  {xi<x<Xi). 

Let  Xo  satisfy  a<Xo<Xi  and  let  X3  and  X4  divide  (:ci,  ^2)  into  three  equal 
parts,  X3<Xi.  For  each  x'  such  that  Xz^x' ^Xi  there  is  a  y'  and  an  h  =  h(x') 
such  that  if  I  =  I{x')  is  the  interval  {x'  —  h,  x'+h),  then 

fix)  >  F[x;  xo,Fu2(xo);  x',  y']  >  F,,i{x) 

for  all  X  in  /.  A  finite  number  of  the  intervals  I  covers  {x^,  Xi).  By  Lemma  1, 
one  of  the  corresponding  functions  F[x;  Xq,  Fi.iixo);  x',  y'],  which  we  shall 
denote  by  F*{x),  accordingly  satisfies  the  inequalities 

(14)  fix)  >  F*ix)  >  Fi.2ix)  ixz^x^  x^). 

For  any  set  E  of  numbers  dense  in  (a,  b),  there  are  numbers  Xt,,  Xt  in  E 
such  that  xi<Xi<X3<Xi<Xf,<X2,  for  which 

(15)  fix,)  <  F*ix,),        fix,)  <  F*ixt). 

Since  we  have  X3<  (x6+X6)/2  <Xi,  we  find  from  (14),  (15)  and  Lemma  1  that 

/Xi  +    Xt\  ^  /Xi  +   X«\  /Xi  +   x«\ 

Therefore  if  fix)  is  not  a  sub-7^(x)  function,  there  does  not  exist  a  set  E  of 
numbers  dense  in  (a,  b)  for  which  (13)  is  satisfied. 

Actually  our  method  of  proof  gives  more,  as  stated  in  the  following  corol- 
lary. 

Corollary  2.  A  necessary  and  sufficient  condition  that  a  function  fix)  con- 
tinuous in  ia,  b)  be  a  sub-Fix)  function  is  that  there  exist  a  positive  number  t 
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and  a  set  E  of  numbers  dense  in  (a,  b)  such  that  for  each  pair  of  numbers  Xi,  x^ 
in  E  satisfying  a <Xi  <X2<b,  there  is  an  Xi  in  E  such  that 

Xl  +  i{X2  —    Xi)    <    X3   <   X2  —  e(X2   —    Xl), 

for  which  f(xi)  g  Fi  ,i{x3). 

As  stated  in  Corollary  1,  if  the  function /(a:)  is  continuous  in  {a,  b)  and 
if  for  each  pair  of  numbers  :ci,  X2  satisfying  a  <xi  <X2<b  there  is  an  X3  satisfy- 
ing a;i<a;3<s;2,  such  that/Cra)  ^Fi,2(:c3),then/(A:)  necessarily  isasub-F(x)  func- 
tion. However,  there  does  exist  a  function /(x)  continuous  in  (a,  b),  and  a  set 
E  dense  in  (a,  b),  such  that  for  each  pair  of  numbers  :ii:],  X2  in  E  satisfying. 
a<Xi<X2<b,  there  is  an  3^3  in  £  satisfying  Xi  <X3<X2,  such  that/(x3)  ^^1,2(3;  3), 
and  such  that /(a:)  is  not  a  sub-F(af)  function.  For  let  (a,  b)  =  (0,  1),  and  define 
f{x)  as  follows: 

fix)  =  1/2  (1/3  £x^  2/3), 

fix)  =  1/4  (1/9  ^  X  g  2/9), 

fix)  =  3/4  (7/9  g  X  g  8/9), 


fix)  continuous  in  (0,  1). 

If  E  is  the  set  of  all  numbers  x  satisfying 

1/3  <  a;  <  2/3,  or  1/9  <  a;  <  2/9,  or  7/9  <  x  <  8/9,  or   •  •  •  , 

and    jF(a:)}   is  the  set  of  all  nonvertical  straight  line  segments  in  the  strip 
0<a:<l,  then /(a:)  satisfies  the  conditions  set  forth  above. 

Theorem  1.  If  fix)  is  a  sub- F(x)  function  in  (a,  b),  then  for  any  fixed  x\,  xt 
satisfying  a<Xi<X2<b,  and  for  all  p  in  (a,  b)  dividing  (xi,  31:2)  rationally  iin- 
ternally  or  externally),  the  points  [p,  /(p)]  lie  on  the  graph  of  a  uniquely  deter- 
mined continuous  sub-Fix)  function. 

Proof.  For  fixed  .Xi,  ^^2  with  a  <x\  <Xi<b,  let  F,ix)  be  a  member  of  {  Fix)  \ 
satisfying  F,{xi)'^f{xi),  Fsixi)  ^f{x2) ;  then  for  all  non-negative  integers  m,  n 
such  that  ot/2  "  ^  1 ,  we  have 


(16) 


f\xi  -f  ^  (a;2  -  :ci)1  g  F,  Lj  +  ^  (^2  -  x{)\. 


For,  by  Lemma  1,  we  have 

(17)  Fx.2ix)  g  F.{x)  ixr^x-^  X2). 

From  (3)  and  (17)  it  follows  that  we  have 
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/  ^2  —  aci  \  /  X2  —  xi\  /  X2  —  xA 

/(-.  +  -^-)  ^  Fu.{x.  +  -^)  ^  F.[x.  +  ^). 

The  inequality  (16)  follows  by  induction. 

Next,  we  shall  show  that,  for  the  above  Xi,  Xi,  if  F,{x)  is  a  member  of 
{ F{x) }  satisfying 

Fr(Xr)    ^  fix,),  Frixd    ^  fix,), 

then  for  all  positive  integers  ni,  n  such  that 


we  have 
(18) 


m  m 

—  ^  1,  xi-]r  —  ix2  -  xi)  <  b, 

2"  2" 


[tn  ~\  r  m  "1 

*1  +   —  iX2    -    xd\^Fr\x,  +   —   iX2    -    Xl)\. 


From  Lemma  1  we  obtain 

(19)  Frix)  g  F^.^ix)  ix2^  x<  b). 

For  any  positive  integers  ?n,  n  such  that  1  ^m/2"^2,  there  is  a  non-negative 
integer  m'  such  that  im  +  m')/2"+^  =  1.  Since  X2  is  the  average  of  the  numbers 

m'  m 

Xi  -\ ix2  —  xx),         Xi-\-  —  (a;2  —  «i), 

and  since  from  (16)  we  have 

/Ui  +  ^  (^2  -  *i)  1  ^  F1.2L,  +  ^  (:«^2  -  ^i)J. 

it  follows  from  (3),  (19)  and  Lemma  1  that  if  j:i  +  w(x2-Xi)/2"  is  in  (a,  6),  then 

f\x,  +  ^  («2  -  x{)'\  ^F,Sx,  +  yJx2-  x,)j  ^  Fr]^x,  +  ^  (^2  "  *:i)J. 

By    induction    we    have    (18)    also    for    w/2">2,    provided    only    that 
iCi+w(x2  — 3Ci)/2"  is  in  (a,  b). 

Likewise,  we  find  that  if  F,ix)  is  a  member  of  { Fix) }  satisfying 

Flix,)    ^  fix,),  F,iX2)    ^  fiX2), 

then  for  all  non-negative  integers  m,  n  such  that 

m 

X, (;i;2  —  xi)  >  a, 

2" 
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we  have 

r  w  "I  r  w  "1 

(20)  ■''r'  ~  ^  ^*'  ~  ^''M  -  ^'1  "'^  ~  ^  ^""^  ~  *iM- 

Let  j  be  a  positive  integer  sufficiently  large  so  that  the  number 

1 

Xo   =    Xi   —  —  (X2  —    Xi) 

2' 

satisfies  a<Xo<Xi.  By  (16)  and  (18),  for  all  non-negative  integers  m,  n  such 
that  ?m/2"^1,  we  have 

[m  1  r  w  "I 

Xi  +  —  (X2   -    Xi)    \    ^  f\    Xi  +  —  {X2   —    Xi) 


(21) 


^Fo,A  ^1  +  —  (*2  —  *i)    • 


For  numbers  a;=a:i  +  (OT/2")(a:2— ;JCi),  where  tn,  n  are  non-negative  integers 
such  that  ot/2"  ^  1,  designate  by  W  the  set  of  points  [x,/(x)].  The  bounded- 
ness  of  W  follows  from  (1)  and  (21).  Since  the  set  of  abscissas  of  points  of  W 
is  dense  in  {xi,  X'l),  either  the  closure  W  of  W  is  a  continuous  curve  which  is 
the  graph  of  a  single-valued  function  y=  W{x)  continuous  in  (xj,  Xi),  or  else 
there  exists  an  xz  satisfying  a:i<X3<AC2,  and  numbers  yx,  y^  with  y\<yi,  such 
that  the  points  with  coordinates  (*3,  yi)  and  {xz,  y-i)  belong  to  W. 

Assume  that  there  do  exist  such  x^,  yi,  y^.  Consider  members  F*{x)  and 
F**{x)  of  { F{x)  \  determined  by 

F*{x{)  =  f{x,),        F*ix,)  =  F**{x,)  =  Zi±2!,         i?**(^^)  =  y(^^). 

Since  (xs,  yi)  is  a  point  of  W ,  it  follows  from  the  continuity  of  F*{x)  and  of 
F**{x),  and  from  (18)  and  Lemma  1,  that  there  are  positive  integers  j,  k, 
with  j/2*<l,  such  that  the  number  X4=Xi  +  (j/2'')ixi~Xi)  is  distinct  from  X3 
and  satisfies 

(22)  f{xd  >  F*{x,),        fix,)  >  F**(x,). 

If  Xi>Xs,  let 

;■+  1 

«6   =    *l  +  • —  (Xi   —    Xl). 

2* 
From  (20)  we  obtain  f{x)'^  Fi,i{x)  for  all  x  less  than  x,  satisfying 

m 

X  =    Xl  -\ (Xi  —   Xl), 

2" 
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where  m,  n  are  positive  integers.  Since  the  point  {xz,  yi)  of  W  has  ordinate 
yi<F**{xi),  it  follows  from  the  continuity  of  F**{x)  and  of  Fi,i,{x)  that  for 
some  number  x^  satisfying  X3<X6<Xi,  we  have 

(23)  F**ix6)  =  F4.,{x,). 

But  from  (18)  and  the  definition  of  F**{x),  we  obtain  F**ix2)^  Fi,i{xi), 
so  that  there  is  a  number  XT>Xi  such  that 

(24)  F**(x,)  =  FUxd- 

Now  (22),  (23)  and  (24)  contradict  (2),  whence  the  continuity  of  Wix)  in  the 
interval  Xi<x<X2  is  proved  on  the  assumption  that  Xt>X3. 

Considering  F*(x)  instead  of  F**{x),  we  can  modify  our  argument  so  as 
to  prove  W{x)  continuous  in  the  interval  Xi<x<Xi  on  the  assumption  that 

Xt<X3. 

By  considering  suitable  Xi  ,  x{ ,  with  a<Xi  <Xi<X2<Xi  <b,  we  see  that 
the  range  of  Wix)  can  be  extended  so  that  W{x)  remains  continuous  in  the 
closed  interval  :)(;igji;^:c2. 

We  shall  show  that  for  any  positive  rational  number  p/q  <  1  we  have 

(25)  fix)  =  Wix)  \x=xi  +  —  ix2  -  xOj. 
Assume  that  there  is  a  rational  number  po/go  with  0<p<,/qo<^,  such  that 

(26)  fixa)  J^  Wix^)         Lo  =  Xv-V  —  iXi-  xM. 

By  the  method  of  the  last  paragraph,  there  is  a  function  Gix)  continuous  in 
the  interval  rcigar^sco  such  that  for  all  non-negative  integers  m,  n  with 
ot/2"^1  we  have 


(27) 


Jix)=Gix)  \^=x^  +  j^ix,-x,)^. 


From  the  continuity  of  Wix)  and  of  Gix),  and  from  (26)  and  (27),  it  follows 
that  there  is  a  positive  h.  such  that 

(28)  Gix)  7^  Wix)  ixo-  h  <  x^  xo). 

There  exist  positive  integers  m,  n,  m' ,  n'  such  that 

m  m  /  po\      m'  m 

—  <  1,  —  I  —  I  =  — .  —  ixa  —  Xi)  >  Xa  —  Xi  —  h. 

2"  2"\?o/       2»'  2" 

But  for 
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m  m 

Xi=    Xi-{-  — -  {X2  -    Xi)    =    Xi  +  —  (.-Co  -    Xi), 

2"  2» 


we  have 


m 

(29)  Xo  —  h  <  xi  -\ (xn  —  x-i)  =  Xi  <  Xa 

2» 

and 

(30)  G{xi)  =  f{xi)  =  W{xs). ' 

Since  (29)  and  (30)  contradict  (28),  (25)  follows. 

Since /(a;)  is  a  sub-/^(a[:)  function  and  since  W(x)  is  continuous  in  the  in- 
terval a:i<a;<:c2,  it  follows  from  (25)  and  Lemma  4  that  W{x)  is  a  sub-F(«:) 
function  in  (:ci,  X2). 

By  considering  suitable  x{ ,  xi ,  with  a<x(  <Xi<Xi<xi  <b,  we  see  that 
the  range  of  W{x)  can  be  extended  so  that  W{x)  remains  continuous  in  (a,  b) 
and  satisfies  the  conditions  of  Theorem  1. 

4.  Bounded  sub-F(A:)  functions.  We  shall  use  the  theorem  proved  in  this 
section  in  establishing  a  more  general  result  in  §5. 

Lemma  5.  If  f{x)  is  a  sub- F(x)  function  in  the  interval  (a,  b),  and  is  bounded 
from  above  in  an  interval  {xi,  X2)  with  a<xi<X2<b,  then: 

(i)  For  any  xs  with  a  <X3  <Xi  there  is  an  F*(x)  such  that  F*ixi)  =f{x3)  and 
such  that  F*{x)  ^f{x)  for  all  x  satisfying  xz^x^Xi. 

(ii)  For  any  Xi  with  X2<Xi<b  there  is  an  F**{x)  such  that  F**{xi)=f{xi) 
and  such  that  F**{x)  ^fix)  for  all  x  satisfying  Xi  ^x^x^. 

Proof.  By  Lemma  2  there  is  an  F*{x)  satisfying  F*{x3)  =f{x3),  such  that 
F*{x)  >fix)  for  all  x  satisfying  :x:i^^^x2.  For  any  x'  in  {xs,  Xi)  there  is  an  x" 
in  (xi,  X2)  such  that  x'  divides  {xz,  x")  rationally.  Therefore,  by  Theorem  1 
and  Lemmas  1  and  3,  we  have  F*(x)'^f{x)  for  all  x  satisfying  a:3^a;^X2. 

In  like  manner,  it  can  be  shown  that  there  is  an  F**{x)  satisfying  the  sec- 
ond part  of  Lemma  5. 

The  following  corollary  follows  from  Lemma  5  and  the  continuity  of  the 
members  of  {  F(x) } . 

Corollary  3.  If  fix)  is  a  sub-F{x)  function  in  the  interval  {a,  b),  and  is 
bounded  from  above  in  some  subinterval  of  (a,  b),  thenf{x)  is  bounded  from  above 
in  every  closed  subinterval  of  (a,  b). 

Theorem  2.  If  f{x)  is  a  sub-F{x)  function  in  the  interval  (a,  b),  and  is 
bounded  from  above  in  some  subiiiterval  of  (a,  b),  then  fix)  is  continuous  in  ia,  b). 

Proof.  It  will  be  shown  that  fix)  is  continuous  at  an  arbitrary  point  Xo 
of  (a,  b). 
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If  I:  Xi^x^Xi  is  a  closed  subinterval  of  (a,  xt,),  then  by  Corollary  3,/(a:) 
has  an  upper  bound  in  I.  By  Lemma  5,  there  is  an  F*{x)  such  that 

(31)  F*{x,)  =  fix,),         P*{x)  ^  fix)  ix.^x^  xo). 

For  any  x'  in  (a;o,  b),  there  is  an  x"  in  (jci,  a;o)  such  that  Xo  divides  (x",  x') 
rationally.  By  Theorem  1  and  Lemma  3  we  have 

(32)  F*ix)  g  fix  ixo^  X  <  b). 
Similarly,  there  is  an  X3  in  (;ro,  b)  and  an  F**ix)  satisfying 

(33)  F**ixa)  =  fixo),  F**ix)  ^  fix)  ixo^  x^  xs), 
and 

(34)  F**ix)  g  fix)  ia  <  x^  Xo). 

From  (31)-(34)  and  the  continuity  of  the  members  of  {  Fix)  ] ,  the  continuity 
of/.(:ic)  at  Xo  follows.  Since  Xo  is  arbitrary,  a<Xo<b,  the  continuity  of  fix)  in 
(a,  b)  is  established. 

Corollary  4.  If  fix)  is  defined  in  ia,  b)  and  satisfies  fix)  ^Fi,2ix)  for  all 
Xi,  X2,  X  with  a<xi<x<Xi<b,  then  fix)  is  continuous  in  ia,  b). 

There  is  a  direct  proof  [l  ]  of  Corollary  4  which  is  simpler  than  the  above 
proof  of  Theorem  2. 

5.  Measurable  sub-F(A;)  functions.  We  shall  use  Theorem  2  and  the  fol- 
lowing lemma  to  obtain  a  result  which  is  more  general  than  Theorem  2. 

Lemma  6.  If  fix)  is  a  sub- Fix)  function  in  ia,  b)  and  is  bounded  from  above 
on  a  set  E  of  positive  measure  in  ia,  b),  then  fix)  is  bounded  from  above  in  some 
subinterval  of  ia,  b). 

Proof.  There  is  a  closed  subinterval  Xi  ^x  ^x^  of  (a,  b)  such  that  the  meas- 
ure of  the  part  of  E  in  (xi,  Xi)  is  greater  than  2ixi—Xi)/3).  Let  X3  and  Xi,  with 
«:3<X4,  divide  ixi,  X2)  into  three  equal  parts,  and  let  x'  be  any  value  satisfying 
Xi^x'-^Xi.  Since  the  measure  of  the  part  of  E  in  ixi,  x^)  is  greater  than 
2ixi  —  Xi)/2>,  it  follows  that  the  measure  of  the  part  of  E  in 

[x'   —    iXi  -    Xi),   X'  -\-   iXi  —    Xi)\ 

is  greater  than  Xi  —  x^;  consequently,  there  is  a  bix')  less  than  x^  —  Xz  such 
thatx:'-5(»;')  and  x'+bix')  both  belong  to  E. 

By  assumption  there  is  an  M  such  that  we  have  fix)<M  for  all  x  in  E. 
By  Lemma  2,  there  is  an  F*ix)  such  that  F*ix)>M  for  all  x  satisfying 
xiix-^xt.  From  Lemma  1  and  the  fact  that /(x)  is  a  sub-F(a;)  function,  it 
follows  that 
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F*ix)  >F[x;x-^d{x),fix-5{x));  x  +  6{x),  f{x  +  Six))]  ^  f{x) 

(X3   ^    X  ^    Xi). 

Since  F*{x)  is  continuous,  we  conclude  that/(.M;)  is  bounded,  Xs^x^Xi.         ^ 

Theorem  3.  If  f{x)  is  a  sub-F{x)  ftinction  in  (a,  b),  and  is  bounded  from 
above  on  a  set  E  of  positive  interior  measure  in  (a,  b),  then  f(x)  is  continuous 
in  (a,  b). 

Proof.  Let  £o  be  a  closed  subset  of  E  having  positive  measure.  By  Lemma 
6  there  is  a  subinterval  of  (a,  6)  on  which  f(x)  is  bounded  from  above,  so  that 
the  continuity  oi  f(x)  in  (a,  b)  follows  from  Theorem  2. 
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